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Abstract- Vector fields of different kind have been playing interesting part in the study of both Tensor Analysis and      

Differential Geometry of Finsler Spaces of two and three- dimensions. In this paper an attempt has been made to define several 

new special vector fields in a Finsler space of three- dimensions. We have studied their properties and their   applications in the 

study of curvature properties with respect to first curvature tensor in a Finsler space of three- dimensions. 
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I. INTRODUCTION 

The importance of the study of vector fields lies in the fact 

that vector fields of different kinds have been used in the 

study of several applications in general in Differential 

Geometry and in particular in Tensor Analysis. This work is 

in a way extension of the work done by Rastogi and Bajpai 

[1] in case of a two- dimensional and three-dimensional 

Finsler space, where they defined and studied a special 

vector field of first kind. In an earlier paper the present 

authors have defined and studied some of the vector fields in 

a two- dimensional Finsler space [2]. In this paper this study 

has been carried out and we have defined and studied special 

vector fields of six kinds in a Finsler space of three-

dimensions. The study of these vector fields gives an insight 

into curvature properties in a three-dimensional Finsler 

space, which are important for further study in Finsler 

spaces. Before the start of this study some preliminaries 

based on Finsler space of three-dimensions are necessary 

and are given as follows: 

            Let F
3
, be a Finsler space of three-dimensions with 

metric Function L(x,y), metric tensor gij = li lj + mi mj + ni nj, 

angular metric tensor hij = mi mj + ni nj, where li, mi and ni 

are vectors of three-dimensional orthonormal frame and are 

mutually Orthogonal such that li = Δi L = ∂L/∂y
i
, for a 

metric function L(x,y), Matsumoto [3]. The torsion tensor 

Aijk = L Cijk = (L/2)Δk gij. The h-and v-covariant derivatives 

of a tensor field T
i
j are defined as  

T
i
j/k = ∂k T

i
j – N

m
k Δm T

i
j + T

m
j F

i
mk – T

i
m F

m
jk                (1.1) 

and 

T
i
j//k = Δk T

i
j + T

m
j C

i
mk – T

i
m C

m
jk                                (1.2) 

where ∂k = ∂/∂x
k
, C

i
jk is the torsion tensor and F

i
jk is the 

connection parameter Rund [4]. 

Corresponding to h- and v-covariant derivatives, in F
3
, we 

have 

li/j = 0, mi/j = ni hj, ni/j = - mi hj            (1.3) 

and 

li//j = L
-1

 hij, mi//j = L
-1

(-li mj + ni vj), 

 ni//j = -L
-1

(li nj + mi vj)            (1.4) 

where hj and vj are respectively h- and v-connection vectors 

in F
3
.  

 In F
3
, the torsion tensor Cijk is given as 

Cijk = C(1) mi mj mk - ∑(I,j,k) {C(2) mi mj nk + C(3) mi nj nk) 

         + C(2) ni nj nk            

(1.5), 

Where ∑(I,j,k) {  }, means cyclic permutation of the terms 

inside the curly bracket. 

 Corresponding to covariant differentiation given by 

equation (1.1), we have following commutation formula 

T
h

i/j/k – T
h

i/k/j = T
r
i R

h
rjk – T

h
r R

r
ijk – T

h
i/r R

r
jk               (1.6) 

where R
r
jkh is first curvature tensor Rund [4]. 

http://www.isroset.org/
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 In second section we have defined and studied 

some properties of special vector fields of second, third and 

fourth kind. In third section we have defined and studied 

some properties of special vector fields of fifth, sixth and 

seventh kind. The last section, i.e., section four deals with 

the study of curvature properties of Finsler space of three-

dimensions based on first curvature tensor. 

II. SPECIAL VECTOR FIELDS OF SECOND, THIRD 

AND FOURTH KIND. 

In F
3
, let us assume that the vector field X

i
(x) is given by 

X
i
(x) = A l

i
 + B m

i
 + D n

i
            (2.1) 

where A, B and D are scalars such that X
i
 li = A, X

i
 mi = B 

and X
i
 ni = D. 

        Using X
i
/j = -δ

i
j, with the help of equation (2.1), we can 

obtain 

A/j = - lj, B/j = D hj – mj, D/j = - B hj – nj         (2.2) 

A//j = L
-1

(B mj + D nj), B//j =(C(1) B – C(2) D – L
-1

 A)mj+(C(3) 

D  - C(2) B)nj + L
-1 

D vj, 

D//j = (C(3) D – C(2) B) mj + (C(3) B + C(2) D – L
-1

A) nj 

               – L
-1

 B vj             (2.3) 

Now we shall give following: 

Def. 2.1. A vector field X
i
(x) in F

3
, satisfying X

i
/j = - δ

i
j and 

X
i
 Sij = φj, where φj is a non-zero vector field in F

3
 and Sij = 

li mj + lj mi, shall be called a special vector field of second 

kind. 

        From def. 2.1, we can obtain 

φj = A mj + B lj          (2.4) 

which yields  

φj/k = (D lj - A nj) hk – Sjk         (2.5) 

and 

φj//k = L
-1

{B hjk + A(-lj mk +nj vk) + (B mk + D nk) mj}  

 + lj{(C(1) B – C(2) D – L
-1

 A) mk  

                + (C(3) D – C(2) B) nk + L
-1

 D vk}      (2.6) 

From equations (2.5) and (2.6), we can get 

φj/k – φk/j = A(hj nk – hk nj) + D(hk lj – hj lk)      (2.7) 

 and                                                           

φj//k – φk//j = L
-1

 D (Yjk + lj vk – lk vj) 

      + Vjk (C(1) B – C(2) D – 2 L
-1

A) 

      + Wjk (C(3) D – C(2) B)       (2.8) 

where 

Yjk = mj nk – mk nj, Vjk = lj mk – lk mj,  

Wjk = lj nk – lk nj       (2.9). 

Hence: 

Theorem 2.1. In a three-dimensional Finsler space F
3
, a 

special vector field of second kind X
i
(x) is such that both 

φj/k and φj//k are non-symmetric in j and k and satisfy 

equations (2.7) and (2.8) respectively. 

Def. 2.2. A vector field X
i
(x) in a three-dimensional Finsler 

space F
3
, satisfying X

i
/j = - δ

i
j and X

i
 Tij = ψj, where Tij = li nj 

+ lj ni and ψj is a non-zero vector field in F
3
, shall be called a 

special vector field of third kind. 

        From Def. 2.2., we can obtain 

ψJ = A nj + D lj,     (2.10) 

which yields 

ψj/k = - Tjk – hk φj     (2.11) 

and 

ψj//k = L
-1

{D hjk + (B mk + D nk)nj – A (lj nk + mj vk)} 

 + lj{(C(3) B + C(2) D – L
-1

 A) nk  

 + (C(3) D – C(2) B) mk - L
-1

B vk} (2.12). 

From these equations we can obtain 

Ψj/k - ψk/j = (hj φk – hk φj)        (2.13) 

and 

ψj//k – ψk//j = L
-1

{B Ykj – A (mj vk – mk vj) 

  – B (lj vk - lk vj) -2 A Wjk} + (C(3) D – C(2) B) Vjk  

   + (C(3) B + C(2) D) Wjk     (2.14) 

Hence: 

Theorem 2.2. In a three-dimensional Finsler space F
3
, a 

special vector field of third kind X
i
(x), is such that both 

ψj/k and ψj//k are non-symmetric in j and k and satisfy 

equations (2.13) and (2.14).                                                                          

Def. 2.3. A vector field X
i
(x) in F

3
 satisfying X

i
/j = - δ

i
j and 

X
i
 Uij = ωj, where ωj is a non-zero vector field in F

3
 and               
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Uij = mi nj + mj ni, shall be called a special vector field of 

fourth kind. 

        From Def.2.3, we can obtain 

ω/j = B nj + D mj    (2.15) 

which yields 

ωj/k = 2 (D nj – B mk) hk – Ujk         (2.16) 

and 

ωj//k = L
-1

{2 vk(D nj – B mj) – lj ωk - A Ujk}  

  + (C(3) D – C(2) B) hjk +(C(1) B – C(2) D) mk nj  

 + (C(3) B + C(2) D) mj nk                     (2.17) 

From equations (2.16) and (2.17) we get 

ωj/k – ωk/j = 2 { hk(D nj – B mj) – hj (D nk - B mk)}    (2.18) 

and 

ωj//k – ωk//j = (C(3) B + 2 C(2) D – C(1) B)(mj nk – mk nj) 

       – L
-1

[ B Wjk + D Vjk – 2{D(vk nj – vj nk)  

       + B(vj mk  - vk mj)}]       (2.19) 

Hence: 

Theorem 2.3. In F
3
, a special vector field of fourth kind is 

such that both ωj/k and ωj//k are non-symmetric in j and k 

and satisfy equations (2.18) and (2.19) respectively. 

III. SPECIAL VECTOR FIELDS OF FIFTH, SIXTH 

AND SEVENTH KIND. 

Def. 3.1. A vector field X
i
(x) in F

3
, satisfying X

i
/j = - δ

i
j and 

X
i
 Vij = αj, where αj is a non-zero vector field shall be called 

a special vector field of fifth kind. 

        From Def. 3.1, we can obtain 

αj = A mj – B lj       (3.1)                                                                

which yields 

αj/k = Vjk + hk(A nj – D lj)      (3.2) 

and 

αj//k = L
-1

{(B mk + D nk) mj – A(lj mk – nj vk) – B hjk} 

 -lj{(C(1) B – C(2) D – L
-1

A) mk  

 + (C(3) D – C(2) B) nk + L
-1

 D vk}    (3.3) 

From equations (3.2) and (3.3), we can obtain 

αj/k - αk/j = (A nj – D lj) hk – (A nk -D lk)hj + 2 Vjk  (3.4) 

and 

αj//k - αk//j = L
-1

{D (Yjk + vj lk – vk lj) + A (nj vk – nk vj)} 

     -(C(1) B – C(2) D) Vjk  

     – (C(3) D – C(2) B) Wjk    (3.5) 

 Also, from equations (2.5) and (3.2) together with 

(2.6) and (3.3), we can get 

αj/k + φj/k = - 2 lk mj   (3.6) 

and 

αj//k + φj//k = L
-1

[B hjk + 2{(B mk + D nk) mj  

                      – A(lj mk – nj vk)}]  (3.7) 

Hence: 

Theorem 3.1. In a three-dimensional Finsler space F
3
, a 

special vector field X
i
(x) of fifth kind is such that both 

αj/k and αj//k are non-symmetric in j and k and satisfy 

equations (3.4), (3.5), (3.6) and (3.7).  

Def. 3.2. A vector field X
i
(x) in F

3
, satisfying X

i
/j = - δ

i
j and 

X
i
 Wij = βj, where βj is a non-zero vector field in F

3
, shall be 

called a special vector field of sixth kind. 

        In analogy to earlier calculation from Def. 3.2, we can 

get 

βj = A nj – D lj,    (3.8) 

βj/k = Wjk – hk αj    (3.9) 

βj//k = L
-1

{(B mk + D nk) nj- A(lj nk + mj vk) – D hjk}              

            -lj{(C(3) D  - C(2) B) mk  

            + (C(3) B + C(2) D – L
-1

 A) nk – L
-1

 B vk} (3.10)                                                           

Βj/k – βk/j = 2 Wjk + hj(A mk – B lk) 

                   – hk(A mj – B  lj)   (3.11) 

 βj//k – βk//j = L
-1

{B(lj vk -  lk vj – Yjk) – A(mj vk – mk vj)}  

                     -(C(3) D – C(2) B) Vjk  

                     – (C(3) B + C(2) D) Wjk  (3.12)                                                                        

Hence: 

Theorem 3.2. In a three-dimensional Finsler space F
3
, a 

special vector field of sixth kind is such that both βj/k and 

βj//k are non-symmetric in j and k and   satisfy equations 

(3.11) and (3.12). 
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Def. 3.3. A vector field X
i
(x) in F

3
, satisfying X

i
/j = -δ

i
j and 

X
i
 Yij = γj, where γj is a non-zero vector field in F

3
, shall be 

called a special vector field of seventh kind. 

          In this case we get 

γj= B nj – D mj    (3.13) 

γj/k = Yjk      

     (3.14) 

γj//k = (C(1) B – C(2) D) mk nj – (C(3) B + C(2) D) mj nk 

                 + L
-1

{A(mj nk – mk nj)-  lj γk}  

                 + (C(3) D – C(2) B)(nj nk – mj mk)     (3.15) 

γj/k – γk/j = 2 Yjk, γj/k + γk/j = 0,   (3.16) 

γj//k – γk//j = mj nk (C(1) B – C(2) D – 2C(3) B) 

                   - mk nj (C(2) D – C(3) B – 2C(1) B) 

                  + L
-1

{3A (mj nk – mk nj) – (lj γk - lk γj)}(3.17) 

Hence: 

Theorem 3.3. In a three-dimensional Finsler space F
3
, a 

special vector field of seventh kind is such that γj/k is 

skew-symmetric while γj//k is non-symmetric in j and k 

and satisfy equations (3.16) and (3.17) respectively. 

IV. SOME CURVATURE PROPERTIES.  

From equation (2.5), we can get 

φj/k/r = - hr (lj nk + lk nj – A mj hk + B hk lj) 

             + hk (lr nj – lj nr) + hk/r(D lj – A nj),  

which yields 

φj/k/r -φj/r/k = 2 nj(lr hk – lk hr) 

  + (D lj – A nj)(hk/r – hr/k)                     (4.1) 

         To find the value of (hk/r – hr/k), we find h-derivative of 

mj/k = nj hk, which gives 

mj/k/r – mj/r/k = nj (hk/r – hr/k)  (4.2) 

Substituting value of Left- hand side of (4.2) with the help 

of equation (1.6) and multiplying the resulting equation by 

n
j
, we get on simplification 

hr/k – hk/r = n
j
 mp R

p
jkr + L

-1
 vp R

p
kr           (4.3) 

        If we find h-derivative of nj/k = - mj hk and do the 

similar calculation as for equation (4.3), we get 

hk/r – hr/k = - m
i
 np R

p
ijk + L

-1
 vp R

p
kr  (4.4) 

        Comparing equations (4.3) and (4.4) we get 

R
p
ijk (mp n

i
 + np m

i
) = 0.                 (4.5) 

Hence: 

Theorem 4.1. In a three-dimensional Finsler space F
3
, 

curvature tensor R
p

ijk satisfies equation (4.5). 

         It is known that in F
3
, R

p
ijk can be expressed as 

Matsumoto [3] 

R
p
ijk = Ϛ(j,k){gij R

p
k + δ

p
k(Rij – (½)R gij)},  (4.6) 

therefore, from equations (4.5) and (4.6) on simplification 

we can obtain 

R
p

k (m
k
 mp + n

k
 np) = (1/2) R                     (4.7) 

Hence: 

Theorem (4.2). In a three-dimensional Finsler space F
3
, 

tensor R
p

k satisfies equation (4.7). 

        Putting value of left-hand side of equation (4.1) with 

the help of equation (1.6), substituting value of (hk/r – hr/k) 

with the help of equation (4.3) and multiplying the resulting 

equation by m
j
, we get on simplification 

m
j
 φp R

p
jkr + L

-1
 (D np + 2 B mp) R

p
kr = 0               (4.8)

                               

Hence: 

Theorem 4.3. In a three-dimensional Finsler space F
n
, the 

curvature tensor R
p

ijk for a special vector field of second 

kind satisfies equation (4.8).                                                             

        From equation (2.11), we can obtain the value of ψj/k/r – 

ψj/r/k, which after simplification leads to 

R
p
tkr(φj mp n

t
 + ψp δ

t
j) + R

p
kr(L

-1
 φj vp + ψj//p) = 0 (4.9)                                                                      

Hence: 

Theorem 4.4. In a three-dimensional Finsler space F
3
, the 

curvature tensor R
p

ijk for a special vector field of third 

kind satisfies equation (4.9). 

         Similarly, from equation (2.16), we obtain the value of 

ωj/k/r – ωj/r/k, which on simplification leads to 

R
p
tkr [2(B mj – D nj) n

t
 mp + ωp δ

t
j]  

      + R
p
kr [2(B mj – D nj) L

-1
 vp + ωj//p] = 0           (4.10) 

Hence: 
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Theorem 4.5. In a three-dimensional Finsler space F
3
, the 

curvature tensor R
p

ijk for a special vector field of fourth 

kind satisfies equation (4.10). 

          In case of definition (3.1), for a vector αj, we obtain 

value of αj/k/r- αj/r/k, which on simplification leads to 

R
p

tkr (αp δ
t
j - n

t
 mp βj) + R

p
kr (αj//p – L

-1 
vp βj) = 0 (4.11) 

Hence: 

Theorem 4.6. In a three-dimensional Finsler space F
3
, the 

curvature tensor R
p

ijk for a special vector field of fifth 

kind satisfies equation (4.11). 

        In case of definition (3.2), for a vector βj, we obtain 

value of βj/k/r - βj/r/k, which on simplification leads to 

R
p

tkr (βp δ
t
j – αj n

t
 mp) + R

p
kr (βj//p – L

-1
 vp αj) = 0  (4.12)              

Theorem 4.7. In a three-dimensional Finsler space F
3
, the 

curvature tensor R
p

ijk for a special vector field of sixth 

kind satisfies equation (4.12). 

        In case of definition (3.3), for a vector γj, we can 

observe that γj/k/r = 0. Hence: 

Theorem 4.8. In a three-dimensional Finsler space F
3
, 

tensor γj/k, for a special vector field of seventh kind 

satisfies γj/k/r = 0.                                                      

        In subsequent research work we propose to study 

properties of other curvature tensors, vis-a-vis different type 

of special vector fields studied in a three - dimensional 

Finsler space. 
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