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Abstract- Vector fields of different kind have been playing interesting part in the study of both Tensor Analysis and
Differential Geometry of Finsler Spaces of two and three- dimensions. In this paper an attempt has been made to define several
new special vector fields in a Finsler space of three- dimensions. We have studied their properties and their applications in the
study of curvature properties with respect to first curvature tensor in a Finsler space of three- dimensions.
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I. INTRODUCTION

The importance of the study of vector fields lies in the fact
that vector fields of different kinds have been used in the
study of several applications in general in Differential
Geometry and in particular in Tensor Analysis. This work is
in a way extension of the work done by Rastogi and Bajpai
[1] in case of a two- dimensional and three-dimensional
Finsler space, where they defined and studied a special
vector field of first kind. In an earlier paper the present
authors have defined and studied some of the vector fields in
a two- dimensional Finsler space [2]. In this paper this study
has been carried out and we have defined and studied special
vector fields of six kinds in a Finsler space of three-
dimensions. The study of these vector fields gives an insight
into curvature properties in a three-dimensional Finsler
space, which are important for further study in Finsler
spaces. Before the start of this study some preliminaries
based on Finsler space of three-dimensions are necessary
and are given as follows:

Let F°, be a Finsler space of three-dimensions with
metric Function L(x,y), metric tensor g;; = I; [; + m; m; + n; n;,
angular metric tensor h; = m; m; + n; n;, where I, m; and n;
are vectors of three-dimensional orthonormal frame and are
mutually Orthogonal such that I; = A; L = dL/dy', for a
metric function L(x,y), Matsumoto [3]. The torsion tensor
Aijx = L Cijx = (L/2)A gjj. The h-and v-covariant derivatives
of a tensor field T', are defined as

Tij/k = Gk Tij - Nmk Am Tij + ij Fimk - Tim mjk (11)

and
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Thim= AT+ T Cle— Th CMic (1.2)

where 0, = 0/0x¥, C'j is the torsion tensor and F is the
connection parameter Rund [4].

Corresponding to h- and v-covariant derivatives, in F°, we
have

li; =0, mij = n hy, ny; = -my by (1.3)
and

ligg = L™ hy, My = L7l my + 1y v,

N = -L7 (i + my v) (1.4)

where h; and v; are respectively h- and v-connection vectors
i 3
inF°.

In F3, the torsion tensor Cij« is given as
Cijk = Cay mi My i - X1k {C) Mi M i + C) M Ny ny)

+ C(z) n; nj Nk
(1.5),

Where > { } means cyclic permutation of the terms
inside the curly bracket.

Corresponding to covariant differentiation given by
equation (1.1), we have following commutation formula

Tk — T = T R — T Rl — T Rl (1.6)

where Rrjkh is first curvature tensor Rund [4].
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In second section we have defined and studied
some properties of special vector fields of second, third and
fourth kind. In third section we have defined and studied
some properties of special vector fields of fifth, sixth and
seventh kind. The last section, i.e., section four deals with
the study of curvature properties of Finsler space of three-
dimensions based on first curvature tensor.

1. SPECIAL VECTOR FIELDS OF SECOND, THIRD
AND FOURTH KIND.

In F3, let us assume that the vector field X'(x) is given by
XX)=Al'+Bm+Dn' (2.1)

where A, B and D are scalars such that X' I, = A, X' m; = B
and X'n;=D.

Using X'; = -8, with the help of equation (2.1), we can
obtain

A/j:-lj, B/j:Dhj—mj, D/j:-B hj—nj (22)

A//j = Ll(B m; + D nj), B//j :(C(l) B ,C(z) D - L-l A)mj+(C(3)
D - C(z) B)nj + L-l D Vi,

D//j = (C(g) D- C(z) B) m; + (C(g) B+ C(z) D - L-lA) N;
~L'By, (2.3)
Now we shall give following:

Def. 2.1. A vector field X'(x) in F®, satisfying X'; = - 8'; and
X' Sj; = ¢;, where o; is a non-zero vector field in F* and Sj; =
li m; + I; m;, shall be called a special vector field of second
kind.

From def. 2.1, we can obtain

g =Am;+BI (2.4)
which yields

ok = (D lj - A ny) hy — S (2.5)
and

oy = LB hjx + A(-l; m +n; vi) + (B my + D n) m;}
+1{(Cqy B~ Cp D - L™ A) my
+(CsD-CypB)n+ L' Dv} (2.6)
From equations (2.5) and (2.6), we can get
Qi — P = A(hy nie—hie ) + D(hy | — hy 1) 2.7)

and
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Pk — @i = L D (Yje + I vie— e vi)

+ Vi (CyB-CpD-2L"A)

+ Wik (Cz D-Cp) B) (28)
where
Yik = mMj N — My 0y, Vi = | myc— e my,
Wik = lj nic— L (2.9).
Hence:

Theorem 2.1. In a three-dimensional Finsler space F°, a
special vector field of second kind X'(x) is such that both
@ik and @, are non-symmetric in j and k and satisfy
equations (2.7) and (2.8) respectively.

Def. 2.2. A vector field X'(x) in a three-dimensional Finsler
space F, satisfying X'; = - 8, and X' T;j = ;, where T;; = I n;
+ I; n; and ; is @ non-zero vector field in F?, shall be called a
special vector field of third kind.

From Def. 2.2., we can obtain

w=An+DI, (2.10)
which yields

Wik = - Tik—he @ (2.11)
and

Vilk = L_l{D hjk + (B my + D nk)nj —A (lj ng + mj Vk)}

+1{(CeB+CpD—L" A)ng

+(CeD-CypB)ym-L'Bv} (2.12).
From these equations we can obtain
Wi - wigi = (hj ok — hy @) (2.13)

and
Wik — Wi = L{B Yig— A (m; vk — My v;)
—B (I V- V) 2 AW;3 + (C D — Cppy B) Vi
+ (Cg B + Cp) D) Wy (2.14)
Hence:

Theorem 2.2. In a three-dimensional Finsler space F°, a
special vector field of third kind X'(x), is such that both
yjk and yj, are non-symmetric in j and k and satisfy
equations (2.13) and (2.14).

Def. 2.3. A vector field X'(x) in F* satisfying X'; = - 8'; and
X' Uj = o}, where w; is a non-zero vector field in F° and
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Ui = m; nj + m; n;, shall be called a special vector field of
fourth kind.

From Def.2.3, we can obtain

;=B nj+Dm (2.15)
which yields

oy = 2 (D ny— B my) h— Uj (2.16)
and

oy = L2 vi(D nj— B m) — | oy - A U}
+(C(s D - C) B) hy +(Cyy B~ C( D) myc 1y
+(C B + Cp D) myng (2.17)
From equations (2.16) and (2.17) we get
ok — o =2 {h(Dnj—Bm;)—h; (Dnc,-Bmy} (2.18)
and
O — g = (Czy B + 2 Cp) D — Cy B)(M; Ny — my ;)
— L[ B W + D Vj— 2{D(vk nj — vj i)
+ B(v; mg - viem)} (2.19)
Hence:

Theorem 2.3. In F, a special vector field of fourth kind is
such that both ojx and oy are non-symmetric in j and k
and satisfy equations (2.18) and (2.19) respectively.

I111. SPECIAL VECTOR FIELDS OF FIFTH, SIXTH
AND SEVENTH KIND.

Def. 3.1. A vector field X'(x) in F®, satisfying X'; = - 8'; and
X' Vj; = a;, where o; is a non-zero vector field shall be called
a special vector field of fifth kind.

From Def. 3.1, we can obtain

o=Am—-BJ (3.1)
which yields

oj = Vi + h(Anj— D I}) (3.2)
and

Q= Ll{(B my+ D nk) m; — A(IJ Mg —N; Vk) -B hjk}
-lj{(C(l) B - C(z) D- LlA) My
+(CyD-CypB)n+L'Dv}  (3.3)

From equations (3.2) and (3.3), we can obtain
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0~ 045 = (AN — D 1) hy— (A ng -D I, + 2 Vi (3.4)
and
Ay - o = LD (Vi + Vi le— Vi ) + A (0 vie— ny v))}
-(Cwy B—Cz D) Vi
—(C5 D—C B) Wi (3.5)

Also, from equations (2.5) and (3.2) together with
(2.6) and (3.3), we can get

i+ @y = - 2 e m; (3.6)
and
i+ @ = LB hyc + 2{(B mc + D n) m;

= A(lyme—n; Vi)l 3.7)
Hence:

Theorem 3.1. In a three-dimensional Finsler space F°, a
special vector field X'(x) of fifth kind is such that both
aj and @y, are non-symmetric in j and k and satisfy
equations (3.4), (3.5), (3.6) and (3.7).

Def. 3.2. A vector field X'(x) in F°, satisfying X'; = - 8'; and
X' W;; = B;, where p; is a non-zero vector field in F°, shall be
called a special vector field of sixth kind.

In analogy to earlier calculation from Def. 3.2, we can

get
Bi=An-DI; (3.8)
Bin = Wi — hy g (3.9)

By = L{(B mc+ D ny) nj- A(l ni + my v) — D by}
-I{(C3 D - Cp B) my
+(CgB+CyD-L A n— L Bv} (3.10)
Bjk — Bij = 2 Wi+ h(Amc—B )
—h(Am;—B I (3.11)
Bink — Bry = LB Vic - T vj — Yj) — A(M; vie— M vy}
“(Ce D - Cpp B) Vi
—(Ce B + Cp D) Wi (3.12)
Hence:

Theorem 3.2. In a three-dimensional Finsler space F°, a
special vector field of sixth kind is such that both g;, and
Bj are non-symmetric in j and k and  satisfy equations
(3.11) and (3.12).
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Def. 3.3. A vector field X'(x) in F?, satisfying X'; = -8'; and
X" Y = v;, where v; is a non-zero vector field in F°, shall be
called a special vector field of seventh kind.

In this case we get
Yi= B nj— D m; (313)

Yik = Y 614
3.14

Yimk = (Cay B = C) D) my nj — (C) B + Cp) D) m; i

+ LA, n— my )= v

+(Cg D—-Cp B)(njnk—mymy)  (3.15)
Yik = Yisi = 2 Yk Vit Yij = 0, (3.16)
Yink — Yo = Mj N (C(y B — Cp) D —2C3) B)

~mn;(Cy D — C B — 2Cy B)

+ LHBA (my nie— mie ) = ( vic - he v H3.17)

Hence:

Theorem 3.3. In a three-dimensional Finsler space F?, a
special vector field of seventh kind is such that vy, is
skew-symmetric while vj, is non-symmetric in j and k
and satisfy equations (3.16) and (3.17) respectively.

IV. SOME CURVATURE PROPERTIES.
From equation (2.5), we can get
Qjnar = = N (Ij N+ e nj— Am; e + B he 1))
+he(bnj= I ny) + he(D I — Any),
which yields
Qe =Pk = 2 Nj(le hi =l hy)
+ (D I;— A ny)(hir — heg) 4.2)

To find the value of (hy, — hy), we find h-derivative of
My = n;j hy, which gives

Misgr — My = Ny (Nigr = Nl 4.2)

Substituting value of Left- hand side of (4.2) with the help
of equation (1.6) and multiplying the resulting equation by
n’ we get on simplification

Ny — higr = n mp Rpjkr +L*t Vp RPy (4.3)

If we find h-derivative of nj = - m; h and do the
similar calculation as for equation (4.3), we get

hk/r — hr/k =- mi np Rpijk + L-l Vp Rpkr (44)
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Comparing equations (4.3) and (4.4) we get
RPi (M, n'+n, m') = 0. (4.5)
Hence:

Theorem 4.1. In a three-dimensional Finsler space F?,
curvature tensor R, satisfies equation (4.5).

It is known that in F°, RPijk can be expressed as
Matsumoto [3]

RPiik = C0fgij R% + 8°%(Rij — ()R gi)}, (4.6)

therefore, from equations (4.5) and (4.6) on simplification
we can obtain

R% (m“m, +n*n,) = (1/2) R 4.7
Hence:

Theorem (4.2). In a three-dimensional Finsler space F°,
tensor RP, satisfies equation (4.7).

Putting value of left-hand side of equation (4.1) with
the help of equation (1.6), substituting value of (hy, — hy)
with the help of equation (4.3) and multiplying the resulting
equation by mj, we get on simplification

m ¢, R’ + L (D ny,+ 2B my) R’ =0 (4.8)

Hence:

Theorem 4.3. In a three-dimensional Finsler space F", the
curvature tensor R, for a special vector field of second
kind satisfies equation (4.8).

From equation (2.11), we can obtain the value of yj, —
Wik, Which after simplification leads to

RPue(@5 Mp N+ w7 85) + R%(L™ 05V, + ) = 0 (4.9)
Hence:

Theorem 4.4. In a three-dimensional Finsler space F°, the
curvature tensor Rpi,—k for a special vector field of third
kind satisfies equation (4.9).

Similarly, from equation (2.16), we obtain the value of
Ojiir — Ojrk Which on simplification leads to

RPur [2(B m; — D ny) n' m, + o, 8']
+ Rpkr [2(B m; — D nj) LEl Vp + (Dj//p] =0 (410)

Hence:
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Theorem 4.5. In a three-dimensional Finsler space F*, the
curvature tensor RP for a special vector field of fourth
kind satisfies equation (4.10).

In case of definition (3.1), for a vector a;, we obtain
value of o~ oy, Which on simplification leads to

R (0p 84 - n' My By) + RP (o — L™ v, Bj) = 0 (4.11)
Hence:

Theorem 4.6. In a three-dimensional Finsler space F°, the
curvature tensor RPj for a special vector field of fifth
kind satisfies equation (4.11).

In case of definition (3.2), for a vector Bj, we obtain
value of Bjur - B, Which on simplification leads to

R (Bp 85— o n' mp) + R (Bisp — L™ vp ) = 0 (4.12)

Theorem 4.7. In a three-dimensional Finsler space F°, the
curvature tensor Rpijk for a special vector field of sixth
kind satisfies equation (4.12).

© 2019, IISRMSS All Rights Reserved

Vol. 6(4), Aug 2019, ISSN: 2348-4519

In case of definition (3.3), for a vector y;, we can
observe that yj = 0. Hence:

Theorem 4.8. In a three-dimensional Finsler space F?,
tensor vjix, for a special vector field of seventh kind
satisfies yjigr = 0.

In subsequent research work we propose to study
properties of other curvature tensors, vis-a-vis different type
of special vector fields studied in a three - dimensional
Finsler space.
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