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Abstract — The aim of this paper is to introduce and study the properties of strong m* — H —open sets. Also, we establish some
of their properties and establish some characterization in a generalized topological space (X,A) with a hereditary class H. We
discuss various characterization " — H —open set are given and properties of such sets are discussed. Finally we investigate
various definitions using m* — £ —open sets in a generalized topological space (X,7) with a hereditary class 7.
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1. Introduction

Let X be a nonempty set and g (X) denotes the power set of
X. Then the collection 1 < g(X) is called a generalized
topology (GT) on X [1] if @ € 2 and arbitrary union of
members of A belongs to 1. A set X, with a GT on it is said to
be generalized topological space (GTS) (X, 1). Members of A
are called A —open sets. A subset E c X is said to be
A —closed sets if X — E is A —open set. For each E c X, we
denote by int, (E) [2] the union of all A —open sets contained
in E and by cl[;(E) [2] the intersection of all A-closed sets
containing E. A GTS (X, 1) is said to be a quasi topological
space [4] (QTS) if K,L € A implies K N L € A. A hereditary
class (HC) # is a nonempty family of subset of X such
that L. ¢ M, M € H implies L € H [2]. Hereditary class # is
said to be A —codense [2] if ANH = {@} [2]. For each E c
X, asubset E*(H) is defined by E* = {x € X|[N N E ¢ I for
every N € A such thatx € N} [3]. If cl;(E) =EUE* for
each E c X, with respect to A and a HC H of subsets of X,
then V' ={EcX/cL(X—E)=X—-E} [3] is a GT.
Members of A* are called A —open sets and its complement is
called a A" —closed set. We denote the interior of E in (X, 1)
is inty(E). A subset E c X is said to be A* —dense (resp.
A —dense) if cl3(E) = X (resp. cl(E) = X).
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2. Related Work

Lemma. 2.1.[3] Let (X,A) be a GTS with a HCH
and S,T c X. Then the following holds.

(i) ScTimpliesS* c T

(i) (§) =S foreveryS cX.

(iii) S c T c X implies cl;(S) c cl;(T).

(iv) (EUE*)* C E* for every E C X.

(v) SuUT)*=S*uUT".

(vi) Ac A

(vii) FisA* —closed if and only if F* c F.

(viii) B ={N—-K:N € AK€ H}isabase for 1",

Lemma 2.2. [3] Let (X,A) be a GTS, H be a A —codense
hereditary class of subsets of X andE c X. IfE c E",
then E* = cly(E) = cl(E) = cl,(E™).

Lemma 2.3.[3] Let (X,A) be a generalized topological
space with a hereditary class H and E c X. If E isa A —semi
closed set, then int; (E) = int;(cly(E)).

Lemma 2.4. [3] Let (X,A) be a GTS, H be a A —codense
hereditary class of subsets of X and E c X. Then the
following hold

Q) int,(E) = int;(E), for every A* —closed set E.
(i) cly(E) = cl;(E), for every 1* —open set E.
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Lemma2.5. [5] Let (X,A1) beaGTSwithaHCH andE c
X. Then the following holds.

(i) IfN € A, then N nclj(E) c cl;(N NE).
(i) IfN €A thenNNE*c (NNE)".

3. Research Design

Definition 3.1.
H is said to be

A subset E c X of a GTS (X, 1) with a HC

A* —Dense [3] initself if E c E™.

A* —Perfect [3] if E = E™.

A" —Closed [3] if E* C E.

H —open [3]if E c inty(E™)

o — H —open [3] if E  cl;(inty (E)).

m — H —open [3]if E c inty(cl(E)).

a — I —open [3] if E C int, (clj{(inta(E))).

B —H —open [3]ifE c cl, (inta(clj{(E))).

S =3 —set [7] if inty(E) = clj(inty(E)).
. Weaklysemi—3 —open[10] if E < cl; (int,l(cla(E))).
. Almost strong—H —open [10] if E < cl;(int, (E")).
. Almost—3 —open [10] if E < cl,(inty(E™)).
. 0* —H —open [13]if E < cl, (int;(E)).
. —H —open [13] if E int,l*(cll(E)).
. B* — 3 —open [13]if E < I, (int,l*(cll(E))).
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. a* — H —open [16] if int, (cl}j(int,l(E))) = int, (E).
17. Strong B — H —open [19] if E < cl; (inty (cl; (E)).

4. Materials and Method

The complement of a strong B—H — open (resp. o —
H —open, ¢* — H —open, m— H —open, a —H —open)
set is said to a strong —F —closed (resp. ¢ — H — Closed,
o —H —closed, T — H —closed, a — H —closed) set.

5. Results and Discussion

/Strong m* — H —open set

m — H —open set n* — H —open set
\‘ A — m —open set. /
5.1 Strong " — H —open Sets

Definition 5.1. A subset E c X of a GTS (X, 1) with a HC
K is said to be a strong w* —H —open set ifE c
int;(cl;(E)). The family of all strong =* — # —open set is
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denoted by ST*H (X,A). If its compliment is strong n* —
H —closed set.

Theorem 5.2,  Let (X,1) be a GTS, # be a A —codense
hereditary class of subsets of X and E c X. Then every
strong T* — H —open set is a strong f — H —open set.

Proof. Let E be a strong m* —H —open set. Then E C
intj(cl;(E)). By Lemma 11, E cint;(clj(E)) =
int;(cl;(E)) < int;(cl3(E)) U (int,l(cl,’{(E)))* c

cl; (int;l(clj{(E))). Then, E is a strong 8 — H —open set.

The following Examples 5.3 shows that converses of
Theorem 5.2 are not true.

Example 5.3. Let
X ={51,52,53,54 A = {0, {51}, {52}, {s1, 5.}, X} and FH =
{0}. If E={s;,s3}, then E*={s;,s35,}. Now

cly (int,l(cl,{(E))) =cl (int,l(cl,{({sl,sﬁ))) =
Cl;(int,l({sl,%} U {51153:54})) = Cli(mta({51'53'54})) =
cli({s1}) = {51} U {51, 53,54} = {51, 53,54} D E. Therefore E
is a strong B —H —open set. But intj(cl;(E)) =
int;(EUE*) =int;({sy,53,5.)) =X —cj(X —

{1,538 =X —cli({s;}) = X — ({s2} U {sy, 83,54} =

X —{s,,83,5,} = {s;} P E. Therefore, E is not strong
m* — H —open set.

Theorem 5.4,  Let (X,1) be a GTS, # be a A —codense
hereditary class of subsets of X and E c X. Then every
strong m* — H —open set is a weakly semi —H —open set.

Proof. Let E be a strong m* —H —open set, Then E c
int;(c;(E)). By Lemma 11, E cintj(cl;(E))=

int;(cl;(E)) < int;(cli(E)) < cl; (int,l(cl,l(E))).
Therefore, E is a weakly semi—H —open set.

The following Examples 5.5 shows that converses of
Theorem 5.4 are not true.

Example 5.5. Let
X = {51'52!53'54}!1 = {¢r {Sl}! {52}' {51!52}' X} and }[ =
{®}. If E = {Sli 54}, theﬂ E* = {Sll 53, 54_}. NOW
cly (inta(cl,l(E))) =clj (int,l(cl,l({sl,s4}))) =
cli(inty({s1, 83,54} = cli({s1}) = {s1} U {51, 83,54} =
{s1,53,5.} D E. Therefore E is a weakly semi—H —open set.
But int,{(cl}{(E)) =int;(EVE") =int;({s1,538.)) =X —
chi(X —{s1,53,5.)) =X —cli({s.) =X — ({s,} U
{s5,53,5.}) =X —{s3,83,5,} ={s;} 2 E. Therefore, E is
not a strong * — H —open set.
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Theorem 5.6. Let (X,1) be a generalized topological
space with a hereditary class H and Ec X. If Eiis a mw —
J —open set, then E is a strong m* — H —open set.

Proof. Let E be a mw—H —open set. Then E c
inty(cl;(E)) and since A* finer than A so E < int;(cl;(E)).
Therefore, E is a strong 7* — H —open set.

The following Example 5.7 shows that the converse of
Theorem 5.6 is not true.

Example 5.7.

X ={51,53,53,5:.},4 = {0, {51}, {52, 53}, {51, 52, 53}, X} and
H = {(D,{sl}, {s4}, {51,54}}. If E={s;s,}, then E*=
{s2,55,54}.  Now, int;(c[i(E)) = int;(cl;({s5,54]) =
inty({s3,53,54}) = X — cl3(X —{s;,53,8.}) = X —

chi{s:) =X—({s}u@) =X —{s1} ={s;,53,5) D E.
Therefore E is a strong n* —H —open set. But
int,l(cl;(E)) = int;(E U E*) = int;({s,, S3,5,}) =

{s,,s3} P E. Therefore, E isnotam — H —open set.

Theorem 5.8.  Let (X,A) be a GTS with a hereditary class
H and E c X. Then every H —open set is a strong m* —
J —open set.

Proof. Let E is anJ —open set, then E c int;(E*) c
int;(E U E")=int;(cl;(E)) < int;(cl;(E)). Hence E is a
strong ©* — H —open set.

Theorem 5.9.  Let (X,A) be a GTS with a hereditary class
H and E c X. If E is both m* — H —open set and A —closed
set, then E is a strong m* — H —open set.

Proof. Let E is m* — 3 —open set, the E < int;(cly(E)).
Also since E is closed set, cl;(E) = E which implies that
E c int;(cl(E)) = int;(E) c int;(EVE") =

int;(cl;(E)). It follows that E is a strong = — ' —open set.

Theorem 5.10. Let (X, 1) be a GTS with a hereditary class
H and E c X be a A —perfect. If E is strong n* — H —open
set, then E is an almost strong—H —open set.

Proof. Let E is strong =*—H —open set, E cC
int;(cl; (E)) = inta(c[i(E)) < ct; (inta(cl;(E))) =
cl;(inty(E")).  This is implies that E is an almost
strong—H —open set.

Theorem 5.11. Let (X, A) be a GTS with a hereditary class
J and E c X such that every open set is A* — closed, then
every strong B — H —open set is a strong =" — £ —open set.
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Proof. Let E is a strong B —H —open set, then E c
cly (inta(cl;(E))). Since int;(cl;(E)) is open, by lemma
inta(cli(E)) = ct; (inta(cli(E)). 50

Eccl (inta(cl;(E))) = inty(cl;(E)) c int;(ci(E)). It
shows that E is strong m* — £ —open set.

Theorem 5.12. Let (X, 1) be a GTS with a hereditary class
H andE c X. If E is both ¢ —H —open and s — H —set,
then E is a strong =* — £ —open set.

Proof. Let E is a o—J3 —open set. Then E cC
cl;(inty(E)). Since, E is a s — 3 —set, then int,(E) =
cl;(inty(E)). Now E c clj(inty(E)) c inty(E)
int;(cl;(E)) < int;(cl;(E)). It shows that strong m* —
H —open set.

Theorem 5.13. Let (X,A) be a GTS with a hereditary class
H andE c X. If E is strong m* — H —closed if and only if
cl;(int;(E)) c E.

Proof. Let E is a strong m* — H —closed if and only if
(X —E) isastrong t* —H —open ifand only if (X —E) c
int;(c;(X —E)) =X — cl;(int;(E)) if and only if
cl;(int;(E)) c E.

Theorem 5.14. Let (X,A) be a GTS with a hereditary class
H and E,F c X. Then E is a strong n* — H —closed if and
only if there exists an E is a strong ©* — H —closed F such
that int; c F C E.

Proof. Let E be a strong n*—H —closed, then
cl;(int;(E)) c E. let B = clj(int;(E)) be a A" —closet set
that is B is strong =w* —H —closed set. int;(E) c
cl;(int;(E)) = F c E. Conversely, if B is an is strong
n* —H —closed set such that int (E) cF c E, then
int;(E) = int;(F). On the other hand, cl;(int;(F)) c F and
hence E o F o clj(intj(F))=cl;(int;(E)). Thus E o
cl;(int;(E)). Hence E is a strong =* — ' —closed

Theorem 5.15. Let (X, 1) be a QTS with a hereditary class
K and E,F c X. If E is strong m* — H —open set and F is
A —open set, then E N F is strong ©* — H —open set.

Proof. Let E is a strong m* —H —open set and F is
A —open set. Then we have E cint;(cl;(E)) and F =
int, (F). Now ENF cint;(cl;(E)) nint,(F)

int;(cl;(E)) nint;(F) = int;(cl;(E)NF) = int;((E* U
EYnF) = int;((E*nF)U(ENF)) cint;((ENF)'U
(EnF)) = int;(c;(ENF)). Hence ENF is strong
m* — J —open set.
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Theorem 5.16. Let (X,A) be a GTS with a hereditary class
H and E,F c X. If E is a strong " — H —open set and F is
A —pre open set, then E U F is m* — ' —open set.

Proof. Let E is a strong m* — H —open set and F is 4 —pre
open set. Then we have E cintj(cl;(E)) and Fc
int;(cly(F)). Now E UF cint;(cl;(E)) Uinty(cly(F)) c
int;(cl;(E)) U int;(cly(F)) < int;(cl(E)) U

int;(cly(F)) c int;(cl(EUF)). Hence EUF is a w* —
H —open set.

Theorem 5.17. Let (X,1) be a generalized topological
space with a A —codense hereditary class H and E < X. Then
every strong t* — H —open set isa ©* — H —open set.

Proof. Let E be a strong m* — H —open set. Then E c
int;(cl;(E)). Since A* finer than A, E c int;(cl;(E)) ©
int;(cly(E)). Therefore, E isam* — 3 —open set.

The following Examples 5.18 shows that converses of
Theorem 5.17 are not true.

Example 5.18. Let X ={s1,55,53,5,}, 1=

{0, {53}, {s1,55,55}, X} and H = {0,{s;}}. If E = {54}, then
E*=0. Now, int;(cl,l(E)) = intl*(cla({sl})) =
inty({s1,52,5.1) = X —ci(X —{s1,52,5.1) = X —

cli({ss}) =X — ({s3} U {s3s}) = X — {s3} = {s1,5,, 8.} D E.
Therefore E is a ©* — 3 —open set. But int;(cl;(E)) =
int;j(EVE*) =int;({s;} U @) =int;{s;}) =X —

CL(X = {51)) = X — cli({55,55,54)) = X — ({52,555} U
X)=X—-X=@DE. Hence E is not a strong w* —
JH —open set.

Theorem 5.19. Let (X,1) be a generalized topological
space with a hereditary class # and E c X. If E is a strong
n* — 3 —closed set if and only if cl;(int;(E)) C E.

Proof. If E is a strong m* —H —closed set if and only if
X — E isastrong T — H —open set if and only if X —E c
int;(c;(X — E)) = int; (X — int;(E)) = X — cl;(int;(E))
ifand only if cl;(int;(E)) c E.

Theorem 5.20. Let (X,1) be a generalized topological
space with a hereditary class H and E c X be a A —pre open
set. If E is a 4 —semi closed set, then E is a strong n* —
JH —open set.

Proof. Let E be a A —pre open. Then E c int;(cly(E)).
Since, E is a A-—semi closed set, then int,(E) =
int;(cly(E)) and so E = inty(E) < int;(cl;(E)). Therefore,
E isastrong ©* — H —open set.
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Theorem 5.21. Let (X,1) be a generalized topological
space with a 4 —codense hereditary class H and E c X be a
A" —perfect set. Then E is a strong =* — H —open set if and
only if E isa H —open set.

Proof. Let E be a strong m* — 3 —open set, then E c
int;(cl;(E)). Since E is a A* —perfect set, then cl;(E) = E*.
Now by Lemma 2.3, E C int,{(cl,’{(E)) = intl(clj(E)) =
int;(E™). Hence E is a H —open set. Converse is clear.

Theorem 5.22. Let (X,1) be a generalized topological
space with a hereditary class H and E, F c X. If E is a strong
" —H —open set and F is a weakly semi—H —open set,
then EUF isa B* — H —open set.

Proof. Let E be a strong m* —H —open set and F be a
weakly semi—2 —open set. Then E < int;(cl;(E)) and F ©

ct; (int; (L (F)) ).Now, EUF c intj(cl;(E)) U
cly (intl(cll(F))) by Theorem 5.3 c cl; (int,l*(cll(E))) u
cly (int;(cly(F))) = ety (int; (cla(B)) U int; (el (F)) )

ccly (int,{(cl,l(E U F))). Hence EUF is a §* — 3 —open
set.

Theorem 5.23. Let (X,1) be a generalized topological
space with A —codense hereditary class H and E c X. Then E
is a strong m* — H —closed set if and only if E is a m —
H —closed set.

Proof. Suppose E be a strong m* — H —closed set. Then
E o cl;(int;(E)). By lemma 1.17, E o cl;(int;(E)) =
cl;(inty(E)) and so clj(inty(E)) c E. Therefore, E is a
T — H —closed set. Conversely, let E be a m —H —closed
set. Then E o clj(inty(E)). Since A* finer than A, E o
cli(inty(E)) o clj(int;(E)) and so E < clj(int;(E)).
Therefore, E is a strong 7* — H —closed set.

6. Conclusion and Future scope

As stated in the abstract, we have defined the strong
m* — J —open set in a Generalized Topological space (X,2)
with a hereditary class H. Moreover, many counter examples
were investigated, we discuss its properties and give various
characterization of this sets. In future, researchers doing
research in this filed can study about the properties and
characterizations of these sets. Moreover, one can define the
functions which preserve this sets. Further, one can study
about the compactness, covering and separation properties of
these sets.
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