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Abstract— The inverse Maxwell distribution is the probability distribution of the reciprocal of the Maxwell random variable.
This distribution has applications in reliability and life testing. In this paper, Bayes estimator of the parameter in the inverse
Maxwell distribution is derived employing Jeffreys non-informative prior under weighted quadratic loss function. The Bayes
estimator in this case is the minimax estimator. Efficiency of the Bayes estimator is compared with the maximum likelihood
estimator. Application of the inverse Maxwell distribution to a real life situation is also studied.
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l. INTRODUCTION

Maxwell distribution was introduced during 19th century by
[6] for studying on the motions and collisions of perfectly
elastic spheres. After a decade again described by [1]. The
probability distributions of reciprocal of random variable
have also attracted the attention of researchers for their
applications in various fields. Recently, [8] proposed the
inverse Maxwell distribution as a lifetime distribution. They
discussed estimation of parameter in the inverse Maxwell
distribution applying the methods of moments and the
maximum likelihood based on uncensored data as well as
type-1l censored data. [5] showed that the maximum
likelihood estimator based on the uncensored sample is the
uniformly minimum variance unbiased and the minimum
variance bound estimator. They discussed the asymptotic
distribution of the maximum likelihood estimator. They
determined the confidence limits based on small and large
samples.

In the situations where the prior information is difficult to
obtain or the experiment is performed for the first time, the
Bayesian estimation is discussed employing non-informative
prior. No attempts to study the Bayesian estimation of
parameter of the inverse Maxwell distribution under
weighted squared error loss function in the literature. In this
paper Bayesian estimation of the parameter in the inverse
Maxwell distribution is considered under weighted quadratic
loss function employing Jeffreys non-informative prior. This
study is useful for researchers and practitioners in reliability
theory and life testing, where inverse Maxwell distribution is
widely used.
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The inverse Maxwell distribution and its properties are
presented in Section 2. Posterior distribution of the parameter
and the Bayes estimator are derived in Section 3. Simulation
studies are carried out to compare the accuracy of the Bayes
estimator with the maximum likelihood estimator. Results
are discussed in Section 4. Section 5 deals with the
application of the inverse Maxwell distribution to a real life
example. Finally the results are briefly summarised in
Section 6.

1. INVERSE MAXWELL DISTRIBUTION

A random variable X is said to be distributed according to an
inverse Maxwell distribution with parameter 0 if its
probability density function is given by
4 exp(-10x 2 )
Jno g3/2 4

0 , otherwise

Hereafter, this distribution will be referred as IM (0). The
probability distribution of Z=1/X is the Maxwell distribution
with the probability density function

ixz exp(—x2/9)
h(z|0) =< J/x 32
0 , otherwise

, for x>0, ©06>0

f(x]0) =

, for x>0, 06>0

As mentioned in [5], Y=1/X? is a Gamma (3/2, 0) random
variable.
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The likelihood function of 6 for a random sample
X =(X1,X2,...,Xp) Of n observations drawn from the IM

(0) distribution given by

LO1x) =(\Ejn[;)3n/2ﬁ%ex ;ilz} ()

i=1 Xi i:;|_Xi

It is straight forward, as noted in [5] that the family of IM (0)
distribution belongs to one-parameter exponential family of
distributions and thereb n is the complete

Y Too=3 <z P
minimal sufficient statistic. The probability distribution of
T(X) is the gamma (3n/2, 6) distribution.

[8] derived the maximum likelihood estimator of 6 as
éML(X)=3iT(X)- [5] showed that §,, (x) is the
~ n ~ ~
uniformly minimum variance unbiased as well as the

minimum variance bound estimator.

I1l. BAYES ESTIMATION OF 0

Recently, [5] derived Fisher’s information about 0 for given
X as

1(0) = 3_nz .
20
Here, Jeffreys non-informative prior for 0 is given by

3n1l
9(0) c 20 2

The probability density function of 6 for given sample X and

T(x) =t can be obtained from (1) and (2) as

3n
3n/2 —+
g(e|x)=t—[1j2 e o0

3n)\0
==
2
Thus, the posterior distribution of 6 for given sample X =X

is the 3n distribution.
IG[ > T()f))

© 2017, IISRMSS All Rights Reserved

Vol. 4(5), Oct 2017, ISSN: 2348-4519

The weighted, quadratic loss function is defined, in general,

as ([3])

L(©,6(x)) =wW(0)(6 —6(x))?

Suppose that the weight is proportional to 1/0 for each 6.
Then, the Bayes estimate

éB(§)=E(e|>5)

2T (x)
~(Bn+2)

The risk for corresponding to the weighted quadratic loss
function is given by

R(6,6(x)) =ei2 {92 ~20E(®) + E©)? }

7}

_ 1 g2 __6n 2 +ﬂ[ﬂ+
0?2 3n+2 22

__6n +3n(3n+2)
3n+2 4

After simplifications,

2
R(0,0(x)) = 9In“(3n+4)+8
~ 4(3n+2)
It may be noted that the risk function is a constant for all 6
and for given values of 6. Hence, Opg is a minimax estimator
([41, pp. 249-250) and [7], pp.288).

IV. SIMULATION STUDIES
Simulation studies are carried out to compare the quality of

~

the Bayes estimator, O with the maximum likelihood

estimatoréML . Random samples are generated from the

IM(8) distribution for each 6 = 0.25, 0.50, 1.00, 2.00, 5.00
and 10.00. The sample sizes are taken as n=10, 25, 50, 100

and 200. The values of éML are calculated for each sample
and are presented in Table 1.

A set of 10,000 observations is obtained from the posterior
distribution of 6 for each sample and the values of Bayes
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estimates are computed. The values are displayed in Table 1.
It can be observed in general from the Table 1 that the Bayes
estimates and the maximum likelihood estimates become
very close to the true value of 6 when the sample size
increases. There are deviations among these two types of
estimates. Bayes estimates are relatively close to the true
value than the maximum likelihood estimates in each case.

Table 1. Bayes Estimates and Maximum Likelihood Estimates

Sample Size | Parameter é ML é B
0=0.25 0.18392 | 0.19685
0=0.50 0.41005 | 0.43982
0=1 0.86897 | 0.93314
=10 0=2 1.77294 | 1.89801
0=5 4.16630 | 4.46673
0=10 8.48586 | 9.09199
6=0.25 0.21863 | 0.22468
6=0.50 0.43267 | 0.44534
0=1 0.93599 | 0.96241
n=25 0= 2.10071 | 2.04682
0=5 471102 | 4.84091
0=10 9.76377 | 9.83127
0=0.25 0.24023 | 0.24331
0=0.50 0.48272 | 0.48926
n=50 0=1 1.02895 | 1.04508
0= 1.96827 | 1.99435
0=5 4.91864 | 4.98325
0=10 9.76985 | 9.93228
0=0.25 0.24972 | 0.25123
6=0.50 0.49500 | 0.49853
=100 0=1 1.14813 | 1.15564
0=2 1.91973 | 1.93299
0=5 497914 | 4.99454
0=10 9.79782 | 9.80198
0=0.25 0.25634 | 0.25700
0=0.50 0.50170 | 0.50341
_ 0=1 1.03118 | 1.02736
n=200 0=2 2.04187 | 2.03535
0=5 5.07772 | 5.09416
0=10 9.93856 | 9.97476

V. REAL LIFE EXAMPLE

[2] obtained the percentage of silica is a randomly selected
22 chrondites meteors as

20.77 2256 2271 2299 2639 27.08
2732 2733 2757 2781 28.69 29.36
30.25 31.89 3288 3323 3328 33.40
3352 33.83 3395 3482
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Since Rayleigh and gamma distributions are two other
competing distributions due to their distributional properties,
fitness of the inverse Maxwell, Rayleigh and gamma
distributions is studied applying the Kolmogorov-Smirnov
test. Estimates of the parameters of the inverse Maxwell,
Rayleigh and the gamma distributions are computed using
their respective maximum likelihood estimators. The value
of the test statistic is computed as 0.31005, 0.35267 and
0.40998 corresponding to the inverse Maxwell, Rayleigh and
gamma distributions. Theoretical value of the test statistic at
1% level of significance is 0.33666. Hence, it may be
decided that the inverse Maxwell distribution provides
relatively better to the above data.

The Bayes estimate of 0 is calculated based on this data is
0.00082. The maximum likelihood estimate of 0 is
calculated as 0.00084 from the above data.

V1. SUMMARY

The inverse Maxwell distribution is the probability
distribution of the reciprocal of a random variable distributed
according to the Maxwell distribution. The inverse Maxwell
distribution has applications in reliability and life testing.
Bayes estimator is calculated and the risk function is
derived, it is constant. Therefore the Bayes estimator is also
called minimax estimator. Through simulation studies,
Bayes estimator values are very close to the original
parameter values as compared to maximum likelihood
estimator values. Appropriateness of the inverse Maxwell
distribution in a real life situation is discussed and is shown
that it provides relatively better fit than the Rayleigh and
gamma distributions.

ACKNOWLEDGMENT

The second and third authors acknowledge University Grant
Commission, New Delhi for providing financial support
under BSR Fellowship scheme.

REFERENCES

[1] L. Boltzmann, “Further Studies on Thermal Equilibrium among
Gas Molecule” Conference Reports of the Imperial Academy of
Sciences, Vienna, Mathematical and Natural Sciences class, 66,
pp. 275-370, 1872.

[2] 1J. Good., R.A. Gaskins., “Density Estimation and Bump-hunting
by the Penalized Likelihood Method Exemplified by Scattering and
Meteorite Data”, Journal of the American Statistical Association,
75, pp.42-56, 1980.

[3] P.M. Lee, « Bayesian Statistics: An Introduction”, Second Edition,
Arnold Publication, 1997.

[4] E.L. Lehmann, “Theory of Point Estimation”, John Wiley, New
York, 1983.

[5] A. Loganathan., S. Mari Chelvi., “Estimation of Parameter in
Inverse Maxwell Distribution”, Communications in Statistics -
Simulation and Computation (communicated), 2017a.

15



Int. J. Sci. Res. in Mathematical and Statistical Sciences

[6] J.C. Maxwell, “lllustrations of the Dynamical Theory of Gases.
Part I. On the Motions and Collisions of Perfectly Elastic
Spheres”, The London, Edinburgh and Dublin Philosophical
Magazine and Journal of Science, 4th Series, Vol.19, pp.19-32,
1860a.

[71 M. Rajagopalan., P. Dhanavanthan., “Statistical Inference”, PHI
Learning Private Limited, India, 2012.

[8] K.L.Singh., R.S. Srivastava., “Inverse Maxwell Distribution as a
Survival Model, Genesis and Parameter Estimation”, Research

Journal of Mathematical and Statistical Sciences, Vol.2 (7),
pp.23-28, 2014.

AUTHORS PROFILE

Dr. A. Loganathan was awarded Ph.D. degree in Statistics by
Annamalai University, Annamalai Nagar in 1992. He is currently
working as Professor in the Department of Statistics, at
Manonmaniam Sundaranar University, Tirunelveli. He is a Life
member in Indian Bayesian Society, Indian Society for Probability
and Statistics and Calcutta Statistical Association. He has published
more than 50 research papers in reputed international and national
journals. His research interests focus on Finite Mixture
Distributions, Acceptance Sampling Plans, Life Testing &
Reliability and Cluster Analysis. He has more than 25 years of
teaching experience.

Mrs. S. Mari Chelvi and Ms. M. Uma are doctoral students in the
Department of Statistics at Manonmaniam Sundaranar University,
Tirunelveli, Tamilnadu.

© 2017, IISRMSS All Rights Reserved

Vol. 4(5), Oct 2017, ISSN: 2348-4519

16



