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Abstract- In this paper, we have introduced two functors between the category of A¥ — semimodules and the category of
A#H — semimodules, where A is a H-semimodule semialgebra over a Hopf algebra. Further, assuming H as a finite
dimensional semisimple Hopf algebra we have established a categorical equivalence between these two categories.
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I. INTRODUCTION

In [7], R.P. Sharma and others defined the tensor product of semimodules over a semiring. In our papers [2], [6] we have
extended the Hopf algebra action on a semialgebra A and studied some connection between Hopf semimodule semialgebra A
and its smash product semialgebra A#H.

In this paper we consider the study of categorical equivalence between the category of semimodules over H —fixed
semialgebra A¥and the category of semimodules over the smash product semialgebra A#H.

For, M€ ob(AHSSIJt), define F(M) = (A#H) Q u M and for a morphism f:M; > M, in xS, let
F(f): (A#H) Q@ u M, — (A#H) Q ;u M, be defined by F(f)la®@m) =a f(m), for all
a®@m e (A#H) Q ,u M;. For, N € ob(44ySM) define G(N) = N, considered as left A” —semimodule. Also, if
f:M; > M, is a morphism in ,,,SM then define G(f):M;' » M," by G(f)(m) = f'(m),vm € M;" where f' is
A" —morphism in ,xSM and f'(m) = f(m). We have proved that F and G are functors and there is a natural
isomorphism ¢ between the functors F o G and IA#Hm. Also, we have proved that there is a natural transformation t

between the functors G o F and [ s Under certain conditions, we have observed that the natural transformation t
AH

is also a natural isomorphism.

This paper is organised as follows: The second section contains some basic concepts and results on semirings,
Hopf algebras and category theory that are required for the development of this paper. In the third section, we
introduce the Hopf algebra H action on a semialgebra A and define the semialgebra of H —invariants A and smash
product semialgebra A#H. In the fourth section, as a main result in this section we prove the categories of left
A" —semimodules and the categories of left A#H —semimodules are equivalent. The fifth and the final section contain the
conclusion of this paper.

Il. PRELIMINARIES

In this section we present the necessary preliminaries on semirings, category theory and Hopf algebra that are required for the
latter sections.

For definition and results in semirings we refer to [3],
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Definition 2.1.
A semiring R is a nonempty set R equipped with two binary operations ‘+' and ' -’ called addition and multiplication such that,
fora,b,c €R,

1. (R, +) is a commutative monoid with identity element 0.

2. (R,") is a monoid with identity element 1.

3. Multiplication distributes over addition from either side.

(Da-(b+c)=a-b+a-c

(iDla+b)-c=a-c+b-c

4.a-0=0-a=0,forall a € R.

51=+0.

Definition 2.2.
Let R be a semiring. A left R —semimodule M is a commutative monoid (M, +) with additive identity 0,, for which we have a
function R x M —» M, defined by
(r,m) = rm, which satisfies the following conditions:
@) rr'Yym = r(r'm);
(iDrm+m) =rm+rm’;
({@iD(r+rYm=rm+r'm;
(iv)1ym = m;
(v)r0y = 0y = 0gm, where r,’ € Rand m,m' € M.
A right R —semimodule is defined analogously.
For definition and results on category theory, we refer to [4],

Definition 2.3.
A category C consists of
1. Aclass ob C of objects.
2. For each ordered pair of objects (4, B), a set hom.(4, B) whose elements are called morphisms with domain A and
co-domain B.
3. For each ordered triple of objects (4,B,C), a map (f,g) — gf of the product set hom(4, B) x hom(B, C) into
hom(4, C).

It is assumed that the objects and morphisms satisfy the following conditions:
1. If (4,B) # (C, D), then hom(4, B) and hom(C, D) are disjoint.
2. Iff €ehom(4,B), g € hom(B,C) and h € hom(C, D), then (hg)f = h(gf).
3. For every object A we have an element 1, € hom(4, A) such that f1, = f for every f € hom(4,B) and 1,9 =g
for every g € hom(B, A).

Definition 2.4.
If X and Y are categories, a (covariant) functor F from X to Y consists of
1. AmapM - FMofob X intoob?Y.
2. For every pair of objects (4, B) of X, amap f = F(f) of homy (4, B) into homy (FA, FB).
We require that these satisfy the following conditions:
If g o fisdefinedin X,then F(go f) = F(g) o F(f). Also, F(1,) = 1p,4.

Definition 2.5.
Given two functors F,T: X — Y a natural transformation 7: F — T is a function which assigns to each object M of X, an arrow
Ty: FM - TM of T in such a way that for every arrow f: M — M’ in X then the diagram

F(M) 2225 ()

E(f )l lTl f)
(M) .
F(M') —> T(M')
commutes.
A natural transformation t with every componets 7,, invertible in Y is called natural isomorphism.
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Definition 2.6.
We say that C and D are said to be equivalent categories if there exists functors F: C - D and G:D - C suchthat G o F = 1,
and F o G = 1, where = denotes the natural isomorphism of functors.

Definition 2.7.
Let K be semiring. Let P be a right K —semimodule, Q a left K —semimodule. We define a balanced product of P and Q to be a
commutative monoid (M, +) together with a map f of the product set P x Q into M satisfying the following conditions:

L fix+x,y)=fxy)+ X, y);

2. foy+y)=fExy+fxy)

3. f(xk,y) = f(x,ky)

forallx,x’ € P,y,y’ € Q,k €K.

Definition 2.8. [5]

Let M be the category of all commutative monoids. Let F,G € M and F(F,G) denotes the free monoid
generated by F x G, p be the congruence on  F(F,G) generated by the pairs ((ajap, b), (aq,b)(ay, b))
and((a, b, b,), (a,b,)(a,b,)). Take F® G as F(F,G)/p. Let F,,G, €M and a € M(F,F,) andf € M(G,G,),
then assignment (F,G) » F ® G and (a,f) » a @ B determine the bifunctor_ ® _: M x M — M. It is observed
in [5], that the bifunctor _® _: M x M — M is an internal tensor product.

Notation: Let K-Smod and Smod-K denote the categories of left and right K-semimodules, respectively, over a
semiringK.

Now, we give the definition of tensor product of semimodules as given in [7],

Definition 2.9.

Let F € Smod-K and G € K- Smod, then both F and G are commutative monoids, so are in M and
therefore has tensor product (considered as a commutative monoids). The tensor product F @y G is
defined as the factor monoid (F Qg G)/o, where o is the congruence on F @y G generated by the pairs<
ak @ b,a@ kb >,forall a € F, b € G andk € K, such that for any balanced product (C,f) of F andG, there
exists a unique morphism of monoids ¢: F Qx G — C, satisfying f=¢og where g:FXG — F QG is
given by (m,n) — m Q n.

Remark:

Let K be a commutative semiring. Then every left K-semimodule is a right K-semimodule and vice-versa. Also, if
F,G €K —Smod, then F @k G is a commutative monoid and it becomes a K —semimodule by
definingk(a® b) =ka@b=a@ kb, for a€F, be G andk € K.

Theorem 2.10.
Let K be commutative semiring. Then (Smod — K, ®y, K ) is a monoidal category.

Definition 2.11.

The monoids in the monoidal category (Smod — K, Qg, K ) are called K —semialgebras.

Therefore, a K-semialgebra can be defined as a triple (4, M,u) with A a K-semimodule, M:A® A — A, is
called multiplication map, u:K — A, a map called the unit map, and such that the following diagrams are
commutative, .

Az AR A—ARD A

wer | l M

AR A Y A
A= A
K e A M A K

\A/

Now let us recall some definition and results in Hopf algebras [8],
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Definition 2.12.
A system(H, M, u, A, €), where H has algebra structure over a commutative ring K with multiplication M and unit
€ and H has co-algebra structure over K with co-multiplicaion A and co-unit € satisfying:

)] M, u are co-algebra maps;

(i) A, & are algebra maps, is called a bialgebra.

Definition 2.13.
Let H be a bialgebra, the map S: H — H satisfying

> S by = eW)1y = ) mS(hy),
@) @)
where A(h) = Yy hy & hy, is called an antipode for H.

Definition 2.14.
A bialgebra with an antipode is Hopf algebra.

Lemma 2.15. [1]
Let H be a finite dimentienal Hopf algebra, then
@iy Ifee fl, then xH = Hx = kx, and {x, } may be chosen to form a basis for H, where A(x) = Y»)(x; & x3) .
(ii) H is semisimple if and only if there exists e € [,(or [ ) sothate? =e.
(iii) With e as in (ii) e(e) = 1, S(e) = e,eh = he = €(h)e, hence
J,=[ =eH =He = ke.

I1l. HOPF ALGEBRA ACTIONS ON SEMIALGEBRAS

Definition 3.1.
Let A be a K-semialgebra with identity 1, and H be Hopf algebra. We say A is called H-semimodule
semialgebra if:

(i) A is an H-semimodule, where we denote the action of H of A by h - a.

(i) h-(ab) = X ny(hy - a) ® (h, - b), where a,b € A,h € H and

A(R) = Z hy ® h,
W)
(iii) h-1, =¢&(h)1,, forall h € H.
Now we introduce the H-invarients of an H-semimodule semialgebra A.

Definition 3.2. [2]
Let A be K-semialgebra and H be a Hopf algebra acting on A, then the H-fixed subsemialgebra of A, denoted
byAH | is defined by

AH = {(x € A|h - x = e(h)x, Vh € H}.

Definition 3.3. [2]
Let H be Hopf algebra and A a H —semimodule semialgebra. The smash producta of A withH, written A#H, is an H-
semimodule semialgebra defined as follows

1. Asasemimodule A#H isA @ H. Elements of a @ h will be written a#h.

2. Multiplication is defined by(a#g)(b#h) = ¥4y a(g, - b) #(g, * h).

IV. THE CATEGORIES OF A7 —~SEMIMODULES AND A#H-SEMIMODULES:

Notation:
1. ,uSI denotes category of all left A" —semimodules.

2. 4u4pSI denotes category of all left A#H —semimodules.
Remark:
1. If Misaleft A#H —semimodule, then M is a left A —semimodule under the restriction of scalars.
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2. If N isaleft A" —semimodule, then (A#H) ® ,x N is a left A#H semimodule.

Lemma 4.1.

ForM € ,uST, define F(M) = (A#H) ® ,u M. Also if, f:M; > M, is a morphism in  zSM defined by
F(f): (A#H) @ n My > (A#H) ® u M, by F(f)(a ® m) =

a® f(m),Va ® m € (A#H) Qgu My. Then F is a functor from xS into 44, SM.

Proof:
LetC = ,uSM, D = ,4,ST and define F: uSIM - 44y SM by F(M) = (A#H) Q u M.
Claim: F is a functor:
Clearly (A#H) ® 4u M is belonging to 4, S9M. Therefore F is an object function. Let My, M, be in ,xS%t and f: M; —
M, be morphism in, xS, then define F(f): (A#H) @ u M; — (A#H) Q u M, byF(f)(a®m) =a ® f(m),
Va@®@m € (A#H) @ u M;.
Claim: F(f) is morphism in ,u,St:
Define, F(f): (A#H)x M; » (R#H) ® ;u M, by F(f)(a,m) =a ® f(m)
() F(f)(as + az,m) = (a; + az) Q f(m)
=0, Qf(m)+a, ® f(m)
o = F(f)(a;,m)+ F(f)(az, m)
(i) F(F)(a,my + my)=a @ f(my +m;)
=a® f(m)+aQ f(my)
_ =F{) (amy) +F(f) (a,my)
(iii) Let x € A%, F(f)(ax,m) = ax @ f(m)
=a® xf(m)
=a® f(xm) (~f is morphismin ,;St)
= F(f)(a,xm)

By universal property, there exists a morphism, F(f): (A#H) @ ,u M; — (A#H) Qrun M, given by F(f)(a ®
m)=a® f(m), Va ® m € (A#H) ® u M,, therefore F is arrow function. Let 1,,: M — M, Me ,»SIN, be identity
map(morphism) in ,zSM. Then
Fly)@®m)=a®1y(m)=a®m=1 (A#H)®AHM(a Q@ m) =1py(a @ m),
Va®me (A#H) Q u M, which implies F(1y) = 1py. Let f:M; - M, and g:M, — M3 be two morphisms
in xS, we have
Flgeflla®@m)=a® (ge°f)(m)

=a®g(f(m))

=F(g)(a® f(m))

=F(@)F(f)(a®m), YVa® m € (A#H) Q u M,

= F(ge°f) =F(g)°F(f).

Therefore, F isa functor from xS t0 44, ST .

Lemma 4.2.

ForM € ,,,;SI, define G(M) = M’, where M’ = M as a left A" —semimodule. Also, if f: M; — M, is a morphism in
AxpSIN such that the map G(f): M," — M,’ defined by G(f)(m) = f'(m), vm € M; where f’ as a A" — morphism and
f'(m) = f(m). Then G is a functor from ,,,SM into ,xSM.

Proof: LetC = ,uSM, D = 44,S and define G: 44, SM — ,uSM by G(M) = M', where M’ = M as a A" —semimodule.
Claim: G is a functor:

Clearly G is an object function. Let M;, M, bein ,,,SM and f: M; — M, be morphism in ,,,SM , then define G(f) == f'
where f' = f: M, - M,’ as a A" — morphism and f'(m) = f(m). This is clearly arrow function. Let 1,,: M —» M,
MEe 445,STM, be identity map(morphism) in ,,,SI, then G(1,) = 1,', where 1},: M’ - M’ as a A¥ — morphism and
1y (m') = 1,,(m') = 1,y (m"),vm'eM’, which implies G(1y,) = 1"y =1,y = 1gu.
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Let fi: M, - M, and g;: M, — M3 be two morphisms in ,,,ST, then consider g, o f;: M; — M3 a morphism in
s ST, we have
G(gie f)(m) =(g1°f1)'(m)
= (g1 ° f1)(m)
= 9:(f(m))
= g.'(f1(m))
=G(g)(fi(m),
= G6(9)(G(f1)(m)
= (G(g1)°G(f))(m), VmeM,’
= G(g1° f1) =G(g1) ° G(f1).
=G is functor from 4, ST to ,xSM.

Lemma 4.3.
There is a natural isomorphism between the functors F o G and IA#Hm , Where F o G is a functor from ,,, SOt to0 44, ST

and IA is identity functor on ,,,SIN.

#ySTM
Proof: We have two factors F : ,uSI — 44y SM, G: 44y SM - ,uSI, then FG: 44, SM — 4,y SD is also functor with

object function (F o G)(N) = F(G(N)) and arrow function(F o G)(f) = F(G(f)). Let{:F oG — IA#Hm. For each N €

AspSI, define {y: (A#H) X N > N by {y(a#h,n) = (a#h)n. Since N is left A#H —semimodule, then {y is A#H —linear.
Also, if (b#h)e A#H, Jy((a#h)(b#h),n) = (a#h)(b#h)n = ((a#h), (b#h)n). Since (b#h) € A#H is arbitrary and
therefore, by universal property, we have a morphism (y: (A#H) @ N —» N defined by

Iy (a#h ® n) = (a#h)n.
Let f: N — N' be morphism in ,,, S, we need to show the diagram

(:l#H) ‘(8"4#}{ N C—\> N

FoG( f)l lfd(f)

(A#H) QA4H N’ L) N’

commutes.
Claim: Id(f) o {y = {yr o ((F 2 G)(f))
We have, (Id(f) o {y)(a#h @4y n) = Id(f)( {nv(a#h Q sun n))
= 1d(f)((a#h)n)
= (a#h)f (n)
Also, we have ({yr o (F o G)(f))(a#h @ agn 1) = (' ((F ° G)(f) (a#th @ 44y 1))
= (v (F(G(f)(a#h Q440 1))
= (v (F(f(a#h Qqpu 1))
= {yr(a#h Q44 f (1))
= (a#h)f (n)
Since, a#th Quuune (A#H) @ N is arbitrary, which impliesId(f) oy = {y’ o (F o G)(f). To prove {is natural
isomorphism, it is enough to prove {y is invertible in 4,,SM. That is, if there exists {y': N —> (A#H) & 44y N is morphism in

s ST, such  that {y'oly = lasmeuuy @A Jy o dy' =Iy. Define  {y':N - (A#H) Qg N by
Iv' () = (1,#1y) @apnn,Vn € N.
We have,

neodyH(m) = ZN((N,(n))

= {n((14#1y) ®auu n)

= (14#1y)n=n=1Iy(n), Vvn € N.
Since n is arbitrary in N, it follows that {y o ¢y = Iy.
We have, ({y' o y)(a#th @auyn) = Oy ((y(a#th @ 4uy 1))

= {y'((a#h)n)

(14#1y) Q apn (a#th)n
a#th @ ey n
I(A#H)®A#HN(a#h QD asn M)
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Since, a#h @ a4y n € (A#H) @ N is arbitrary, which implies {y' o {y = I(44m)® ,,,;n- HeNce there is a natural isomorphism
between the functors F o G and IA#

Lemma 4.4.

There is a natural transformation between the functors G o F and [ ST where G o F is a functor from AnST to ,uSIM and
A

S

IAHS?D? is identity functor on xS

Proof:

We have two functors F: ,uSI — 44y S, @ 4yySM - ,uSIM, then G o F: ,zSM - ,uSM is also a functor with object
function G o F(M) = G(F(M)) and arrow function G o F(f) = G(F(f)). Let n: GF - IRHSiU?' For each M € xS, define

Mu: (A#H) X M - M by 17,,(a#h, m) = e(h)(e - a)m,
where e € fH as mentioned in Lemma(2.15).

(i) Mu((a#h) + (b#g),m)  =e(h)(e-a)m+ e(g)(e-aym
= N (a#h, m)+7y (b#g,m)

(i) Mu(a#th, m; + m,) = e(h)(e - a)(m; + my)
= e(h)(e-a)ym,; + e(h)(e-a)m,
= Ny(a#th,m;) + Ny (atth,m,)

(iii) Let b € R¥, 7y ((a#h)b,m) = 7, (ab#h,m)
=¢e(h)(e-ab)m
= e(h)(e-a)bm
= Ny (a#th, bm)
By universal property, there exists a morphism n,,: (A#H) @ M — M defined by
Nu(a#th @ m)=¢e(h)(e-a)m.
For each morphism, f:M — M’in 4S9, we need to show, the diagram,

(A#H) @6 M —5 M
GoF(f)l J'Id(f)
(A#H) @ 0 M' 5 M

commutes.
Claim: 1d(f) e ny = 1y © ((G ° F)(F))
We have, (Id(f) nM)(a#h Q1 m) =1d(f)(e(h)(e-a)ym)
= ¢e(h)(e-a)f(m)

Also, we have 1, o (G © F)(f)(a#h Q 4 m) = nMr(G(F(f)(a#h R 41 m)))

= Ny (F(f) (a#th @ ;u m))

= 1y (atth @ 4u f(m))

=e(h)(e-a)f(m)
Since, a#h @ ,u m € (A#H) @ M is arbitrary, which implies Id(f) o 1y = 1347 © ((G © F)()).

Hence there is a natural transformation between the functors G o F and I

LHSTU

Lemma 4.5.
For every M € ob(,zSI), the map 1, (A#H) ® ;# M — M, given in the above lemma has a right inverse. i.e., there exist a
map ny":M = (A#H) @ ,u M such that ny ony' = Iy.

Proof:
Define ny,": M — (A#H) @ 4n M by ny,'(m) = (1,#1y) @, m,VY m € M.
We have,

Mm o ' )(M) =y (M’ (M))
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= Nu((La#1y) ® v m)

= e(1y)(e-1)m

= 1ge(e) m

=m = I,;(m).(~ e(e) = 1 as H is semisimple)

Since m is arbitrary in M, implies that n,, o ny,' = 1.
Remark:
In general, the map n,, may not have a left inverse. That is., 1y’ o, may not be equal to I(A#H)®AHM- But, if the map

¢: A#H — A given by ¢(a#h) = e(h)(e - a), preserve multiplication then any left A¥ —semimodule M becomes a left
A#H —semimodule under the action given by

(a#th) > m = ¢p(a#th)m = e(h)(e - a)m
Further, if the action of H on A is trivial or if e € Z,4y (4) then ¢ is multiplicative.

!

Theorem 4.6.
If H is a finite dimensional semisimple Hopf algebra acting on a semialgebra A and if e € Z,4y (A) then the categories ,xSIM
and 44y ST are equivalent.

Proof: Follows from Lemma (4.1), (4.2), (4.3), (4.4), (4.5) and the above Remark.

V. CONCLUSION

In this paper, we have introduced two functors F: ,xSIt — 44ySIM, G: 14y ST > ,uSIM between the categories of
A" —semimodules and the categories of A#H —semimodules. Further we established a natural isomorphism ¢ between the

functors F o G and IA# - Also we established a natural transformation 7 between the functors G o F and [
A

Assuming H as a finite dimensional semisimple Hopf algebra, we established the equivalence between categories
ArSTand 4, ST

uS ySm
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