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Abstract—In this paper we shall consider a sequence of trophic levels and obtain a recurrence for the total biomass production
in each trophic level consisting of exactly two species competing for resource in its immediate lower trophic level and prove
that if the consumption factor of both the species in each trophic level is same and the consumption factor at each trophic level
forms a strictly decreasing sequence and all are greater than one, then biomass production at each trophic level forms a strictly
decreasing sequence of total biomass production starting from lowest trophic level.
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l. INTRODUCTION

In an ecosystem individual interact with each other and these
interactions depend upon climatic conditions, amount of
resources present in the given region, population density of
both the species, ability to consume resources and reproduce.
Competition is one of such interaction in which both the
competing species have a negative impact on their population
size. Many research work have been done in this area to
study competition between two related and unrelated species
some of the work we can find in [1], [2], [3], [4]. We often
observe that, in a natural ecosystem, the biomass production
of one trophic level decides the production of biomass in
higher trophic level follow the 10 percent law (for details see
[5]) and due to this lack of energy obtained from food creates
a natural negative effect on reproduction which ultimately
results in the declination of population size in the higher
trophic levels. Further competition both inter- and intra-
specific between the individuals plays an important role in
the rate of competition. In this paper, we shall consider a
finite sequence of trophic levels each consists of two
different species except the lowest trophic level which
consists resources available for the immediate higher trophic
level and individuals of each trophic level competing with
each other to consume resources available from its
immediately lower trophic level. Thus, we get an open chain
consisting of finite knots representing trophic level and in
each trophic level species competing for the resources
available in immediate lower trophic level except the last
one, in other words we get a chain of competition. Finally we
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shall prove that population size of trophic levels forms a
strictly decreasing sequence starting from first trophic level.
Due to mathematical constraints and lack of data we shall
assume the following so as to establish a mathematical model
to describe the above situation. Throughout the paper total
biomass production and total resources available in a given
trophic level are considered to be same

Il.  ASSUMPTIONS

Competition between individuals in a given trophic

level implies both inter-specific and intra-specific

competition.

e  Climatic effect on competition is neglected.

e A resource partitioning and other adjustment between
the individuals in a given trophic level is not allowed.

e There are exactly two species in each of the trophic

level competing for resources from the immediate lower

trophic level in a food chain.

I1l. MATHEMATICAL MODEL FOR CHAIN COMPETITION

Let us consider a terrestrial ecosystem covering a
geographical region R and let Sy, Sy, ..., S, be k + 1 trophic
levels in the food chain in a order, Sy < §; < -+ < S. Itisto
be noted that S, is the lowest trophic level and S, is the
highest trophic level. Let A;; and A,; be two species in the
trophic level S; and competing for food in S;_; for all
j=12,..,k we define |Sy| =|R| the total resource
available in the region R for the population in the trophic
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level S;. Let x; and y; be the population density of A;; and
Ay; at any time t. Let u,; and u,; be the consumption factor
of both the species in the trophic level S; that is the amount

of resource consumed by an individual of a given species in
unit time.

Superiority Factor: Let T be the period of competition.
Then superiority factor between two species A;; and 4,; in a
trophic level ; is defined to be the ratio

oy fy (0t

nj T

Relation: Let |S;_;| be the total resource available for the
individuals of trophic level S;_; then from the relations in we
have the following,

a) Jf, x(tde <
T njlSj-1l
. <L — 7 —
b) Jy yi®de < s

¢) Total population of S; <

[Sj-1l
u1;T(mj+1)

[Sj—1l(u1j+nj12))

HajtizjT(Mj+1)
d) If p1j = paj = pj then
Si_
Total population of S; < 1511
u;T
Let |Sol, [S1], [S2], .., |Sk—1| be the total resource available

for the consumption by the individuals of the immediate
higher trophic levels Sy, S5, S, ..., Sy respectively. Let n; be
the superiority factor between two species A;; and A,; in the

. - | S +
trophic level S; cannot exceed the limit S/¢a1tikzy)
H11M21T(M1+1)

T is the period of competition that is the period for which we
analyse the effect of competition.

15,] < [Sol (11 + N1#21)
U uapa T + 1)

where

But the total amount of consumable resources available for
the individuals belonging to trophic level S, is |S;| then by
the same argument we have
|1 (112 + N2ptz2)
ISz <

T izt T(Mz + 1)
< [Sol (a1 + N1tt21) (Haz + M2lta2)
T M1baabaa e T2 + D2 + 1)
In general at any tropic level S,, the amount of consumable
resource available for its immediate higher trophic level S, is
given by;

[Sn—1|Clin + Nnktzn)

). 1S,]<
" HinMonT My + 1)

) .. [S]
1Sol (11 + N1t21) oo oo (Uan + Nlhzn)
T Mag e HinHoq e Hpn T + 1) oo (y + 1)

Foralln,1<n<k
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Thus, the total resource at each trophic level depends on the
consumption and superiority factor and any mild fluctuation
in the level of competition at any trophic level will induces a
natural disturbance in the resources in the higher trophic
levels. Further for a given rate of consumption and
superiority factor, we can observe that the biomass
production of S,, is less than the total biomass production of
the nature |S,| and it tends to zero as period of competition T
tends to infinity which results in the diminishing of species
from the higher trophic level. Thus, in nature there must be a
few trophic level can be possible in any food chain or food
web for a long run of competition and total population
density reduces as move high in the trophic level. If the
consumption factor of both the species in a given trophic
level is same then the total biomass production in a given
trophic level is independent of superiority factor. As we
move to higher trophic level biomass production starts
decreasing given that consumption factor in the lowest
trophic level is the highest. We shall express the situation by
a result stated below;

IV. MAINRESULT

RESULT: If the competition factorp; = py; = p,; for all
1Sj§kand Il1>ﬂ2>>ﬂk>1 then|50|>|51|>
-+ > |8, | for sufficiently large period of competition.

To establish the main result we shall prove some sub-results
consumption factor of both the species in each trophic level
then,

ISol njlSol
TP(A;;) < ——— and TP(A4y;) < —————,
( 11) = papzT(nj+1) ( 21) = mipzmT (nj+1)

where TP(A;;) is the total population of A;; in §; for
i=1,2

Proof: Let w; =py;=p; for all 1<j<k be the
consumption factor of both the species in each trophic level.
Then, recurrence formula (2) reduces to;

S
(3) .. ISl < 5ol

——— foralln,1<n<k
My e Py T

Let n; be the superiority factor between the species A;; and
Ayj for all j, 1 <j <k then from the relation (a) and (b)
we have;
n;jlSj-1l
uiT(m;+1)
|Sj-1l
uiT(m; +1)

ITP(Al )<
) ..
LTP(AZ DES

Putting n = j — 1 in recurrence relation (3) we get;
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(5) .. 1Sicq| £ ————r
I HiMo - Hj—qTT71

Using relation (5) in inequality (4) we get;

(tpa,)) < il
YT, . wiTI(m; + 1)

TP(A,;) < 1Sol

k g Pattz - ;T (0 + 1)

Hence Proved

CLAIM I1: If the consumption factor u; = pyj = pyj and
n; be the superiority factor for all 1 < j < k such that u;. 4
for some j then |S,| = 0 foreveryj <p < kasT — .
Proof: Let u; = uy; = u,; and superiority factor n; for all
1<j<k be given. For a fix j, 1<j<k, |§]=
TP(A1;) + TP(Az) . Also p;>1 and n; =1 for all
j1<j<k.
1 1

- > -
HaMy o TT 7 paphy oo g T7H1

ol _ Il
Habz o WGTT T papy oo pj T7H1

(6) ...
By CLAIM I, we see that

|So]
S| =TP(A,) + TP(4y;) < ——>———
51 =P(a) + 7p(4) < 2L
From inequality (5) we have;
|Sol > 150
Maphy o T = T
Then,
|So]
——————— = maxy|S;|, |Sj+1]
s ma(ls il
Now taking limit as T — oo we see that max{|S;|, [S;;,1} =
0, it follows that, |S;| = |S;41| = 0 and from inequality (1)

we have |S,| = 0 for every j < p < k.

CLAIM 111: If the competition factor u; = py; = pyj and
n; be the superiority factor for all 1 <j < k such that
Wjs1 = Hjsz = - = g > 1 for some j then |S;| > |S,| for
all j + 1 < p < k for sufficiently large T.

Proof: Let the competition factor u; = py; = p,; and n; be
the superiority factor for all 1 < j < k such that u,, > 1for
all j+1<p<kand for some j then by CLAIM II, for
every positive number A > 0 there exist T such that |S,| < A
for all j+1<p<k. Also by inequality (1) and using
up > 1forall j +1 < p < k we see that,
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T upT

Let A=%|Sj| then for given A> 0 there exist T such that
S;+1] < Aand using inequality (7) we see that |S,| < A for
all j+1<p<kit follows that |S;| > |S,| for allj +1 <
p <k

(7) e |Sp] <

Proof of the RESULT directly follows from CLAIM II1I.
V. CONCLUSION

From the above result, we can observe that if the
consumption factor of both the species for each trophic level
S; is same p; say then instead of having higher consumption
factor in the lower trophic level, to maintain the balance in
the food chain, the biomass production in a given trophic
level is less than its immediately lower trophic level
whenever competition of resources occurs for a sufficiently
large period. It is to be noted that, population density of
highest trophic level is the least among all the preceding
trophic levels. Further, for a given trophic level consumption
factor of both the species are considered to be same as a
result the total biomass production in a given trophic level is
independent of the superiority factor which is quite obvious,
as in this case the superiority factor depends only on
population size of each species i.e., consumption factor does
not affect the population size of a species in a given trophic
level.
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