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Abstract: The aim of this paper is to obtain coincidence points and common fixed points for eight self-mappings under weakly
compatible condition on Cone Banach Space. In theorem 2 and theorem 3 we prove the coincidence points and common fixed
points for six and four self-mappings respectively. In this literature our results is a generalization of many existing results.
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I. INTRODUCTION

In 2007, Huang and Zhang [4] introduced the notion of
Cone Metric Space, replacing the set of real numbers by
ordered Banach Space and proved some fixed point
theorems for functions satisfying Contractive conditions in
this space. In the last decade many researchers fined fixed
point theorems in this space and generalized many results
such as M.Abbas and G.Junck[1l], R.K.Gujetiya et
al.[3],etc. Very recently some results on fixed point
theorems have been extended to Cone Banach Space.
E.Karapinar[5] proved some fixed point theorems for self
mappings satisfying some contractive condition on a Cone
Banach Space.

T.Abdeljawad et al.[2] generalize the results of E.
Karapinar [5] .

R.Tiwary et al.[6] generalize the results of T. Abdeljawad
etal.[2].

In this paper we generalize the results of R.Tiwary et al.[6]
and prove coincidence points and common fixed point
theorem for eight self mappings with the help of weakly
compatible mappings.

I1. DEFINITIONS

Definition 1:[7] Let E be a real Banach spaces and K be a
subset of E. K is called a cone if and only if

(a). K is closed, nonempty and K# {0}.

(b). axtby in K for all x, y in K and a, b > 0.

(c). x e Kand —x € K = x=0 = K I (-K) = {0}.
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Consider a cone K = E. We define a partial ordering “ <

with respect to K by x <y if and only if y-X € K, we write
X <y to indicate that x <y but x #y and x << y to
indicate that y-x € intK. The intK denotes the
interior of K.

Let X be a non empty set and K = E be a real Banach

space. Suppose the metric mapping d: Xx X— E is
satisfies the following conditions:

1. d(x,y) > 0 and d(x,y) =0 iff x=y, for all x, y in X.

2. d(x,y) = d(y,x), forall x ,y in X.

3 .d(x,2)< d(x,y) + d(y,z); for all X,y,z in X.

Then d is called a cone metric on X and (X,d) is called a
cone metric space.

Definition 2:[7] Let, X be a vector space over R. Suppose
the mapping II. Il : X—E satisfies

1. llxll >0, forall x € X.

2. |I=ll =0 if and only if x=0.

3. ll=+yli<ll=ll +llyll, forall x,y € X.
4. |kl = [kl ll=]l, for all k € R.

Then || [l is called a norm on X, and (X, Il Il) is

called a cone normed space. Clearly each cone
normed space is a cone metric space with defined by

dix.y)= llx —yll.
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Definition 3:[7] Let, (X, |l. ) be a cone normed space, x
= X and {x,} is a sequence in X. then,
1. {x,} converges to x if for every ¢ € E with

0<<c there is a natural number N such that
I, — x|l <c for all n > N. we shall denote it

by lim x,=x or, X,—x.
n—oo

2. {xn} is a Cauchy sequence , if for every ¢ €

E with 0<<c there is a natural number N such
that ||z, — =, Il <c for alln,m>N.

3. (X, Il.1l) is a complete cone normed space if
every Cauchy sequence is convergent.

A complete cone normed space is called a Cone
Banach space.

Definition 4: Two self maps A and B of a cone normed
space (X, II.ll ) are said to be compatible if

lim . [|ABx, — BAx || = 0 for all a in X, where

{x.} is a sequence in X such that if
lim, .. Ax,=lim,_. Bx,=xforsomexinX.

Definition 5: Maps f and g are said to be commuting if fgx
= gfx, forall x € X.

Definition 6: Let, f and g be two self maps on a set X, if
fx=gx for some x in X then x is called coincidence point of
fand g.

Definition 7: Let A and B be mappings from a cone
normed space (X, |l l) into itself. A and B are said to be

weakly compatible if they commute at their coincidence
point i.e, Ax=Bx for some x in X implies ABx=BAX.

I11. MAIN RESULTS

Theorem 1: Let, (X, ll. ||) be a Cone Banach Space and d:
XxX—E with d(x,y)= llx— ¥l|. Let, A, B, C, D, K, M, P

and V be eight self mappings on X that satisfy the
conditions:

(@ V(X) & ABC(X) and P(X) = DKM(X).

(b) a IPx—Vyll + b { [[ABCx—Px[l +
IDKMy — Vyll } +
c{IIDEMy — Px|[|+||ABCx — Vyl|} < r
|ABCx — DKMyll; forallxy€X, 0<r
< at+2b+3c, atb+c#0, r£at2c. ...(1)

© 2018, IJSRMSS All Rights Reserved

Vol.5(2), Apr 2018, E-ISSN: 2348-4519

(c) (P, ABC) and (V,DKM) are weakly
compatible.
(d) If one of P(X), ABC(X), V(X), DKM(X) is a
complete subspace of X then,
1. P and ABC have a coincidence point and
2. 'V and DKM have a coincidence point in
X.

Then, A, B, C, D, K, M, P and V have a uniqgue common
fixed point in X.

Proof: Let, xo € X be arbitrary, then V(xo) € X. Since,
V(X) & ABC(X) there exists x; € X such that ABC(x,) =

V(Xo) and for x; there exists x,= X such that DKM(x,) =

P(x;) and so on, continuing this process we can define a
sequence {y,} in X such that y, = Vx,= ABCx,+; and
Yn1=PXn1=DKMXp.2.

Now, put X=X, and y=X,.; in (1) and get,

a IPx, —Vvx_.4ll + b { [lABCx, —Px_|| +

IDKMx_., — Vx_., ||} + c{ |IDKMx_., — Px_||
+||ABCx, — Vx,,,|I} <r | ABCx,, — DKMx, _, |I.
o, a llvg—¥aesll + b { lyay —vall +
Iyn = Vasall} + o{llyy —vaoll +ll¥oey —¥asalld
<t ll¥a-1 — ¥all.

or, a vy —¥nsall + b { llyay —vall +
1¥a = Vasilly < tllyacy —¥all - cllyacy — vasall
<rll¥acq = Vall c{llyocy —¥all + Iy — vaeqll}.
o, a l¥a—Vasdll + b{ lyaey —vall +
170 = Vnsall} + {llyacs —¥all + Iy — Vasally <
rlya-1 — ¥all.

r—b—c

or, lyy — ¥ns4l = ipis I¥q-1 — ¥all.

r—b—¢c
Or, ||Fn ~ ¥n +1|I <k ”Fn—l ~ ¥n Il ; where k= ath+c
, k< 1 as r < a+2b+3c
.......... ()
Proceeding as above we will get,
I¥n = Vasll < kllyay —vall < K?
Iyoez = ¥aoall <.< K" llyg — w4l where k< 1

.(3)

Now, let m > n , then,

Iy = ¥mll < I¥n = Vasall + U¥ns1 — Vsl
+o Va1 — Yl

<(K"+k" L +k™Y [y — w4l (by (3))
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k%1-k™) K"
= T n ||!r’u.—}’1|| S ||}’u_!r’1|| .

Let, ¢ > 0, then there is a & >0 such that c+N;(0) = H
where N5(0) ={y € X: |l¥ll <8}. Since k <1 there exists a

l{ﬂ.
positive integer N such that 1k ||}Fg. - }F1|| < 4 for every

kﬂ
n>N. Hence T vy — w11l € N50) , which implies
kﬂ.

C

kﬂ
— 1k ||}Fg. - }i’1|| £ N;3(0). Therefore, -1

kﬂ
150 = ¥1ll € o+ Ny(0) S H implies  —— Ilyo — w4l <

¢ for n >N. So, by definition {y,} is a Cauchy sequence in
X.
Since X is complete there exists a z in X such that

]'j'mn—:rnc Yn=2, and ]'j'mn—:rnc VXn: ]'j'mn—}ac ABCXn+1
=lim, . Px.=lim . DKMxg.,=z.

Now, suppose that ABC(X) is complete.
Then there exists a point p in X such that ABCp=z.

R ()
Now, put x=p and y=x,in (1) and get,

a IPp—Vx,ll + b { llABCp—Ppll +
IDEMx, — V= Il } + ¢ [IDKMx, —Ppll
+|ABCp — Vx, |I} <r [[ABCp — DKMz, ||.

Taking lim and using (5) in the above inequality we get,
n—F oo

allPp—zll + b {llz—Ppll + llz—zl } +
c{llz—Ppll +llz—zll } <rllz— zll.

i.e., (atb+c) [IPp — zll <o0.

i.e., IPp — z|l =0 (as a+b+c £ 0).

so,Pp=z. . (6)
From (5) and (6) we get, ABCp=z=Pp.

That is p is a coincidence point of ABC and P.

As P(X) = DKM(X) , Pp=z implies z€ DKM(X). let, u in
X then DKMu=z.
Now, put Xx=X,+; and y=u in (1) and get,

a lIPxyey —Vull + b{ l[ABCx,yy — Pxpuyll +

IDKMu—Vvull 3 + ¢f [IDKMu-—Px_,l|
+||ABCx, ., — Vull}<r [|ABCx,,, — DKMul|
Taking Iil_l;l;lc and using (7) in the above inequality we get,
allz—Vull+b{llz—zll + llz— Vull } + c{ lz— =l
+Hlz—vull} <rllz—=zll.

or, (a+b+c) ||z — Vul| <o.

ie., llz— Vull =0 (as atb+c #0).
So,Vu=z. ........(8)

© 2018, IJSRMSS All Rights Reserved

Vol.5(2), Apr 2018, E-ISSN: 2348-4519

From (7) and (8) we get, DKMu=z=Vu.

That is u is a coincidence point of V and DKM.

Since, (P,ABC) and (V, DKM) are weakly compatible
mapping in X.

So, P.ABCp=ABC.Pp i.e.,, Pz=ABCz (by(5),(6))
T )]

And V.DKMu=DKM.Vu i.e., Vz=DKMz
(by(7)and(8)) U (1)|

Now, put x=z and y=x, in (1) and get,
a |IPz—Vx |l + b { [lABCz—Pp| +

IDEM=x, — V= Il 3} + ¢ [IDKMx, —Pz||

+||ABCz — Vx_ ||} <r [|[ABCz — DKMz, ||.

Taking lim and using (9) in the above inequality we get,
n—+oa

allPp—zll + b {IPz—Pz|| + llz—=zll } +
cofllz— Pz|| +||Pz— z|l <r ||Pz— z|l.

ie., (a+2cr) [IPz—z|| <o.

ie., IPz— zll =0 (as a+2c-r # 0).

So, Pz=z.

So, from 9 we get, Pz=ABCz=z.

Now, put X=X,+; and y=z in (1) and get,
a ||Pxn+1 —UZ” + b { |IABCX:‘J+1_ 1::'IX!'J+1|I +

IDEMz—Vzl| } + ¢{ |IDKMz—Px_ |l
+||ABCx, ., — Vzll}< r
|ABCx,_,, — DKMz]|.

Taking I31_13;1: and using (10) in the above inequality we get,

allz—Vzll + b {llz—zll + lIVz— vzl } + of
IVz —z|l +[lz— Vz[| } < llz— Vzll.

or, (a+2c-r) |lz— Vz|| <o.

ie, llz— Vzll =0 (asa+2c-r#0).

So, Vz=z.

From (10) we get, Vz=DKMz=z.

Now, put x=Cz and y=z in (1),

a IP(Cz) —Vvz|l + b{ [|[ABC(Cz)— P(Cz)ll +
IDKMz—Vz|| 3 + ¢ I[IDKMz— P(Cz)l|
+||ABC(Cz) — Vzll}< r
l|IABC(Cz) — DKMz||.

or, allCz—z|l + b {llCz—Cz|| + llz— =zl } +
fllz—czll +llcz—zlly <rllCz—zll. by 11)&

(12))
or,(a+2c-r) |ICz —z|l <o.

ie, ICz— z|l =0 (asa+2c-r #0).
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Now, put x=Bz and y=z in (1),
a [IP(Bz)—Vz|| + b { [|ABC(Bz)— P(Bz)| +

IDEMz—Vzl| 3 + ¢ [IDKMz— P(Bz)l|
+||ABC(Bz) — Vz|} < r
|IABC(Bz) — DKMz||.

or, allBz—z|l + b {lIBz— Bzl + lz—zll } + ¢{
llz— Bzll +||Bz — zll } <r 1Bz — zll. (by (11)& (12))
or,(a+2c-r) [|Bz — zll <o.

ie., [IBz— z|| =0 (as a+2c-r #0).

i.e.,Bz=z.

.............. (14)

From (11) ABCz=z i.e., ABz=z ( by (13)) i.e., Az=z. (by
4y (15)

Now, put x=z and y=Mz in (1),
a [lPz—v(Mz)[l + b { llABCz—Pz| +

IDKM(Mz) — V(Mz)|| } + c{||IDKM({Mz)— Pz||
+||ABCz — V(Mz)||; <r [|ABCz — DEM(Mz)||.

or, allz— Mz|l + b {llz— zll + IMz — Mz[| } + ¢{
lIMz — z|| +|lz— Mz|| } < llz— Mzl . (by (11)&

(12))
Or, (a+2c-r) ||z — Mz|| <o.

ie., llz— Mz||=0 (as a+2c-r £ 0).
i.e., Mz=z.
Now, put x=z and y=Kz in (1),

a [IPz—V(Kz)Il + b { [lABCz—Pz| +
IIDKM(Kz) — V(Kz)|l } + c{ IDKM(Kz)— Pz||
+||ABCz — V(Kz) ||} <r [|ABCz — DKM(Kz)|| .

or, allz—Kzll + b {llz—zll + [Kz—Kzll } +
{llKz — zll +llz— Kzll} <rllz— Kzl . ( by )&
(12))

Or, (a+2c-r) ||z — Kz|| <o.

ie., llz— Kz|l=0 (as a+2c-r #0).

i.e., Kz=z.

Dz=z. (by (17))
From (11) to (18) we get z is a fixed point of A, B, C, D,
K, M, P and V.

Now, we will prove that z is a unique fixed point.

If possible let there exists another fixed point w(#z).

Put, x=z and y=w in (1), then we get,
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a [IPz—Vw|| + b { [[ABCz—Pz|| +
IDKMw—Vw|] 3} + ¢{ |[DKMw— Pz||
+||ABCz — Vwll} <r [|ABCz — DKMwl|.

or, allz—wll + b {llz—zll + llw—wll } + ¢{
lw—zll +llz—wll } <r llz— wll.

or, (a+2¢c-r) ||z — wll <o.

ie., llz— wll =0 (as a+2c-r # 0).

i.e., Z=w.
So, the fixed point z is unique.
Thus z is a unique fixed pint of A, B, C, D, K, M, P and V.

Theorem 2: Let, (X, ll. |l) be a Cone Banach Space and d:
XxX—E with d(x,y)= llx— vl . Let, A, B, D, K, Pand
V be six self mappings on X that satisfy the conditions:

(e) V(X) € AB(X) and P(X) € DK(X).

f a llpx—vyll + b { llABx—Px|| +
IDKy—Vyll } + ¢{ |[DKy—Px
+|ABx — Vy|| } < r ||ABx — DKyll; for all
Xy € X, abc > 0, 0<r< at+2b+3c,
atb+c#0,r#at2c.

...(19)

(9) (P,AB) and (V,DK) are weakly compatible.
(h) If one of P(X), AB(X), V(X), DK(X) is a
complete subspace of X then,
3. P and AB have a coincidence point and
4. V and DK have a coincidence point in
X.Then, A, B, D, K, P and V have a
unique common fixed point in X.

Theorem 3: Let, (X,ll. ||) be a Cone Banach Space and d:
XxX—E with d(x,y)= llx— ¥l . Let, A, D, P and V be
four self mappings on X that satisfy the conditions:
() V(X) € A(X) and P(X) = D(X).
G) a lIPx—=Vyll + b { llAx—Px| +
IDy—vyll } + ¢ I[Dy—Pxl
+ |Ax—Vyll } < r llAx—Dyll ; for
allx,yEX, a,b,c>0, 0<r<a+2b+3c , atb+c#0,

r#a+2c.
(20)
(k) (P,A)and (V,D) are weakly compatible.
() If one of P(X), AX), V(X), D(X) is a
complete subspace of X then,
5. P and A have a coincidence point and
6. V and D have a coincidence point in X.
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Then, A, D, P and V have a unique common fixed point in
X.

IV. CONCLUSIONS

In this paper we prove coincidence point and common
fixed points by the help of weakly compatible mappings in
Cone Banach Space. Our result is a generalization of R.
Tiwary et al.[6], T. Abdeljawad et al.[2], E. Karapinar[5].
The main result in this paper is a generalization of many
existing results in this literature. We also prove
coincidence point and common fixed point for six
mappings in theorem 2 and for four mappings in theorem
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