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Abstract— This paper presents an Optimized Banach Contraction Method (OBCM), which employs a novel iterative technique
to solve integro-differential equations (IDEs) and their systems. The method offers a more efficient and faster approach than
traditional methods, eliminating the need for discretization, linearization, or restrictive assumptions. It provides both analytical
and approximate solutions for linear and nonlinear equations, without requiring the computation of polynomials or Lagrange
multipliers. These advantages improve the reliability of the OBCM, with numerical results confirming its effectiveness.
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1. Introduction

Solving integro-differential equations (IDEs) is a topic of
significant interest among researchers. These equations play a
crucial role in various physical processes, such as glass
formation, nano hydrodynamics, dropwise condensation and
desert wind ripple formation [1,2,3,4]. Various range of
numerical and analytical methods have been developed to
address these problems. For instance, see
[5,6,7,8,9,10,11,12,13,14,15,16,17,18,19]. Each of these
methods is generally applicable only to specific classes of
IDEs. To solve highly nonlinear differential equations lacking
explicit solutions, numerical and semi-analytical iterative
techniques have been employed, relying on proposed initial
conditions. These methods include the classic Picard
approach, the HAM method, and the Banach Contraction
technique, among others [20, 21]. The Banach Contraction
method, introduced in 1922, is widely regarded as the most
effective of these approaches [22], as the other methods often
suffer from issues such as defects, errors, and error
accumulation, complicating the solution process [21, 23]. In
recent years, the Banach Contraction principle has been
extended and generalized using fixed-point theory, leading to
significant new results in various studies [23].

2. Related Work

In 2009, Varsha Daftardar-Gejji and Sachin Bhalekar
proposed an iterative technique that can be applied to
different types of nonlinear functional equations of the form
v =f =N{v). [21]. This iterative method, based on the
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Banach Contraction Principle, is abbreviated as BCPM. They
demonstrated its validity by solving various types of
equations through examples [21]. In this study, we aim to
enhance and apply the Banach Contraction Method (BCM) to
solve systems of integro-differential equations, analyze
errors, assess solution accuracy, and showcase the method's

high efficiency.
3. Basic ldea of the Banach Contraction Method

We examine a broad class of functional equations represented
as discussed:

u(x) =N(u)+ f(x) ..
Where N (U)is a nonlinear operator from a Banach space

B—B, (x) is a known Integrable function of x and U(X) is
an unknown function
We seek a solution of U(X) of Eqn. (1) in series form as

U=ijm -(2)

N@w%m E(E (5 )

Combining Egns. (2) and (3), Egn. (1) is rewritten in the form

Er o S ]

=1
Next, we define the recursive sequence of approximations as
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Ug(X) = F(X) = u,(x) =j' f (x)dx e (3)

ul(X) = UO(X) + N(uo)
U, (X) = Uy (x)+ N (u,)
Uz (X) = Ug (X) + N(u,)

..(6)
U, (X) =Uy(x) + N(u,)
u,(x) =uy(x)+N(u,,),n>1
Thus, the solution of Eqgn. (1) is given by
u(x)=Ilimu, (x) ..(7)

3.1 The Enhanced Banach Contraction
Approach for Solving Second-Order Single
Volterra Integral-Differential Equations
(VIDEsS).

Let us examine the following Volterra Integral-Differential

th
Equations (VIDES) of k order. See [24]

() = £ 00+ [K(x )F[u(]dt,
gl -0

K
Flu(x] is a known non-linear

d
where U*(X) = —— and
(X) e

function of U(X) such as u?(x) , sin(u(x)) and "™
and U(X) is unknown function. Because the Eqn. (8)
combines the differential operator and the integral operator,
then it is necessary to define initial conditions u(0), u’(0),

u®™®(0) for the determination of the particular

solution u(x) of Egn. (8). Without loss of generality, we may
assume a VIDE of the second kind given by

u”(x) = f(x)+'xfk(x,t)F[u(t)]dt, 9

u(0)=c, u'(0)=c,.
By integrating both ’sides of Eqn. (9) twice from 0 to x and
use the initial conditions, we get
u(x) =c, +c1x+ﬁ f()dt +
x 00 (10)
;‘_f(x 12K (x, ) F[u(D)]dt,
"0

Building on the fundamental concept of the Banach
Contraction Method (BCM), we reformulate the recurrence
relation for the Optimized Banach Contraction Method
(OBCM) as follows:
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Uy (X) = ¢, +c1x+ﬁ f (t)dt
0, (x) = %E(x—t)Zk(x,t)F[uo(t)]dt
(0 = %I(x—t)Zk(x,t)F[u()(t) oy Ot-u, (9
o (Ot (uy (x

I [u, (1) +u, ) X)+U,(X))

'\_m—‘

(x—t)?k(x,1)

Uy ()= 1] KZU “)ﬂ ) [:Z:uma)] i

Notably, the above algorithm effectively addresses the
challenges encountered in the traditional Banach Contraction
Method (BCM).

3.2 The case of single VIDE of k™ order
applying the initial conditions, we obtain:

X

1 1
éu i kl)j 1))t
u(x) = (12)

1 1
T (x=1) k(O F[u(D)]dt,

Se— =

Using the OBCM recurrence relation, we obtain:

1 k-1
U, (X) = Zu )2 T 1)|_[(x )< f (t)dt
u, (x) = . 1)Ij(x 1) Tk (x, t)F[u, (t)]dt
u,(x) = K 1)Ij(x )k (x,t)Fu, (t) +u, (t)]dt —u, (x)

) O GO 01+, 010t 0 (0 +u, 1)
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2.3 The case of the non-linear system of VIDEs
In this section, the method will be applied to a system of
nonlinear Volterra Integral-Differential Equations (VIDEs) of
the second kind. The approach outlined here can also be
extended to linear systems in a similar way. To illustrate the
effectiveness of the proposed method, we apply the optimized
Banach Contraction Method (BCM) to a system of nonlinear
VIDEs for which an analytical solution is known. Consider
the following system of nonlinear VIDEs of the second kind
[25]:

ulﬂ(x) — fl(X)+j(-|:kll(X,t)F1(Ul (t)) +:|dt

ki, (X, D) F, (U, (1))

L Ko (X, 1) F (ug (1) )
" _ 21(X, 1 Uy +
U= F00+] {kn(x,t)Fz (U, ) }dt
With initial condition
ul(o) =Gy, U{(O) =G,
u,(0)=d,,u,(0)=d,. ..(15)

By integrating both sides of Egn. (14) twice from 0 to x and

use the initial conditions, we get
U (X) =Cy +CX + [Zl!i(x —t)f(t)ydt + %E(x - t){k“(x't)':l(ul(t)) }dt}

+ ki, (X )F, (U, (1)

_ 17 1t Koy (X, D) (uy (1)
Uy(X) = dg +d,x + Ll(x 0T 0dt+ ! (x- t)L L OF, (Uz(t))}dt}(lfs)

To use the optimize BCM; let

0,00 = > Uy, (%) U, (0 = S, (%) ar

Using the OBCM recurrence relation, we obtain
X

0, (0= +cx+;£(x O, (0t

U,(X)=d, +d1x+; [o-01, (ct

"0
0109 = 5] 0Ok DR (0) s (KO (o O

)= {00l 610 0,0 0P, O
;fx k060 0 60, 0K 0P (U ) U )t (0 1) )
;jx t[kn (03] 03, 6]+ Ky, (R (0 (zo(t)+U2‘1(t))]dt—(ulv0(x)+u210(x))

and so on. Continuing in this manner, the (n+1)"
approximation of the exact solutions for the unknown
functions U, (X) and U,(X) can be achieved as
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Uy, (t)]]dt
Uy, (t)j]dt

Yool

=

ul n+1(X)

j(x ~1) K, (x 1) 1MZUM j+klzxtF2[
0 m=0 m

m\-—‘

I
o

M:

3
Il

;J(x 1)k, (X, )F [[Zum j+k12xt 2(
" 0 m=0

'\_>\-—‘

uZ n+l

17 :
2j(x )k, (X F qum j+k2zxt Z(Zum j]dt(lS)
-0 m=0
Therefore, the approximate solutions

n+l

u, (x) = Zul,m (x) .
u,(x) = nil:uzym (x). 19)

The optimized Banach Contraction Method (BCM) will be
illustrated through examples that involve both integro-
differential equations and systems of integro-differential
equations.

4. Results and Discussion
Example 1:

Consider the following system of nonlinear second-order
IDEs (Hemeda, 2018)

u”(x) = x+u(x) +I(—u2(t) +v2(t))dt,

u(0)=1 u'(0)=0 ...(20a)
u"(x) = —x+Vv(x) + i(u 2(t) —v? (t))dt,
v0)=0, V'(0) _1 ...(20b)

u(x) = cosh(x) v(x) = sinh( x)

With exact solution and
X X

Applying L™(.) =“‘(.)dtdt to both sides of Eqgn. (20a)
00

and Eqn. (20b), we get

u(x)= 1+)§+E( )()dt+;i( )(_uz(t)+v2(t))dt, ...(21a)
V(x) = X-Tj( )()dt+1j( W)-v (o ...(21b)

0 0
Thus, to evaluate the above system of equation, we go by
applying the recurrence relation as defined in section 2.

7



Int. J. Sci. Res. in Mathematical and Statistical Sciences

uo(X):l,
Vo(X):Xf
ul(x):)g+':[(x—t)u0(t)dt+;E(x—t)z(—uoz(t)+v02(t))dt:
1 » 1
5 X+ Exs
vl(x):-—3+I(x-t)vo(t)dt+ij(x 120,20 - vy (1) it =
1 1
- 50 x5 + Zx3

Therefore, according to the algorithms in section 2, we
have the other components of the OBCM for Eqn. (20a
and 20b) as follows using the above recursive scheme:

il uzu ! HJ o

For n>1

D S ST U D G | N S (NN SRR BN S 15
W= e T T TRt T met wmt w0

v(wc)=——1 )C7+L\f5 1 sl 1 xl0 1 ° 4+ 1 3
v 1260 407 178200 43200 90720 10080 °

wfr)=- B 3 2 Lxé ;xw
3 19219200 119750400 7207 62163288000
73 18 53 17 n 17 16 283 15

tsmmen T T s T Tesmn T s
SO N | SV SN JPD SN U G
s et Tt st T o
1Ly
60"

o) = ! B 3 M ! 9 i3 8
3719219200 119750400 62163288000 418784256000
_ 53 T 17 6 283 B 59 M
54286848000 3592512000 23351328000 3632428800
_ 10 A 1 A 1 J_ | +LX7
19958400 © 50400 © 36288 10080 1008
The series solution is then obtained by summing the above
iterations,

u(x) = Uy (X) +u, (X)+u,(X)+uz(x) +...
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V(X) =V, (X) +V, (X) +V, (X) +V5(X) +...

1

Lo

|

0, |

ot Pl -

17600

B o,
no7so0 " 70

33 17

f

302400

17

60480
l 19

|

2
73

|

18

62163288000

16 283

15

418784256000 "

59

13

191920

14

_I_

54286848000

W) =) +Lx+l3

rt

1

Y +—1x

120 0 5040

|

13 3

_I_

12

rt

3592512000 © 23351328000

| 1 |

Xt

3630428800

0 1 9

o+

20760 T 30400
1 9

60480
B

_I_

19219200

X+
33 17

17

119750400

62163288000 *
16 283

4

15

18784256000
59

18

14

" S4286848000

3592502000 " 23351328000

3632428800

Table 1: The comparison between exact solutions U(X) and the
approximate solution using OBCM

X EXACT OBCM ABSOLUTE ERROR
0 1 1 0
0.1 1.0050042 1.0050042 2.32037E-13
0.2 1.0200668 1.0200668 5.5405E-11
0.3 1.0453385 1.0453385 1.32407E-09
0.4 1.0810724 1.0810724 1.23247E-08
0.5 1.127626 1.1276259 6.84604E-08
0.6 1.1854652 1.1854649 2.7462E-07
0.7 1.255169 1.2551681 8.81436E-07
0.8 1.3374349 1.3374325 2.4088E-06
0.9 1.4330864 1.4330805 5.83985E-06
1 1.5430806 1.5430677 1.29301E-05
1.6
1.5 -
1.4 -
1.3 -

u(x) -

] EXACT
1.2 -
1.1 - - = = 0BCM
1 -

09 1 1 1 r 1 rrrr1rrtTr1r 71 11171711

0 0102030405060.70809 1

X

Figure 1: Graphs of the exact solution U (X) and the approximate
solution using OBCM.
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Table 2: The comparison between exact solution V(X) and the
approximate solution using OBCM

EXACT (V(X))  OBCM (V(X)) ABSOLUTE ERROR
0 0 0 0
0.1 0.10016675 0.10016675 1.90264E-14
0.2 0.201336003  0.201336003 9.52666E-12
0.3 0.304520293  0.304520293 3.59075E-10
0.4 0.410752326  0.410752321 4.68166E-09
0.5 0.521095305  0.521095271 3.4085E-08
0.6 0.636653582  0.636653411 1.71485E-07
0.7 0.758583702  0.758583034 6.6784E-07
0.8 0.888105982  0.888103828 2.15398E-06
0.9 1.026516726  1.026510717 6.00863E-06
1 1.175201194  1.175186263 1.49301E-05
1.4
1.2
1
0.8
V(X} EXACT
0.6 (VX))
= == OBCM
04 (V(x))
0.2
0 | LI B B B B 1 T rr7r L |
0 0102030405060.70.809 1
X

Figure 2: Graphs of the exact solution V(X) and the approximate

solution using OBCM.

Example 2:

Consider

the system of nonlinear

Fredholm

differential equation (Bakodah & Almuhalbedi, 2019)

u"(x) = 2+€x I

u(0) =1,

...(22a)

V'(X)=-2+ % X— j x(u2 (t) —v? (t))dt,

v(0)=1  Vv'(0)=0

With exact solution

ulx) =1+ x2
vix) =1— x2

u(O):0

2(t) +v2 (1) Jt,

© 2024, 1JSRMSS All Rights Reserved
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Applying L™() = Ij(.)dtdt to both sides of Eqn. (22a)
00
and Eqn. (22b), we get

12,1 31
u(x) =1+ x? +%x ——xj (t) +v(t )dt, ...(23a)
0

V(X) =1-X +1ix xj 2(t) —v?( )dt, ...(23b)

Thus, to evaluate the above system of equation, we
apply the recurrence relation as defined in section 2.

Uy (X) =1,

VO(X):l,
12 R 2
u (x) =x*+=—=x>-=x (u0 (t)+v, (t))dt:
30 3
X —i—%f
4 5 1 a7 2 2
v (X) =—x* +—x° - =X (u0 (t)—-v, (t))dt:
18 3
—x2+£x3

9
Therefore, according to section 2, we have the other
components of the OADM for Egn. (22a & 22b) as
follows using the above recursive scheme:

12 n-1 2
n+1(x) X +%X __.X '[ [ZU (t)J [;Vm(t)j
Vyy () = —x° +—X —1X3j [nZ_lum(tj [n_lvm(t)j

m=1 m=1

For n>1
14183 3
%)= "T70100 *
5449 3
() ="50300 ©
(1) = 113938977015
3 607614210000
() = 26201 3
3 22504230
42841475331471350029801 3
15506191 184144812200000000
16308947364676667401 3

Yal%) = 458222067532200000000
The series solution is then obtained by summing the above
iterations,

u(x) = Uy (X) +u, (X) +u, (x) +uy (x) +u,(x)+...
V(X) =V, (X) + Vv, (X) +V, (X) + V3 (X) +V, (X) +...

6082315921958885209801 2
15506191184144812200000000

1y (x) = -

u(x) =1 + 37—
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Table 3: The comparison between exact solutions U (X) and the 2.1 1
approximate solution using OBCM ]
X EXACT U(X) OBCM U(X) ABSOLUTE ERROR 19 ]
0 1 1 0 1.7 1
0.1 1.01 1.009999608 3.92251E-07 3 EXACT
U(X1.5 1
0.2 1.04 1.039996862 3.13801E-06 ]
0.3 1.09 1.089989409 1.05908E-05 1.3 1 - = = 0BCM
0.4 1.16 1.159974896 2.51041E-05 11 1 (n=4)
0.5 1.25 1.249950969 4.90314E-05 ' Je
0.6 1.36 1.359915274 8.47262E-05 09 T
0.7 1.49 1.489865458 0.000134542 0 02 04 06 08 1
X
0.8 1.64 1.639799168 0.000200832
. : B X .
0.9 181 1809714049 0.000285951 Figure 4: Graphs of the exact solution U( ) , the approximate
1 2 1.999607749 0.000392251 solution Using OBCM and ADM
Table 5: The comparison between exact solutions V(X) and the
21 approximate solution using OBCM
- X EXACT OBCM ABSOLUTE ERROR
1.9 0 1 1 0
17 1 0.1 0.99 0.99 1.54688E-07
T 0.2 0.96 0.959999 1.2375E-06
U(x) 1.5 1 ——— EXACT 0.3 0.91 0.909996 4.17658E-06
13 3 U(X) 0.4 0.84 0.83999 9.90004E-06
T - = = 0BCM 0.5 0.75 0.749981 1.9336E-05
1.1 4 U(X) 0.6 0.64 0.639967 3.34126E-05
] 0.7 0.51 0.509947 5.3058E-05
09 rT 17 r17 rrrr 17 17 r17 17 17T T°71]
0.8 0.36 0.359921 7.92003E-05
0 02 04 06 08 1
X 0.9 0.19 0.189887 0.000112768
1 0 -0.00015 0.000154688
Figure 3: Graphs of the exact solution U(X) and the approximate
solution using OBCM.
0.99985 -
Table 4: The comparison between exact solutions U (X) , the approximate ]
solution using OBCM and ADM 0.79985 1
X EXACT OBCM (n=4) ADM (n=6) ]
0.1 1.01 1.009999608 1.009612278 V(X) . — EXACT
0.2 1.04 1.039996862 1.036898224 0.39985 7
] - = = 0BCM
0.3 1.09 1.089989409 1.079531505 ]
0.19985 +
0.4 1.16 1.159974896 1.135185791 ]
0.5 1.25 1.249950969 1.201534748 0.00015 T
0.6 1.36 1.359915274 1.276252044 0 0102030.4050.60.70809 1
0.7 1.49 1.489865458 1.357011347 X
0.8 164 1.639799168 1.441486326 Figure 5: Graphs of the exact solution V(X) and the approximate
0.9 1.81 1.809714049 1.527350647 solution using OBCM
1 2 1.999607749 1.61227798

Table 6: The comparison between exact solutions V(X) , the approximate
solution using OBCM and ADM

X EXACT (V(X)) OBCM (V(X)) ADM (V(X))
0 1 1 1
0.1 0.99 0.989999845 0.990186726
0.2 0.96 0.959998762 0.961493812
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0.3 0.91 0.909995823 0.915041615
0.4 0.84 0.8399901 0.851950495
0.5 0.75 0.749980664 0.773340811
0.6 0.64 0.639966587 0.680332922
0.7 0.51 0.509946942 0.574047186
0.8 0.36 0.3599208 0.455603963
0.9 0.19 0.189887232 0.326123611
1 0 -0.00015469 0.18672649
0.9995 -
0.7995
0.5995 - ——— EXACT
V(X) ] (V(X))
0.3995 = = = OBCM
: AOM vix
0.1995 A (Vi)
—0.0005_||||||||||||\|||\|\1
0 02 04 06 08 1
X

Figure 6: Graphs of the exact solution V(X) the approximate
solution using OBCM and ADM

Example 3:
Consider the following system of nonlinear Volterra integro-
differential equation [(Wazwaz, 2011) and (Hemeda, 2018)]

1 2 1 f 2 2
—Ev’ (x)+5£[u t)+v (t)]dt,
u(0)=1,u’'(0) =2,
V'(X) = —1+ X2 —xu(x)+4 j [ @) — v ()|t
v(0)=-1 v'(0)=0, ...(24b)

1.,
u’"(x)=1-=x
(x) 3

...(24a)

With exact solution
U(x),v(x)) =(x+e*,x+e")

Applying L’l(.):”(.)dtdt to both sides of Egn.
00

(24a) and Egn. (24b) we get
- 1 2 1 L 2f,,2 2
u(x)-1+2x+§x —@x ——f - +4£x t) [u (t)+v (t)]dt, ...(25a)

1 2 1 4 X 2|,,2 2
)=t jt(x—t)u(t)dwéj (- -, ..(25b)

0 0
Thus, to evaluate the above system of equation, we
apply the recurrence relation as defined in section 2.

Uy (X) =1,

© 2024, 1JSRMSS All Rights Reserved
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2x + %xz—$x5+%x3
1, 1. ¢ Lo ol o ol
W)=+ !t(x—t)uo(t)dt+8jo. (-2 0)-v, () =
o, L4 1
5 x° + B X 6 X

Therefore, according to Section 2, we have the other
components of the OBCM for Eqn. (24a & 24b) as
follows using the above recursive scheme:

1, (
u,_(x)= 2x+5x‘ - - —J.(t—f)[z1 m (F)]

m=1

+ %]ﬂ;(f—r)z“ium (r)]2 +[§1-m(r)}im

mi=1 m=1

1, 1, J 1} RN Zl ;

Vo (X) =0+ x - [t(x [ ]dt+ ( t)j —[ V (I)] (it
A TR 8 o =i
For n>1
1y (x) = ! i 1 - 1 0 7 Y- I r8+ix7
2T 5500 T 425600 32400 T 181440 C 20160 ' 315

B L L

+ 720 + x + m X

_ 1 B__ 1 n I 10 1 11 3
2= Sm0m00 ©  3res00 © T 230200 ¢ T 120960 © T a00 ¢

+ ! x7—Lx6—ix4—Lx5

1008 720 8 120

u(x) =uy(x) + ;4.1'()6) +u,y(x) +

1, 1 13 1 13 1 1l 1 10
P S S L
ux) =1+ 2t o 0+ 6 T T Y T st T

7 'cg——“ x8+ix7+£x6+Lx4

181440 20160 315 720 24

v(x) = vy (x) +v,(x) +v,(x) +

V(x)=-l—l2—L4 13 1 B _ 1 11 1 10

20 T T T oamos00 T T 316800 T T 259200 ¢
c L oo, g, 17 1 g 1
120960 © T 40320 T008 T T 720" T 120
81
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Table 7: The comparison between exact solutions U (X) And the

approximate solution of OBCM

Vol.11, Issue.6, Dec. 2024

Table 9: The comparison between exact solutions U(X), the
approximate solution of OBCM and NIM (Hemeda, 2018)

X EXACT u(x) _ OBCM u(x) _ ABSOLUTE ERROR X EXACT u(x) OBCM u(x) NIM u(x)

0 1 1 0 0 1 1 1
0.1 12051709  1.20517094 1.72759E-08 01 1.2051709 1.2051709 1.205167
0.2 1.4214028 1.4214039 1.14388E-06 0.2 1.4214028 1.4214039 1.421328
0.3 16498588  1.64987226 1.34557E-05 03 16498588 16498723 1.64946
0.4 18918247  1.89100264 7.79418E-05 04 18918247 18919026 1.690496
05 21487213 214902729 0.000306023 05 21487213 21490273 2145313
0.6 24221188 242305784 0.000939044 06 5 4291188 » 4230578 » 414704
0.7 27137527 2.71618243 0.002429719 07 » 7137527 » 7161824 » 699366
08 30255409  3.03108798 0.005547052 08 3.0255400 3031088 » 999872
29 1 2.9 ]
2.4 2.4 p

] ] /

] ] 4 EXACT u(x)

- y
u{x) o 1 exact | (VX ] P

] u(x) ] % = = = OBCM u(x)
14 1 1.4 NIM u(x)
0-9 ] T T T T T T T T T T T T T T T 1 0.9 T T T T T T T T T T T T T T 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0 0.1 02 03 04 05 06 07 08

X X

Figure 7: Graphs of the exact solution U (X) and the approximate solution

of OBCM for example 3

Table 8: The comparison between exact solutions V(X)

And the approximate solution of OBCM

Figure 9: Graphs of the exact solution U (X), the approximate solution of

OBCM and NIM (Hemeda, 2018)

Table 10: The comparison between exact solutions V(X), the approximate

solution of OBCM and NIM (Hemeda, 2018)

X EXACT v(x) OBCM v(x) ABSOLUTE ERROR
0 -1 -1 0
0.1 -1.0051709 -1.0051709 1.22036E-10
0.2 -1.0214028 -1.0214027 1.6006E-08
0.3 -1.0498588 -1.0498585 2.8012E-07
0.4 -1.0918247 -1.0918225 2.14872E-06
0.5 -1.1487213 -1.1487108 1.04872E-05
0.6 -1.2221188 -1.2220804 3.84493E-05
0.7 -1.3137527 -1.313637 0.000115698
0.8 -1.4255409 -1.4252397 0.00030125
_1 T T T T T T T T 1
H] 0.4 05 0.6 0.7 0.8
1.1 A
1.2 1 —— EXACT
V(X) ] v(x)
1.3 1 - - - 0BCM
] v(x)
1.4
1.5 -

X

X EXACT v(x) OBCM v(x) NIM v(x)
0 -1 -1 -1
0.1 -1.0051709 -1.0051709 -1.00516
0.2 -1.0214028 -1.0214027 -1.0212
0.3 -1.0498588 -1.0498585 -1.04883
0.4 -1.0918247 -1.0918225 -1.08853
0.5 -1.1487213 -1.1487108 -1.14063
0.6 -1.2221188 -1.2220804 -1.2052
0.7 -1.3137527 -1.313637 -1.28216
0.8 -1.4255409 -1.4252397 -1.3712
1 -
11 A
1.2 7 — EXACT
: v(x)
V(X i
(X) i - = = 0BCM
133 v(x)
] NIM v(x)
-1.4 4
15
X

Figure 8: Graphs of the exact solution V(X) and the approximate

solution of OBCM for example 3
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Figure 10: Graphs of the exact solution U (X), the approximate solution of

OBCM and NIM (Hemeda, 2018)

82



Int. J. Sci. Res. in Mathematical and Statistical Sciences

Example 4:
Consider the following nonlinear second-order IDE
(Hemeda, 2018)

u"(x) = u(x) + %(1— u’ (x))+ ‘Xfu2 (t)dt,

u(0)=u’(0) =1.

With exact solution U(X) =e”*

As per the above example, the IDE is equivalent to the
integral equation

..(26)

X ;I(x—t)(l—uz(t))dt
!( s 5
+Ef(x—t) w(t)dt,

0

Applying the recurrence relation as defined in section 2.3, we
obtain

( ) 1+x+ (27)

ux)=1+x+—x

Vol.11, Issue.6, Dec. 2024

L R SR A P I o, |1
s T T T T e T s

1 xlo— 1 x9— 1 r8-|- 1 x7+ 1 vﬁ—Lxs
518400 120960 13440 ° 5040 720° 120
23 313

) . i 1 Jo 1 2 1 8
230630400 39916800 604800 90720 ° 10080
1 M

x5+ 11

_I_

+ X ol x26 1
836679950346240000 274771740672000000
1 8

3

- 8 5 _
57702065541120000 g 130882397184000000 '
401 7 263 »
+ X = Xt
16334123168563200 9942509754777600
3 40081 xzo B
35777970708480000

6131 M9
460776895488000 -

B 20731 1

7113748561900

59 x16 B
64576512000
61 M
12454041600

2371 bl
45535599083520000
105569 it
1280474741145600
419 8
653837184000

47 A2
159667200 °

Ug(X) =1+x _ _ _ I
Table 11: The exact and approximate solution of Applying Algorithm in
section 2.3 for Eqn. (26)
X 1% ) 1% X EXACT OBCM ERROR
0,00 = [ (-t 0t | (x-ft-u, () jit+= ot 0= ; : 5
0 0 0 0.1 1.105171 1.105171 4.44E-16
s, 1o, 1 4, 15 02 1221403 1221403 153E-14
6 2 24 60
; 0.3 1.349859 1.349859 1.41E-12
Therefore, according to section 2.3, we have the other
components of the OBCM for Eqn. (26) as follows using the 04 1491825 1491825 348E-11
above recursive scheme: 0.5 1.648721 1.648721 4.22E-10
X 1% - 0.6 1.822119 1.822119 3.27E-09
Uy, (X) =J( thu, (t)dt + 2J(X t (1 U, )dt+ J X=t)°u, " (t)dt- [ZU ] 07 2013753 2013753 1.85E-08
0 0 0 0.8 2.225541 2.225541 8.39E-08
0.9 2.459603 2.459603 3.19E-07
For n>1 1 2.718282 2.718283 1.06E-06
u,(x) = 1 i ! M ! - ! i L A+ ! X'
2 6177600 950400 518400 120960 13440 5040 °
Lo Ls 29 ;
720 120 27
)= - 23 x13 13 x“ 1 X]() 1 xg 1 x8 2.5 ;
3 230630400 39916800 604300 90720 10080 23 3
| 29 61 2% | E
- 2.1 1
! 836679950346240000 © 274771740672000000 " f 51519701376000000 g
I % 8 2s 31 U(X)L9 3 ——— EXACT
S7702065541120000 130882397184000000 ©  136117693071360000 1.7 3 — — — OBCM
i 401 i 263 2y 2371 A 1.5 7
16334123168563200 9942509754777600 45535599083520000 ° 13 ]
3 40081 xzo B 0131 x19 3 105569 x]g B
35777970708480000 460776895488000 1280474741145600 11 E
_ 20731 xl7 _ 59 Xlé _ 419 Xls 0.9 3 T T T T T T T T T T T T T T T T T T T 1
71137485619200 64576512000 653837184000 0 010203040506070809 1
. 61 4y 47 2 X
12454041600 159667200 Figure 11: shows the exact solution U(X) = @ with the Approximate

And so on. The solution in a series form is given by
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solution obtained from Eqn. (26)

83

2.

1519701376000000

2

136117693071360000 "
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The primary objective of this study was successfully achieved
by solving a nonlinear system of integro-differential
equations using the proposed method, specifically through the
implementation of the optimized Banach Contraction Method
(OBCM). A comparison of the results obtained from this
method with the exact solutions and results from other
methods is provided in the tables and figures.

The OBCM has demonstrated both efficiency and reliability
in approximating solutions to nonlinear integro-differential
equations, as shown in Tables 1-11. Unlike the Adomian
Decomposition Method (ADM) and Differential Transform
Method (DTM), which require specific Adomian polynomials
for handling nonlinear terms, the OBCM operates without
such assumptions.

When comparing the OBCM's results with those from ADM
and the Numerical Iteration Method (NIM), it is clear that the
OBCM produces more accurate numerical solutions, as
evidenced by the tables and figures. Moreover, the
approximation error decreases with increasing iterations, as
shown in the figures and tables.

Overall, the OBCM converges more quickly and achieves
higher-order accuracy without the restrictive assumptions
required by other methods. This is further confirmed by the
comparison results in Tables 1-11 and Figures 1-11.

5. Conclusion and Future Scope

This study introduced a semi-analytical approach grounded in
the Banach Contraction Method (BCM) to tackle nonlinear
integro-differential equations and systems of such equations.
The method’s effectiveness was illustrated through four
examples. The findings reveal that this approach provides a
more straightforward and efficient computational process
compared to alternative methods, making it a preferable and
more practical solution for addressing nonlinear problems.
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