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Abstract— In this article, a model of the double integration process has been attempted using Monte Carlo simulation. Both
non-rectangular and rectangular domains are dealt separately. Python programming has been used to automate the entire random
number-based integration process. Three example problems are used to test the newly created cods, and the results achieved are

consistent with those reported in the literature.
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1. Introduction

Many times, a technological issue produces a system of
differential equations that cannot be resolved in closed form,
or analytically, hence numerical/probabilistic techniques that
approximate the solution are applied [1]-[3]. Numerical
methods involve simple arithmetic operations, whether they
are based on series expansions or are purely numerical
methods that assess the unknown integral at predefined
intervals of time. Whereas, in probabilistic approach random
variables are used to evaluate the area under the curve or
volume of the region [4]-[6]. The results of
numerical/probabilistic  methods are  simply  rough
approximations of the genuine values.

Double integrals are necessary, for instance, to calculate a
region's area, the volume below the surface, and the mean
value of a two-variable function over a rectangular region [7].
At the same time, it is not that easy to solve double integrals
analytically. Hence, a numerical/probabilistic approach is
needed to find the answer to a double integral. The multiple-
segment trapezoidal rule [8]-[10]can be used to handle the
numerical integration. Whereas, Monte Carlo method is a
probabilistic approach where random variables are generated
in the domain and the probability of occurrence of the points
in the domain will return the result [11], [12]. The double
integration based on the Monte Carlo approach can be
understood by staring with an integration problem as shown

in Eq. 1.
RS
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The above integration can also be written as the product of
area of rectangle formed by rectangle (X, X,) & (Y, Y,)
and the average value of function f(X,Y) as follows:

X2 (Y2 (2)
L= ] £ O y)dydi= Ax fyp

where, A= (X, —X)x (Y, — Y1)

So, the integral might be assessed if there had been a method
for determining the average value of the integrand that was
independent. The random numbers can be applied in this

situation. Consider a list of random values, x and vy, that are
uniformly spaced apart between (X, X,) & (Y, Y,) . Simply
evaluate f (X, Y) at each of the randomly chosen points and

divide the result by the total number of points to determine
the function average, as shown in Eq. 3 [13], [14].
©)

1 N
faverage = WZ f (Xr y)
i=1

Now Eg. 3 can be solved to obtain average value of the
function and finally from Eq. 2 the value of integration can be
obtained.

The development of a mathematical technique for computing
double numerical integration based on the general Monte
Carlo approach mentioned above is the main objective of this
study. Even after creating the approach, the process for
solving it with pen and paper with high degree of accuracy is
not possible. The significance of mathematical programming
is now apparent. Mathematical calculations can be automated,


http://www.isroset.org/
https://orcid.org/0009-0006-5844-7501
https://orcid.org/0009-0002-6071-8893
https://orcid.org/0000-0002-5107-0012
https://orcid.org/0000-0001-5799-6468
https://d/

Int. J. Sci. Res. in Multidisciplinary Studies

which not only speeds up processing but also yields results
that are error-free (with a certain order of accuracy).
Programming languages with simple syntax and
straightforward implementation include Python [15]-[18].
This programming language has a large number of modules
and very rich in the community support [19], [20]. NumPy
[16], [21]-[24] which stand for ‘Numerical Python’ is a
Python module dedicated to perform numerical computations.
In this article double integration has been performed based on
Monte Carlo simulation. The numerical procedure is
developed for rectangular and non-rectangular domain and
the method is implemented in Python programming. Two sets
of code have been prepared to solve any type of double
integrals with constant limits for rectangular and non-
rectangular cases. The authors are optimistic that the
scientific community will find our work useful in solving
numerical double integration problems involving uneven data
values.

2. Mathematical Formulation

In case of double integration two basic problems are
encountered:
a) Double integrals on fixed rectangular regions

j jyy f (x, y)dydx

X, X5, Yy, Y, are all constant values (numbers).

b) Double integration on non-rectangular regions

j j f (x, y)dxdy

where, R is a region in x-y plane over which the function has
to be integrated.

In case (a), the Monte Carlo simulation is applied as follows:

e First x and y domains are set. In this domain generate
N number of uniform random numbers x and y. (N is
the large number of points)

e Evaluate f(X,Y) atall the N random data points
and then add them up.

e Take the average and multiply by the area of the
rectangle formed by (X, X,) and (Y,,Y,) . This
will return the integration value.

In case (b), the modified Monte Carlo methodology will be as
follows:

e First x and y domains are set. In this domain generate
N number of uniform random numbers x and y. (N is
the large number of points)

e Evaluate f(X,Y) atall the random data points that
lies in the region R and then add them up.

e Take the average and multiply by the area of the
rectangle formed by (X;,X,) and (Y;,Y,). This
will return the integration value.
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3. Implementation in Python

The following steps were used to model the above
mathematical procedure to obtain a double integral using
Monte Carlo simulation:
(a) Fixed rectangular regions

e  Define the function which has to be integrated
Supply the limits for x and y domain
Supply number of sample points (N)
Within a loop that runs N times perform following:
Generate random points x and y within the domain.

Evaluate f(X,Yy) at each random point and add
themall (). (X, y)).

e Evaluate the area A of the rectangular domain
e Multiply A and Z f (X, y) and assign this product

tol.
e  Print | as final answer.
The Python program is as follows:

1l | from numpy import¥*

2

4 | # Defining Function f(x,y)

5 | # Write your function in place of DF
6 | def £(x,y):

7 fn =# DF

8 | return fn

9
10 | #=========DEFINE DOMAIN: #
11 | #replace x min,x max by the num. val

12 | x domain=#(x min,y min)
13 | #replace y min,y max by the num. val.
14 | y domain=#(y min,y max)

16 | #==SUPPLY NUMBER OF RANDOM POINTS==#
17 | # Number of sample points in domain
18 | N=100000

19

20

21 | # #
22 | # MAIN PROGRAM

23 | # #
24 | # variable for Zf

25 | 2£=0

26

27 | for i inrange(N):

28

29 | #Generating rand. x and y coordinates
30 | x=random.uniform(x_domain[0] ,x domain|[
1])

31 | y=random.uniform(y_domain[0] ,y domain|[

11)

32

33 | #Eval. f(x,y) based on rand. pts.
34 nf=nf+f (x,y)

35

36 | # Area of rectangle obtained by x,y
37 | A=(x domain[1l]-
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x _domain[0]) * (y_domain[1l]-y_domain[O0])

38 | # Finding average of <f>
39 | £ average=2f/N

40
41 | # Final integration
42 | I=A*f average

43
44 | print (I)

45

(b) Non-rectangular regions
o Define the function which has to be integrated
Define the function for region
Supply the limits for x and y domain
Supply number of sample points (N)
Within a loop that runs N times perform following:
e Generate random points x and y within the
domain.
e Evaluate f(X,y) at each random point

which lie in the region R and then add them
all (Y. f(x,y)).

e Evaluate the area A of the rectangular domain

e Multiply A and z f(X,y) and assign this product

tol.
e  Print | as final answer.
The Python program is as follows:

1l | from numpy import¥*

2

3 ====DEFINE FUNCTION=======#

4 | # Defining Function f(x,y)

5| # Write your fun. in place of DF
6

7 | def f£(x,y):

8 fn=#DF

9 | return £fn
10
11 | #=====DEFINE THE REGION (R)======#
12 | # Defining Function R(x,y)
13 | # R(x,y)<=rb
14

15 | # Write your region in place of RF
16 | def R(x,y):

17 r=#RF
18 | return r
19

20 | # Supply the region bound
21 | # Replace RB by the value of bound
22 | rb=# RB

24 | #=======DEFINE DOMAIN: #
25 | #replace x min,x max by the num.
26 | val.

27 | x_domain=#(x min,y min)

28 | #replace y min,y max by the num.
29 | val.
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30 | y_domain=#(y min,y max)

31 =SUPPLY NUMBER OF RANDOM POINTS=#
# No. of sample points in domain
32 | N=100000

33

34

35 | # i

36 | # MAIN PROGRAM

37 | # it

38 | # variable for Zf

39 | =£f=0

40

41 | for i inrange (N):

42

43 | #Generating rand. x and y coord.

44 x=random.uniform(x_domain[O0],
x_domain[1])

45 y=random.uniform(y domain[O0],
y_domain[1])

46

47 | # Eval. f(x,y) based on rand. pts.
48 | # Condition check:
49 | if R(x,y)<=rb:
50 Df=Nf+f (x,y)
51
52 | # Area of rectangle obtained by x,y
53 | A=(x_domain[l]-x _domain[0]) *
(y_domain[l]-y domain[0])
54
55 | # Finding average of <f>
56 | £ average=£f/N
57
58 | # Final integration
59 | I=A*f average
60
61 | print (I)
(Note: The above codes are written in Jypyter notebook due
to which we were able to use the symbols as the variables.)

4. Example Problems

First the case (a) i.e., fixed rectangular region is taken then
the case (b) i.e., non-rectangular region will be taken.

Case (a)

Example 1: Evaluate

[ oo

Solution:
As this is case (a) so the first code in section 3 will be taken.

Replacing DF in line 7 of the code by €™ as follows:

def f(x,y):

# Replace fn with your function
fn =exp (y+x)
return £fn
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Replace the X ;. & X, and Y. & Y., inline 12 and 14
of the code with the following data points:

0

min yMn

5

max y max

Also, supply the number of random data points (N), in the
code we have used 10°. The program output will be as
follows:

1= 2823.360716173284

Example 2: Evaluate

3 4
| = L:l L:l In(x+ 2y)dxdy

Solution:
As this is case (a) so the first code in section 3 be taken.
Replacing DF in line 7 of the code by IN(x+2y) as
follows:
def f(x,y):
# Replace fn with your function

fn =log(x+2*y)

return fn

Replace the X ;, & X and Y., & Y., inline 12 and 14
of the code with the following data points:

1

min yMn

max y max

Also, supply the number of random data points (N). The
program output will be as follows:

1=11.067136407685592
Case (b)

Example 3: Evaluate

| = J'e*(xz*yz’dxdy

R

where, R={(x,y)|x* +y* <1}

Solution:

As this is case (b) so the second code in section 3 will be
taken. Replacing DF in line 8 of the code by e Y o
follows:

def f(x,y):
# Replace fn with your function
fn =exp (- (x**2+y**2))
return £n
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Replace the RF by the function X%+ y2 in line 17 and RB in
line 22 by 1 as follows:

def R(x,y):
r= x**24y**2
return r

# Supply the region bound
# Replace RB by the value of bound
rb=1

As the circle (with centre (0,0) and radius 1 unit) will be
bounded by the square of side length 2 units so, replace the

Xoin & X and Y. &Y . inline 26 and 28 of the code
with the following data points:

-1 Yrin -1

min

X rax 1 Yirex 1

Also, supply the number of random data points (N). The
program output will be as follows:

I= 1.986231067553296
5. Conclusion and Future Scope

When it is difficult to arrive at an analytical solution,
numerical or probabilistic approaches are used. For complex
functions, double integration is widely used to calculate the
area of a region and the volume below the surface. A double
integration approach, which is based on the Monte Carlo
simulation, is discussed in this article, and the process is
modelled using Python programming. For both rectangular
and non-rectangular domains, the technique is created. Three
example problems were examined using the developed
computer program (two for rectangular domain and one for
non-rectangular domain), and the findings produced are
consistent with those reported in the literature. The
mathematical strategy and the developed Python program will
help the researchers perform integration based on non-
conventional probabilistic approach.
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