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Abstract: We studied squeezing in the difference of the field amplitude in degenerate six wave interaction process, which is a
higher-order squeezing effect. It is shown that for uncorrelated modes the normal squeezing in the difference-frequency field
directly depends on the difference squeezing of input field modes. It is established that the amplitude-squared squeezing of the
fundamental feeds directly into the normal squeezing of the signal mode. Detection of difference and amplitude-squared
squeezing in this process is also studied. It is found that squeezing is greater in stimulated process than in spontaneous
interaction.
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I. INTRODUCTION

Squeezed states of light [1, 2] has drawn the greater attention of the community owing to its low-noise property [3, 4] with an
application in high quality telecommunication [5], quantum cryptography [6, 7], and so forth and also rapid development of
techniques for making higher-order correlation measurements in quantum optics [8, 9]. It has been many theoretical and
experimental developments takes place in a various optical processes, such as parametric amplification [10, 11], harmonic
generation [12-13], multi-wave mixing processes [14-18], Raman [19], hyper-Raman [20] etc. Hong and Mandel [21, 22],
Hillery [23, 24], and Zhan [25] for improving the performance of many optical devices and optical communication networks.
Higher-order sub-poissonian photon statistics of light have also been studied by Kim and Yoon [26]. Recently, Prakash and
Mishra [27, 28] have reported the higher-order sub-poissonian photon statistics and their use in detection higher-order
squeezing. Garcia Fernandez et al [29] have worked on higher-order squeezing in single mode multi-photon absorption
process. Further, another type of higher-order squeezing, called sum and difference squeezing were proposed by Hillery [30]
for the two modes. These concepts have recently been generalized to include three modes for sum and difference squeezing
[31] as well as an arbitrary number of modes for sum and difference squeezing [32-34]. In a recent publication [35, 36] we
have reported that squeezing is found to be maximum in amplitude-cubed followed by amplitude squared and amplitude-
squeezing and squeezing in the signal mode depends on the amplitude-squared squeezing of the fundamental mode for higher-
order coupling respectively in six-wave mixing process.

The aim of this paper is to study another type of higher-order squeezing i.e. difference squeezing of the optical fields
in degenerate six-wave interaction process, which has not been studied earlier. The paper is organized as follows: Section 2
gives the definition of higher-order squeezing. We establish the analytic expression theoretically and discuss the results on
difference squeezing of the optical fields in signal mode in degenerate six-wave interaction process in section 3. Section 4
incorporates results and discussion. Finally, we conclude the paper in section 4.

I1. DEFINITION OF HIGHER-ORDER SQUEEZING

Higher-order squeezing is the higher powers of the field amplitude [23], which are characterized by reduced quantum
fluctuations in one quadrature at the expense of the increased fluctuations in the other quadrature of the field. It is a special
class of minimum uncertainty state.
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2.1 Amplitude-squared squeezing of single mode
The amplitude-squared squeezing may be defined by its real and imaginary parts as

Y1 = @/2)(A% + AT2) (1)
and Yo = (1/2i) (A% —AT2) ©
where A and A" are the slowly varying operators with time t. For a single mode, they are given by

A=a exp(ia)t)andAT =aT exp (-iat) (3)

where af(a) are creation (annihilation) operators of the electromagnetic field with frequency . These operators satisfy the
commutation relation

[Y1, Y2] =i (2Na + 1) (4)
where ATA = N , is the photon number operator in pump mode.
The equation (4) leads to the uncertainty relation (h=1)

AY, AY, >{(N, +1/2)) )
where AY, and AY, are the uncertainties in the quadrature operators Y, and Y, respectively.
Amplitude-squared squeezing exist if

(AY,)? <((N, +1/2)) where i=1or2 (6)

These states have purely quantum mechanical nature i.e. a state which satisfies equation (6) exhibits non-classical features.
Expressing the variance (AYi )2 classically in the P-representation of the state one can show

(AY,)? = (N, +1/2)) + (1/4) [ B0 P(cr) [ exp(-2ict)a’ + exp (iot)a? - (A>+A)]? @
where P(a) is the coherent-state quasi-probability function. A classical state, satisfy the relation from equation (7) as
(AY))? 2((N, +1/2)) 8)
A coherent state is that for which the variances of field quadratures satisfy the equation
(AY,)? =((N, +1/2)) ©)

2.2 Difference squeezing of two modes

The degenerate six-wave (DSW) energy level model [37, 38] is shown in Figurel, in which the process involving
absorption of two pump photons of frequency w; each and emission of three Stokes photons of frequency w, and one signal
photon at frequency ws to the initial state.
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Figure 1: Six-wave energy level diagram
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Let us define difference of the fields of frequency ; and ®, with creation (annihilation) operators a’(a) and b'(b)
respectively through variables W, and W, as

W, = (172) (A’B™ + AB?) (10)
and W, = (1/2i) (A’BT - A™B?) (11)
The operatorsW, and W, satisfy the commutation relation as
1 on2 N2 2 3 2 3
[Wl,Wz]:E[9NANB+18NANB—2NB+6NA—4NANB} 12)
and the uncertainty relation (h = 1)
1/on2 N2 2 3 2 3
where N = ATA and Ng = B'B are the photon number operator.
A state is said to be difference squeezing in W; direction if the condition follows
1/on2 N2 2 3 2 3 .
In terms of the P representation P(a.,p) for two-mode state, we have
1/an2 N2 2 3 2 3
2_ = _ —
(AW))° = 4<9NANB+18NANB 2NB+6NA 4NANB>
+ (1/4) Jo%a Jd*B P(a,B) [{exp(Bimat) o™ + exp(-3imst) a**B%}- (W) 12 (15)

where * represents for j = 1 or 2 respectively.

I1l. DIFFERENCE SQUEEZING OF THE OPTICAL FIELDS IN SIGNAL MODE IN DSW INTERACTION
PROCESS
From figure 1, the Hamiltonian can be written as
H = oma'a+ ob’b + msc’c + g (2% +ab’c) (16)
where a’ @), bT(b) andc’ (c) are the creation (annihilation) operators of the pump field (A-mode), Stokes field (B-mode) and
signal field (C-mode) respectively and g is the coupling constant per second. Since, A, B and C are slowly varying operators
defined as, A= a exp (im;t), B=b exp (iw,t) and C= ¢ exp (imst) with the relation 2m; = 3w, + ws.
Using interaction Hamiltonian of equation (16) in coupled Heisenberg equation of motion
OA

A:EH[H,A] (h=1) (17)
we obtain A =-2igATBC (18)
Similarly B—-3iga?Bi2cT (19)
and C=-iga2g™ (20)

Let us investigate the dependence of squeezing in the C- mode on the difference of the fundamental mode and stokes
mode under short-time approximation (the short interaction time (=10™"sec) and gt <<1).
Using equations (18) and (19) we obtain from equation (20)

& = g [9NiNé +18N’2ANB—2N%+6N'2A—4NAN?|’3} c (21)

In the interaction Hamiltonian the coupling constant is used |g?in place of g*
Using short-time interaction time and keep terms up to second-order in ‘gt’ in the Taylor’s expansion, we get
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) = C(0) + tC(0) + (£2121) C0) 4 wrrrrrrrrrrrerrrerrrrrn 22)
Use of equations (20) and (21) in equation (22), gives

Ng —2N3, +6N2

B A

2.2
oo | el 2 \\2 2
e = c-igta?8 " - B |(NZ NE +18N3

3
—4NANB) c (23)

2.2
o gt )
and C'(t) = ¢ + igtA T2 B3 - B (QN'ZA\NZB+18N'26\NB—2N?|’3+6N'26\—4NAN?|§) ()

where the operators at t = 0 represents C(0) = C throughout the paper.
In order to examine the existence of squeezing in the signal mode, we define

Xac(t) = (1/2) [C(t) + CT(B)] (25)
and  Xyc(t) = (1/2i) [C(t) - CT(1)] (26)
Using equations (23) and (24) in equations (25) and (26) we obtain
2.2
3 97t 2 02 2 3 a2 3
Xie(t) = Xqe +|g|t (Wo) — 5 (QNANB +18NANB — ZNB + 6NA —4NANB) Xic 27)
and
_ 0" | (o2 2 2 3 a2 3
At t =0 the modes A and B are uncorrelated, then equations (27) and (28) may be written as,
[AXic()] = (AXsc ) + g (AW,)°
- |gPE <9NiNE3 +18N4Ng —2N3 +6NZ —4NAN3B> (AX10)? (29)
and  [AXac(t)] = (AXac ) + gt (AW:)®
g2 <9NiNé +18N4 N —2N3 +6N3 —4NAN3B> (AXz0) (30)
If the C mode is initially in a coherent state, then
(AX1c)? = (AXqc)® =1/4 (31)

Equations (29) and (30) reduce to

[AX,c(O] = (%) + |gPEIAW,)? _(%J<9NiNZB +18N3 N —2N3, +6N7 — 4NAN%>] (32)

1 1
and [AXoc(O)F :(Zj + lgPe [(AW1)2(2J<9N/2ANZB +18N4 Ng —2N3 +6N% —4NAN%>] (33)

We rewrite equations (32) and (33) as follows

[AX4c (O] - Gj QPRI AWLY _(%J<9N)2ANZB +18N3 N —2N3, +6N7 — 4NAN%>] (34)
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These equations (34) and (35) establish the relation between difference squeezing of the fields fundamental and Stokes modes
and normal squeezing of the field signal mode in degenerate six-wave interaction process. We observe that if the input state is
difference squeezed in the W, or W, direction, then difference-frequency generation will produce an output, and will lead to
normal squeezing in X;c or X,c respectively It is found that difference squeezing can be turned into normal squeezing. This
finding suggests a method of detection for difference squeezing by DSW interaction process.

In order to study the squeezing in signal mode, let us assume Stokes mode as a constant and represent a constant term
m for B and B so that the change in the B mode is negligible.
Hence equation (20) becomes

and [AXoc(O)] -G): o [(AWl)z—(%j<9N2 N3 +18N% Ng —2N3 +6N% ~4NAN? >] (35)

C = -igA’m® (36)

and C=-2|gfm°(2Na+1)C (37)
Using equation (22), we have

C(t) = C —i|gim3*A? - |g/> m® (2NA + 1) C (38)
and C(t) = CT + i|gim*A™ - |g|*? m® (2N + 1) CT (39)
Using equations (38) and (39) in equations (25) and (26), we get

Xic(®) = Xic + /9] m* t Yoa - 9P m® (2Na + 1) Xyc (40)
and  Xao(t) = Xoc - 19| m* t Yia - |97 m® (2N + 1) Xoc (41)

where Yaand Y, define in equations (1) and (2).
At t =0, the modes are uncorrelated, then equations (40) and (41) becomes

[AXic()P = (AX1c )2+ (g m® € [ (AY24 )?- 2 (2N + 1) (AXic )] (42)

and [AXoc()’ = (AXoc )2+ (g m® € [ (AY14 )% 2 (2N + 1) (AXpc )] (43)
Using equation (31), then we obtains

[AX1c(®] — 1/4 = [gI” m° £ [ (AY2a)* (Na+ 1/2)] (44)

and [AXac(®)] — 1/4 = [gI” m® £ [ (AY1a)* (Na+ 1/2)] (45)

Equations (44) and (45) show that X is squeezed if Y, is squeezed and X, is squeezed if Y, is squeezed. That means the C
mode is squeezed in the X;c direction if the A mode is amplitude-squared squeezed in the Y, direction and the C mode is
squeezed in the X,¢ direction if the A mode is amplitude-squared squeezing in the Y, direction. That is, if a fundamental
mode with amplitude-squared squeezing propagates through a nonlinear medium then normal squeezing will generate in the
signal mode. It is shown that amplitude-squared squeezing can be turned into normal squeezing. This result suggests a method
of detection for amplitude-squared squeezing by DSW interaction process.

In earlier publication [35], the results of second-order squeezing in spontaneous and stimulated interaction process are
quoted below as

[AY1a®)] - (N, A (1) +1/2) = -12 [g” * [ o *(cOS40 + 2) + 4[a* + 1/2] (46)

and [AY1a®F - ( N, A (1) +1/2) = -12 g ¢ (| B |2 +1) [|al*(cos4e + 2) + 4|of* + 1/2] (47

where |of* = <A'A>, |B|* = <B'B> and 0 is the phase angle.
Let us take only the Y4(t) quadrature and using equations (46) and (47) in equation (45), we obtain
[AXoc(D)]? = 1/4 = -12 |g|* t'm® [ | *(cos40 + 2) + 4|a)*+ 1/2] (48)

and [AXo (D] — 1/4 = -12 |g|* t'm® (| B |2 +1) [ |a|*(cos40 + 2) + 4|af* + 1/2] (49)

The additional factor (| |2 +1)in equation (49) is due to stimulated interaction. This establishes occurrence of normal
squeezing in the signal mode. Similar calculation can be done for Y, quadrature.
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An analysis of equations (46 - 49) shows that
if g? * m® > 1, squeezing is greater in signal mode compared to fundamental mode.
and, if g? t* m® < 1, corresponding squeezing is larger in fundamental mode.

IV. RESULTS AND DISCUSSION
We plot a graph (figure 2) between left hand side of equation (34) say Ds and |gt| with typical values (AW,)? = (AW,)?
= (%j and <NA> =1,2,3... but <NA> #0 and <N B> =0, 1... so that it could satisfy the equation (14).
The curves infer that the difference squeezing exists and responses nonlinearly to the number of pump photons. It also

shows that the squeezing in the pump mode is depends on coupling of the field amplitude and interaction time.
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Figure 2: Variation of difference squeezing Ds with |gt| in DSW interaction process

(when |¢|® =1,2,3 and || =1)
Let us denote left hand side of equation (48) by S and plot a graph with |af? having different values of |gt[*.
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Figure 3: Variation of the squeezing S with |o? (0 =0, |B[>=0 & m?=1) in DSW interaction process
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Figure 3 shows that the squeezing in signal mode is greater than the corresponding squeezing in pump mode [35]. It
confirms that the higher order squeezing is directly associated with the coupling of the field and interaction time. Hence more
squeezing can be observed in short time scale.
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Figure 4: Variation of the squeezing Sp in signal mode with |oJ* (Jp|>=0) in spontaneous DSW interaction process
(when |gt|* = 10*? and 6 = 0)
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Figure 5: Variation of the squeezing Sg in signal mode with |of* (|B[>=4) in stimulated DSW interaction process (when

lot|* = 10" and 6 = 0)

To study higher—order squeezing, we denote the right hand side of equations (48) and (49) respectively by S, and S,. Taking
lgt]* =10 and 6 = 0 (for maximum squeezing), the variations of S, and S, are shown in Figures 4 and 5 for constant m’=1,2
and 3 (arbitrary values).
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Figures 4 and 5 show that the squeezing increases nonlinearly with |o/? i.e. the number of pump photons. Further, in stimulated
process squeezing also increases with || that is the photon number in B mode. This confirms that the squeezed states are
associated with large number of photons. It shows that squeezing is more in stimulated process than spontaneous one.

V. CONCLUSIONS AND FUTURE SCOPE

In this paper we observed that if the input state is difference squeezed in the W, or W, direction, and then difference-frequency
generation will produce an output, and will lead to normal squeezing in Xic or X,c respectively It is shown that difference
squeezing of the optical fields can be turned into normal squeezing by degenerate six-wave interaction process. The present
result suggests a method of detection for difference squeezing in degenerate six-wave interaction process. The difference
squeezing responses nonlinearly to the number of pump photons. Hence higher-order squeezing is found to be dependent on
coupling of the field amplitude and interaction time. This confirms the Hillery’s result [23].

When an amplitude-squared squeezing of the fundamental mode propagates through a nonlinear medium then normal
squeezing will generate in the signal mode. The nonlinear interaction (signal mode) converts higher-order squeezing into
normal squeezing. It suggests a method of detection for amplitude-squared squeezing in degenerate six wave interaction
process.

The squeezing obtained in the present paper in degenerate six-wave signal mode is found to be greater than the
corresponding squeezing in fundamental mode [35]. It is found that squeezing is greater in stimulated process than in
spontaneous interaction. It is concluded that squeezing can be enhanced in signal mode providing stokes mode assume as
constant term.

The above findings stated that the process with higher-order non-linearity is more suitable for generation of optimum
squeezed light. These results suggest ways for obtaining greater noise reduction in optical systems and can be useful in high
quality telecommunication.
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