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Abstract—An L(t, 1)-Colouring of graph is the colouring of the vertices of a graph with non negative integers such that the
vertices which are adjacent to each other receives colour with their colour difference not belonging to set T with integers
including 0 and the vertices which are at distance 2 gets distinct colours. This is a type of channel assignment problem.
Allotting frequencies to the radio channels in a region is determined by non-overlapping nature of the transmissions. The L(t,
1)-Colouring takes the inspiration from the famous T-Colouring and L(h, k)-Colouring of graphs. Both are celebrated colouring
schemes. The L(t, 1)-span of the graph is the minimum of the highest colour used to colour the vertices of a graph out of all the
possible L(t, 1)-colourings. We study the L(t, 1)-span of wheel graphs with respect a set T with consecutive integers and a set T
whose elements are in AP with common difference d.

Keywords—L(t, 1)-colouring, Communication networks, Channel assignment, Radio frequency, Colour span, Wheel Graphs

. INTRODUCTION Section IV concludes the research work indicating future

Graph colouring finds its use in the optimal assignment of
radio frequencies to radio stations. The first kind of channel
assignment problem was brought into the picture by B. H.
Metzger [1]. The T-colouring problem was one of the first
colouring problems introduced by W. K. Hale [2] which put
a constraint on the colour assignment of adjacent vertices.
Later, F. Roberts [3] in his private communication with J.
Griggs proposed that the disturbance in the transmission of
signals is not only due to neighbouring transmitters but also
due to the transmitters at distance 2. This led to the study of
distance two labelling. Labelling vertices of graphs at
distance 2 was studied extensively by J. R. Griggs and R. K.
Yeh[4].

We introduced an L(t, 1)-colouring which finds its
foundation in T-colouring and L(2, 1)-colouring[5].

In this work, we study the bounds for L(t, 1)-span of wheel
graph. All standard definitions and notations related to
graphs are according to [6].

The paper is organized as follows. Section | contains the
introduction to L(t, 1)-Colouring and Section Il contains the
related work. Section Ill is about the methodology. Section
IV has the major results and illustrations. The L(t, 1)-
Colouring of wheel graph for a set T with consecutive
integers and a set T whose elements are in AP with common
difference d form the major part of the study in this section.
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directions.

Il.  RELATED WORK

The concept of L(t, 1)-Colouring was introduced in [5].
Bounds for L(t, 1)-span of stars, multipartite graph and
cycles have already been studied in [5] and [9].

Il. METHODOLOGY

There are three theorems in Section IV. We use proof by
exhaustion and combinatorial arguments to prove the
theorems. Illustrations are also supplied.

IV. RESULTS AND DISCUSSION

Definition 4.1 A wheel graph W, of order n, sometimes
simply called an n-wheel, is a graph that contains a cycle of
order n 1, and for which every graph vertex in the cycle is
connected to one other graph vertex (which is known as the
hub)[7].

A. L(t, 1)-Colouring of wheel graph for set T with
consecutive integers

Definition 4.2 For a given set T with consecutive integers

from 0 to r, where max T =, the L(t, 1)-span of wheel graph

is same as the L(h, k)-span of wheel graph with h =r + 1

andk =1.
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Since wheel graph is also a Halin graph, in 2007 Zhang and
Ma[8] studied the bound for Halin graph and gave
A(G; h; k) < (2k—1)A + 6h 4k 1. This gives us the L(t,
1)-span of wheel graph as A,,(W,) < (n—1)+6(r+1) —
5.

The set T plays an important role in L(t, 1)-colouring. Due to
randomness in the structure of set T, we find the bound for
L(t, 1)-span of wheel graph for set T where elements of set T
are in arithmetic progression.

B. L(t, 1)-Colouring of wheel graph where elements of set T
are in AP with common difference d

Theorem 4.1 For set T whose elements are in arithmetic
progression with first term 0 and common difference d = 2,
the L(t, 1)-span of wheel graph is given by

n—2
hes W) = r{a[S|} for n<zim)
n+(r—1) for n = 2|T|
where max{T} =r.

Proof. Since the wheel graph has diameter 2, all the vertices
of the graph will get distinct colours. Let the vertices of the
wheel be labelled as vy v, ..., Vq1, vy with vy being the
central vertex and v,, v, ..., V, being vertices on the cycle of
the wheel.

Case 1: n < 2|T|

Since the central vertex is the vertex with the maximum
degree, we colour the central vertex with O (the least colour
available). All the other vertices in the graph are at distance
one from the central vertex. The colours assigned to them
cannot belong to set T. This implies that some of them can
get the colours missing from set T. We colour the vertex v,
by 1 (the first missing colour from the set). Vertex v, cannot
get any odd colour since the difference of two odd number is
even which is part of set T. All the vertices on the cycle of
the wheel which are at distance one from the central vertex.
So v, should get an even number not in set T. i.e.,r + 2.
Vertex v; being adjacent to the vertex with colour r + 2 can
be assigned odd number not in set T. i.e., the second missing
colour. Thus all vertices with even position (vertices v,,) can
get colours missing from set T and all vertices with odd
positions (vertices V,,.1) can get colours r + nd for all n>1.
Thus the required bound is obtained.

Case 2:n = 2|T|
We can colour the vertices till v, using the above method.

Vertices after vpr.a can be coloured using consecutive
colours after r+ (|T| —1)d . Thus v, gets the colour

n+ (r—1). O
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C. Hlustration 1

For a set T={0, 2, 4, 6, 8, 10}, the L(t, 1)-Colouring of the
wheel with a number of vertices 5 is in Figure 1.

Figure 1. L(t, 1)-colouring of Ws

L(t, 1)-span, in this case, is 14 which is in accordance with
the result obtained above.

Theorem 4.2 For set T whose elements are in arithmetic
progression with first term 0 and common difference d > 3,
the L(t, 1)-span of wheel graph is given by
<r forn<[d-D(T|-1D]+1
Ar(Wp)i=r+2 forn=[(d-1D(T|-1]+2
=(p-DD+r forn>[d-D(T|-1D]+2

wherep = {n —[(d — 1)(|T| — 1)]} and max {T}=r.

Proof. We prove the theorem in three cases. Let the vertices
of the wheel be labelled as vy, v, ..., Vp-1, V, With vq being
the central vertex and v,, vs, ... V, being vertices on the cycle
of the wheel. Let ¢ be the function which assigns colours to
vertices of the graph. For a set T with n elements of form a,,
a+d,a +2d,...,a + (n-1)d. L(t, 1)-span of the wheel can
be obtained in following cases.

Casel:n<[(d—-D(T|-D]+1

The central vertex can be coloured using colour 0. All the
other vertices in the graph are at a distance one from the
central vertex. Therefore, the colours assigned to them
cannot belong to set T. If set T has a common difference of d
> 3, there will be colours missing from set T. We can assign
the missing colours to the vertices of the cycle of wheel
graph since these missing colours will differ by either 1 or 2.
Since d considered here is greater than 3, we can assign
missing colours to the vertices of the cycle of wheel
consecutively except for the wheels with n of the form
(d —1)m + 2 where m=1, 2, ... In this case, we cannot
assign the last consecutive colour to v, since |c(v,) —
c(v,)| €T. Therefore, we assign colour to the last vertex
by skipping the consecutive colour and giving it the next
colour. This will lead to |c(v,) — c(v,,_1)| =3 €T, since
d > 3.Thus L(t, 1)-span span of the wheel is always the
less thanr.

Case2:n=[(d—1D(T|-1D]+2

In this case, we colour the wheel in a similar way as in case
one. Therefore, vertex v,; gets colour r — 1. Thus, the last
vertex cannot be assigned colour r or r + 1 since |c(v,) —
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c(|v1)| =r €T and since|c(v,) — c(v,)]=1r €T. Thus
only r + 2 is the least colour which can E)e assigned. Hence,
we have the result.

Case3:n>[(d—-D(T|-D]+2
We colour the vertices in a similar way as in case 1 till vy

n(r+1. Next vertices will get the colours r+1, r+2,... and so
on consecutively till [n — [(d — (T —-1)] — 1] + .

It is the least possible colouring since all the missing colours
are exhausted in this process and colours less than the
assigned colours will violate the condition for L(t, 1)-
colouring. ]

D. Hlustration 2

For a set T={0, 5, 10, 15, 20}, the L(t, 1)-Colouring of the
wheel with a number of vertices 9 is in Figure 2.

Figure 2. L(t, 1)-colouring of Wq

L(t, 1)-span, in this case, is 9 which is in accordance with the result
obtained above.

For d=3 the result remains same as in theorem 4.2
except for case n =[(d — 1)(|T| — 1)]+ 2. In this case
|c(v,) — c(vp_q)| =3 €T if r + 2 is assigned to v,
Therefore, r + 3 has to be assigned. Thus we get,

Theorem 4.3 For set T whose elements are in arithmetic
progression with first term 0 and common difference d = 3,
the L(t, 1)-span of wheel graph is given by

<r forn<[d-D(T|-D]+1
=r+3 forn=[d-1D(T|-1D]+2
=(p—-1D4+r forn>[d-D(T|-1)]+2

Aea(Wn)

where p = {n —[(d — D)(|T| — 1)]} and max{T}=r.
E. Ilustration 3

For a set T={0, 3, 6, 9, 12, 15}, the L(t, 1)-Colouring of the
wheel with a number of vertices 9 is in Figure 3.
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Figure 3. L(t, 1)-colouring of Wy

L(t, 1)-span, in this case, is 11 which is in accordance with
the result obtained above.

V. CONCLUSION and Future Scope

In this paper, we found the bounds for L(t, 1)-span of wheel
graphs for set T with elements in the form of arithmetic
progression. Since set T considered for the study is finite, it
is easy to find the set of all gap numbers. Further, L(t, 1)-
span of wheel graph by identifying the gap set i.e., numbers
missing from set T can be studied.
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