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Abstract: In this paper, we discuss mixed type i.e. summation-integral type operators having the Baskakov basis function in
summation and integration both. Especially, we consider here the linear combination of modified Baskakov operators to get
better order of approximation. We find central moments and some other basic results for these operators, and obtain the Inverse

and Saturation results with better approximation.
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. INTRODUCTION

In the year 1996, Gupta-Srivastava [3] and Sinha et al. [5]
estimated the rate of convergence for these operators for
x € [0, )

B.(f, %)
—m-DY Q) f P ® FOdE, o (11)
v=0 0
where  p,, () = (n + Z - 1) : (1+f)}n+v

is Baskakov basis function.

These operators P, (f, x) are termed as modified Baskakov
operators. To get better approximation in simultaneous
approximation, we extend this study by taking linear
combination B, (f, v, x) of the operators P, ,, (f, x) as

described in Agrawal-Mohammad [1] suchas
P,(f,v,x) = Z CU, V) Pajn(f, ) .. (1.2)
j=0

where, we have
v

. d;
cG,v) = Hdi 4

i=0,

L+
and d,,dq,d,,...d, a]lre arbitrary but fixed distinct positive
integers. Now, let C,[0,00) ={f € C[0,00):If(D)] <
MtY; M > 0,y > 0}and the norm of ‘f’ on this space is
defined by lIfll, = max; <o lf (D)It77. It can easily be
verified that for f € C,[0,00), the operators (1.2) are well
defined.

(0,0 =1
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We take kernel of B, as follgws
KaG, ) = (=1 ) W, 0.
Then we have ourc:operators (1.I)=(1Nith kernel
R0 = [ K60 fOdr, 0<x<o

0

It is clear that P,(1,x) =1. In this paper, we study
simultaneous approximation properties for the operators
P,(f,v,x) defined by (1.2) ie. the approximation of
derivative of function ‘f’ by the corresponding order
derivatives of operators P,(f,v,x). The inverse theorem
infers the nature of smoothness of functions from its order
of approximation and the saturation theorem provides upper
bounds on the possible approximation order. In this paper
these results are proved for B,(f,v,x) in simultaneous
approximation using the technique of Steklov Mean.

Il. AUXILIARY RESULTS

In this section we obtain some basic results necessary to
prove our main results.

Lemmal. If form =0,1,2,.. the m* order moment is
defined as

Tum0) = (=D 9,09 [ £, €~ Omat,
v=0 0

then T,,(0) =1, T,, (&) ===, T,,&) =
, , n—z ,
2(n+3) (x2 +x) +2
(n-2)(n-3)
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and forn > m + 2, there is the recurrence relation
(n—m—2Tpy )
= x(1 + 2|7, &)
+2mT, G|+ (1 + 2x)
x (m + DT, ,,(&x)
for all x € [0,0). Further, order of T,,(x) is of

~lm+1l, . S
0 (n 2), where [¢] is the greatest positive integer.

Proof of this lemma is left on forthcoming
researchers.

Corollary 2.1: Let y,8 > 0. Moreover, let x € (0,00) be
fixed. Then for every positive integer m, there exists a
constant M,, independentof n such that

K,(x,Ot’dt < M,n™™

[t—x|=6

Lemma2. If 0 <a<b < o then for f € C,[0,00) and
g € C&with supg c (a,b), we have

(B (0,0 = BT (F,0,0] g0 < KIIfN,
where K is a constant independent of f and n and(h, g) =
J, h@® g@®dt.

Lemma3. There exists polynomial Q; ; ..(x), independent of

nand v, s.t.
x"(1+ 07D p,, )]

. . d
= Z nl(v_nx)]Qi,j,r(x)pn,v(x)' D=—

a dx
2i+j<r,
i,j20

Theorem 2.1: For f € C,[0,0), if F@tr+2 axists at a

fixed point x € (0, 0) then forn being sufficiently large
and a certain polynomial Q(j, v,r, x) in x of degree at the
most j

lim nv*? {Pn(r) (f,v,.)—f7 (x)}

n—-oo
2v+2

= z G, v,r,x) fYU* (x)

=
lim,,_,,, n”*! {Pn(r) (fv+1.)—-f@ (x)} =0.

The proof of this lemma can be seen in earlier
studies.

Theorem 2.2: If for f € C, [0, ), FP) 1<p<2v+
2 exists and is continuous on (a—1nb+n)c
(0,),n7 > 0 then for sufficiently large n, we have

() )
IR (v, ) = F Pl g
_ max{ClTl_(vH),Czw(f(mr).n_l/z)}-
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Here c,=¢C,(w,p,1),C,=C,v,pr,f) and
w(f®* n=1/2) is the modulus of continuity on the
interval (@ —n,b+1).

Its proof also can be seen in earlier studies for these
operators.

I1l. MAIN RESULTS

In this section we show the inverse and saturation
estimates as in [3] [4] for the linear combination of
modified Baskakov operators in the theory of simultaneous
approximation.

Inwerse Theorem
Theorem 3.1: If 0<a<2 and f €(,[0,0), the
following statements hold the assertion: () = (i),

@ If £ exists in the interval [a,, b,] and

)
”Pnr (f‘ U, ) - f(T) (x) ”C[a,b]
— O(n—a(v+1)/2)
(i) £ € Liz(a, v+ 1,a,,b,),
where [a,, b,] c (a;, b,).

Proof: Let us take a’,a",b’,b" in such a way thata, <
a <a"<a, <b,<b"<b <b,. Also we suppose
geCy with suppgc(a”,b) and gk =1
on [ay, b,].

To prove the theorem, it is sufficient to show that the
condition

1" (Fg.0.) - fD VD,

= 0(n~a+112) . (31)
implies (ii). For it, we substitute fg = f for small values
of m and get

||A’271l}+r+2ﬂ|c[a",b"]
= ||A$rtl:+r+2 (f‘— B (fv,. ))” el
+laz+2p, (£ v, Moy - 3-2)

By the definition of AZv+T+2 e have
Az 2R (7 o0 Mt

m m m 2v+7r+2
_ ff ....fAf,'[””Pn <f,v,x+ Z xl-)
0 0 0

i=1
dx1dX;dX 504142

s mZU+T+2 ||P712U+T+2(f’ U )”C[a" b"+Qu+r+2)m]

Using linearity property, we have
||Afr1;+r+2pn(f_, v,.)”c[a"‘b"] < m2VHTH2

( Y r  F
1B (F = R zvarsavn

+||Pn(2v+r+2) (ﬁ;,2v+r+2' v, ')“C[

Cla"b"]

a" b" +v+r+2)m]

...(3.3)

a"b" +(Zv+r+2)m]
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where  f, 5,44, is the Steklov mean of 0Qv +7r+2)
corresponding to £

Now, by using Lemma 3, we have

‘ 62v+r+2

K,(x, )| dt

[ee)
> S o

2i+j22v+r+2 v=0
i#j

0.,
x"(1+x)" Pry

ax2v+r+2

OR’S

<h-1)

® f GLE

since [ pn,(®)dt = (n — 1) 1+ therefore using
Lemma 3, Corollary 2.1 and Schwaz inequality, we obtain

( )
1522 (F = fy avareawr NI,
<M nv+1||f—(r)

-(” I (3.4

7] 2v+r+2

Cla" b" +Qu+r+ Z)m]

where M, is a constant. Next by Taylor’s expansion of f,

we have I,
2v+7r+1
< ; (x)

~(r) f;] 2v+7+2
ARORIDNES )
i=1
FQv+r+2)
fn,2v+r+2 (77) (t _ X)ZV+T+2
Qu+r+2)! ’
where x < n < t. Using this expansion, we obtain

( ) [~
12,27 (frw sz vl

C(] 17) ~2v+r+2)
(217 +7r+2)! ”]% avartz ”

cla" b"+Qv+r+2)m]

GRvHTH2
,f [—den(X, t)] (t — x)2v+r+2 dt

ax2v+r+2

0 cla",p"]
Since from Lemma 3, we have
< 62v+r+2

_— — 2v+1r+2
f Sy KqnCx, t)] t—x) dt
0 ) [ee)
< (n _ 1) n |U _ nxlj |Qi,j,2v+r+2(x)|

xr(l + x)2U+r+2
2i+j22v+r+2 v=0

i#j
X

Pav(*) f pn,v(t)(t — x)2VITr2ge

sothat
20 +1+2
f [W den(x, t)] (t —x)2*r+2qe
cla",p']
=0(1)
Hence
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Qu+r+2)
”Pn . (fn wiri2 V) )” [a" b" +(2v+r+2)m]

(
<M, ||f,,22’f,1rr++22 I @35

Collecting the estimates from (3.2)- (3 5) we obtain
||A2v+r+2ﬂ| ]

— ||A2v+r+2( (f v, ))”
(r) ”

+Mym2o T2 { v+1||f(r) _ﬁ1,2v+r+2

~r)
+ ||fn;v+r+2||c[ ]}

It holds for sufficiently small values of m, Therefore
from (3.1) and Steklov
M(ez;m we have
wn 21I+1"+2(f h a" b")
<M {n—a(v+1)/2
+ h2v+r+2(nu+1

+ n_(zv+r+2))w2v+r+2(f' n a"' b")}
Here we choosen in such a way thatn < n~2 < 2n and
by the definition of Zygmund class Liz(a,v + 1, a,, b,)

of a function, we get

£T2)v+r+2(f h,a',b") = 0(h*@+?) .. (3.6)

cla",p]

ince f = fg for [a,, b,], we have
(" € Liz(a,v + 1,a,,b,)

Thus to prove our inverse theorem, we have shown
the validity of (3.1) under the hypothesis ().

Saturation Theorem

Theorem3.2: If f €C,[0,00) and 0<a; <a, <az <

b; < b, <b; < o, the following statements then have
implications- (i) = (ii) = (i) and (iv) = (v) = (i)

N () ; v+ p @)

@ ™ exists on la;,b,] and n**|P,"(f,v,.) -

FPOl ., = 0.

(”) f(2v+r+1() )E A.C. [az'bz] and f(2v+r+2) 1= Pm [aszz]-
@iii) n”“”P(r) (f,v,.)— " (.)||C[a3’b3] =0(D.
(iv) n** 1| P (f, v,.) - f(r)”dal'bl] = o(1).

() f@++2 e cla,,b,] and for certain polynomial
QG,v,r,x)inx

2v+r+2

QG,v,,r,x) f(j) x) =0, x € [ay, b,].

j=r
: ()
W) n"*|R" (f,v,.) — F@ (')”C[a3,b3] = o(1).
where O-0 show orders with respectto nas n — oo,
Proof: Assuming (i), by the previous theorem, it is clear

that £ +7+1 exists and is continuous on [a,,b,] and
moreover
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” (r)(f’ ‘) P(r)(f, v, )” a1b1

=o(n ")  .G7
In order to show (i) = (ii), we have to prove that (3.7) =

G .

From (3.7) , it is clear that [n”“{ (r)(f v,x) —

Pn(r)(f,v,x)}] is bounded in Cla,;, b0 P,lay, b,]. But
P, la,, b,]is the dual space of P, [a,, b,]so0 it can be stated
that [n”“{ (r)(f, v,x) — (T)(f v, x)}] is weak compact
ie. there exists an h € P,[a,,b;] and a subset {n;}?°, of
() such  that [n{R] ” '(f,v,0 - B (f,v,0}]

converges to h in the weak topology. In partlcular, gEecCy
with supp g c (a,, b,), we have

Jim B (0,0 = R (0.0} 90
=(h, g) ..(3.8)

Since €*"*"*2[a,,b,1n C,la,,b,] is dense in C,la,,b,],
there exists a sequence {f,}>, in C**"*2[a;,b,]nN
C,lay,b,] converging to f in Il.Il, . Therefore, for any
g € Cg° with supp g c (a,, b,) and each function f,, by
using Theorem 2.3, we have

lim n"“({ (T)(ﬁ,,v x) — (T)(f:,,v x)} g

n;i—oo

(—(1 - 27@ 022200, v, 7,2 £ () .g D)),

N O AN T®)
=Af,, Py 1rs2(D). g()) ..(3.9)

where P;, ,,,,(D) is the dual operator of P,, ., ,(D), and
by Lemma 2

(r)(f £,0, x)
v+1 2n; o’
<{ é;)(f_ﬁ’v’x)}.g(.»

<klf =g, ..(3.10)
Collecting (3.8)-(3.10), we obtain
{f,Pyyirs,(D).g()) = }1r&<fg,P2*v+r+2(D).g(.))

lim n;

n;—oo
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(D)
2n; f=fovx) } g()

lim | lim 1 Pl (f = 0,
(), Py yrsa (D). g O))
Tim (B (F, 0,0 = P (0,0} g0

= (h g> (3.11)
where h(x) = Py, 4,4, (D) f ().

Now by Lemma 3, we have QQv+7r+2,v,x) #0.
Therefore we can write (3.11) as a first order linear
differential equation for F®*7+2  from which we
conclude that f@++2 e A C.[a,b,] and also
f(2v+r+2) EP, [aZJbZ]'

Thus () = (i) . Further from (i), it follows that

f(2v+r+2) € LipM (1;a2;b2)

with M = [[f@++2] lay b ] Therefore (i) =

(iii) using Theorem 2.2 and hence (i) = (i) = ii).

The proof of (iv) = (v) is similar to (i) = (i) and
(v) = (vi) is followed by Theorem 2.1, and hence (iv) =
() = (i).

) = (i) = Gii)) and (iv) = ) = (i) together
complete the required proof of our saturation theorem.
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