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Abstract—The distance between two vertices is the length of a shortest path joining them. The status o(u) of vertex u in a
connected graph G is defined as sum of distances between u and all other vertices in graph G. The status sum adjacency matrix
of a graph G is Sa(G) = [s;] in which s;; = o(u) + o(v) if u and v are adjacent vertices and s;; = 0, otherwise. In this paper we
initiate the study of eigenvalues of status sum adjacency matrix of graphs.
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l. INTRODUCTION

Let G be a simple, connected graph with n vertices and m
edges. Let the vertex set of G be V(G) = {vy, v, ..., vn} and
edge set be E(G). The edge joining the vertices u and v is
denoted by uv. The adjacency matrix of a graph G is nxn
matrix A(G) = [a;], in which a;; = 1, if v; is adjacent to v; and
aj = 0, otherwise. The eigenvalues of A(G) are called the
adjacency eigenvalues of G and can be ordered as A; > A, >
- 1

It is easy to observe that

$3,-0
i=1

and

Zn:kf =2m.
i=1

The adjacency eigenvalues of a complete graph K, are n — 1
and — 1 (n — 1 times). The eigenvalues of a complete bipartite

graph K,q are =,/ pq and 0 (p + q — 2 times).
The distance between two vertices u and v denoted by d(u,v),
is the length of a shortest path joining them. Status of a
vertex U in a graph G is defined as [2]
o)=Y d(u,v)-

veV (G)
A graph is said to be r-distance balanced if all the vertices
have same status equal to r.

The status sum adjacency matrix Sx(G) of a connected graph
G is an nxn matrix Sa(G) = [sy], in which s;; = o(v;) + o(v)) if
vi and v; are adjacent and s;; = 0, otherwise. The eigenvalues
of SA(G) are called as status sum adjacency eigenvalues and
can be labeled as x; > X, > ... = X,.
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The status sum adjacency eigenvalues satisfies that [3]

ixi =0
i=1

and
D xt=2 Y [ou)+oW)]-
i=1 uveE(G)

Lemma 1.1 [4] If (a3, &, ..., &,) and (by, by, ...
vectors, then Cauchy-Schwatz inequality is

(Bon) <[ 8)

The paper has organized as follows. Section | gives the
introduction. Section |1 gives the survey of previous work. In
Section 111 we obtain the bounds for the status sum adjacency
eigenvalues of a graph. Section IV gives the conclusion.

, by) are n-

Il. RELATED WORK

The vast study of eigenvalues of adjacency matrix is carried
by many researchers [1]. Bounds for the adjacency
eigenvalues and Laplacian eigenvalues of a graph are
obtained in [5]. Bounds for the signless Laplacian
eigenvalues are obtained in [6]. The work on status
connectivity indices and coindices are carried out in [3].
Status connectivity indices and coindices of composite
graphs are obtained in [7]. Zagreb radio indices are studied in

(8].
I1l. BOUNDS FOR EIGENVALUES OF S,(G)
We use the proof techniques of [5] to prove our results in this

section..
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Lemma 3.1. Let G be a graph with n vertices and m edges
and with adjacency eigenvalues A; > A, > ... > A,,. Let H be
another connected graph with n vertices and status sum
adjacency eigenvalues X1 2 X3 > ...2X, Then

AX <2 \/ > [o(u) + o (W) (1)
uveE(H)

Proof. By using Lemma 1.1 we have,
P
[Zn: kixij < 2m[2 D [o(u)+ J(V)]ZJ :
Therefore
m > [o(u)+o(W)].

uveE(H)
AX <2
uveE(H)

Theorem 3.2. Let G be a connected graph with n vertices
and m edges. Let x; be the maximum eigenvalue of Sx(G).
Then

X >2 S lo(u) + o (V)] @

uveE(G)
Proof. By the definition of Sp(G) =
sum of all the entries of Sx(G) is

anzn:sij =2 Y [o(u)+o(V)]-

i=1 j=1 uveE(G)

[sij], we observe that the

Lety = [1, 1 1] be the all one vector. Then by the
Rayleigh’s principal, we have
T
X, > ySA(GT)y
yy
l n n
== 25

N =

=§ S [o W) + o).

uveE(G)
Corollary 3.3. Let G be a r-distance balanced graph with n
vertices and m edges. Let x; be the largest eigenvalue of
Sa(G). Then
4mr

X1>7

Proof. If G is an r-diatance balanced graph, then for each u

€ V(G), o(u) = r. Hence by Eq. (2), we have

2 4mr
X == D2r=
n uveE(G) n
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Theorem 3.4. Let G be a connected graph with n vertices
and let x; > x; > ... > X, be the status sum adjacency

eigenvalues of G. Then for 2 <p <n,

X, < \/p 1UVZ[o-(u)Jro-(v)] 1 dx - 3

cE(G) i=n—p+2

Proof. Let H = K, U K,_,. The adjacency eigenvalues of H
arep—1,0 (n—ptimes) and — 1 (p — 1 times). The number
of edges of H are p(p — 1) /2 . Using Eq. (1), we have

(p—l)x1+(0)n§1xi— ixigz \/p(pz‘l) > lo)+ o)

i=n—p+2 uveE(G)

(p-D)x < \/2p(p—1> STloW+oMF + Yx,

uveE(G) i=n—-p+2

X, < \/p DI ORI +p -

uveE(G) i=n—p+2

If we put p =2 in Eq. (3), then we get following result.

Corollary 3.5. Let G be connected graph on n vertices. Then

X, — X, <2 \/ > [o) + oW - 4

uveE(G)

Corollary 3.6. Let G be a connected graph with n vertices.
Then

< \/2(”n‘1) S lo)+ o) - )
uveE(G)

Proof. Substituting p = n in Eq. (3) we get

X, < \/n 1 Y [ou)+oW) +—Zx

uveE(G)

\/n 1 D [o(u)+o W) +7( X;)

uveE(G)

Therefore

< \/ A=D S o)+ o)
uvekE(G)

Theorem 3.7. Let G be a connected graph with n vertices
and let x; > X, > ... > X, be the status sum adjacency

eigenvalues of G. Then for 1 <k <n,

>x < \/2"(?} Y SlewromE.  ®

i=1 uveE(G)
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Proof. Let H = UK, the union of k copies of the complete
graph K. The adjacency eigenvalues of H are p — 1 (k times)
and — 1 (n — k times). The number of vertices and edges of H
are n = pk and kp(p — 1) /2 respectively. Using Eq. (1), we

have

(P-DY%-3x <z\/kp<g D

i=k+1

D [o)+ov)*

uvekE(G)

Zx —Zx < \/ka(p ) Y [o)+oMI

uveE(G)

uveE(G)

pzx < \/2kp(p ) Yo +oWP

>x < \/Zk(";‘l) Slo)+ o)l

uveE(G)

ZK:X. < \/2k(nk) Z[a(u)+g(v)] since n = pk.

io1 n WeE(G)

If k = 1, then Eq. (6) reduces to Eq. (5).
Theorem 3.8. Let G be a connected graph with n vertices
and let x; > x, > ... > X, be the status sum adjacency

eigenvalues of G. Then for 1 <k <n,

3 (5~ ¥y ) <2 [ Sewiowr. o

i=1 uveE(G)

Proof. Let H = UK 4, the union of k copies of the complete
bipartite graph K,4 The adjacency eigenvalues of H are
(pq)™ (k times), 0 (n — 2k times) and — (pg)*? (k times). The
number of edges of H is kpq.

Using Eq. (1), we have

JpaY %+ @3 % —pa 3 <2 fkpg 3 [o)+ o

i=n—k+1 uveE(G)

k Kk

M{in _ank+i:| < 2\/kpq D [o)+ov)I*

i=1 i=1 uveE(G)

> (x —x

i=1

Xy 41 ) < 2 \/k > [o(U)+ o))

uveE(G)
If k =1, then Eq. (7) reduces to Eq. (4).
IV. CONCLUSION AND FUTURE SCOPE

The present work deals with the bounds for the eigenvalues of
the status sum adjacency matrix of a graph. These bounds can
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be sharpened and graphs can be found for which these bounds
are attainable.
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