\\!’24// Mathematical and Statistical Sciences
, ¢

International Journal of Scientific Research in

Volume-5, Issue-5, pp.138-143, October (2018)

Research Paper

E-ISSN: 2348-4519

On Neutrosophic Semi-preopen Sets and Semi-preclosed Sets in a
Neutrosophic Topological Space

Renu Thomas®’, Anila. $2

! Department of Mathematics, Sree Narayana Guru College, K.G.Chavadi, Coimbatore-105, Tamil Nadu, India
“Sree Narayana Guru College, K.G.Chavadi, Coimbatore-105, Tamil Nadu, India

*Corresponding Author: renu7465@gmail.com Tel.:9497824758

Available online at: www.isroset.org
Received: 09/Sept/2018, Accepted:06/0ct/2018, Online: 31/0ct/2018

Abstract - In this paper we introduce the concept of Neutrosophic semi-preopen sets and Neutrosophic semi-preclosed sets in
Neutrosophic topological spaces. After giving the fundamental definitions of neutrosophic set, operations on a neutrosophic set
and neutrosophic topology, we introduce Neutrosophic semi-preopen sets and Neutrosophic semi-preclosed sets and some of

their properties are derived.
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l. INTRODUCTION

The concept of Fuzzy sets was introduced by Zadeh [10] in
1965 where each element had a degree of membership. Later
in 1986, K. Atanassov [1,2,3] introduced the concept of
Intuitionistic Fuzzy Set. It is a generalization of Fuzzy set
where, besides the degree of membership, a degree of non-
membership was also assigned to each element. The
Neutrosophic set was introduced by Florentin Smarandache
[4,5] as a generalization of Intuitionistic Fuzzy set. Later,
A.A.Salama and S.A.Albowi [7,8] introduced Neutrosophic
topological spaces.

This paper is organized as follows. The section 1
consists of some basic definitions and properties which are
used in later sections. In section 2, we define Neutrosophic
Semi-preopen sets and some of their properties are studied.
The section 3 deals with the definition and properties of
Neutrosophic semi- preclosed sets.

1.  PRELIMINARIES

In this section the basic definitions for Neutrosophic sets and
its operations are given.

© 2018, 1JCSE All Rights Reserved

Definition 2.1 [8] Let X be a non-empty fixed set. A
Neutrosophic set [NS for short] A is an object having the
form A={(x,uy(x),04x),y.(x)); x €X}  where
Ua(x),04(x) and yu(x) represents the degree of
membership function, the degree of indeterminacy and the
degree of non-membership function respectively of each
element x € X to the set A.

Remark 2.2 [8] A Neutrosophic set
A={{x,us(x),0,(x),v4(x) )} can be identified to an
ordered triplet {x, uy(x) ,04(x),y4(x) ) in]0,1* on X.

Remark 2.3 [8] For the sake of simplicity, we shall use the
symbol A=, pua(x),04(x),74(x))  for the
Neutrosophic set A = { {x, u (x),04(x),v4a(x)); x € X }.

Remark 2.4 [8] Every intuitionistic fuzzy set (IFS) A of a
non empty set X is a Neutrosophic set (NS) having the

form A= {{x,pa(x), 1= (pa(x) +va(x) ), va(x) ); x €
X}

In neutrosophic set theory, the empty set Oy and full set 1y
are defined as follows.

Oy may be defined as:
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0)O0n= {(x, 0,0,1) : x € X}
(0) 0= {(x, 0,1,1) : x € X}
(03) Oy= { (x, 0,1,0) : x €X}
(0) Oy= { (x, 0,0,0) : x €X}
1y may be defined as:

1) 1y= {(x, 1,0,0) : x € X}
(1) 1= {(x, 1,0,1) : x € X}
(1) In= {(x, 1,1,0) : x € X}
1) In={(x, 1,1,1) : x €X}

Definition 2.5 [8] The complement of a NS A=
(x, q(x),04(x),74(x)) on X denoted by C(A) can be
defined by any one of the following ways:

(C) CA) = {{(x, 1= pyu(x), 1 —0,4(x), 1 —ya(x) ) :
x€X}

(Cy) C(A) = {{x, ya(x), o4(x), pa (X)) : x € X }

(Ca) C(A) = {{x,74(x), 1 — 04(x), ua(x)) = x € X}

Definition2.6 [8] Let A = {{x, (%), 0,(x),y4(%)) : x € X}
and B ={{x, ug(x),05(x),yg(x)): xe X} be two
neutrosophic sets of a non empty setX. Then we may
consider two possible definitions for subsets (A < B)

A c B may be defined by any one of the following ways:

(1) A €B = pup(x) <pp(x),04(x) < ap(x)and

Ya@) Zyp(x)Vx €X
(2) A SBe pyux) <upg(x), o.(x) =0p(x)and

va(x) 2yp(x) Vx €X

Remark 2.7 [8] For any neutrosophic set A, the following
conditions holds:

(1) Oy S 4, Oy S0y
(2 AS 1y 1y € 1y

Definition 2.8 [8] Let X be any nonempty set, and A =

{{x, pa(x), 04(x), 74(x)) : x € X} and
B = (x, ug(x) ,05(x),ys(x) ) be two NSson X. Then,

(1) AnB may be defined by any one of the following
ways:

(@) AnB=

(6, 1a() N pp(x),04(x) A ag(x), and y4(x) V. yp(x))
()ANnB =

(x, 1a() A pp(x),04(x) V ap(x), and ya(x) V. yp(x))
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(2) A U B may be defined by any one of the following ways:

(a)AUB =
(x, 12XV pp(x),04(x) V og(x),and ya(x) A yp(x))

(b)AUB =
(X, 1a(x) V pp(x),04(x) Aog(x),and ya(x) A yp(x))

The operations of intersection and union can be generalized
to arbitrary family of NSs as follows:

Definition 2.9 [8]: Let {4; : i € I } be an arbitrary family of
NSs in X. Then,

(1) n;; A; may be defined by any one of the following ways
(@) Nier Ay = (0 Nier 1, (0 Nier 04,(X) Vi Ya, (X))

(b) Nier Ay = (X, N Ha; (XD, Vies 0a;(X)Vies Va; (X))

(2) U, A; may be defined by any of the following ways

(@) Uit Ay = (xVier tta,(X)Vier 04;(X)Nier Ya; (X))

() Vi Ai = (Vi a;, () Nier 04,(X) Nieg Va, (X))

Remark 2.10 [8] The following conditions are satisfied by
any two Neutrosophic sets A and B

(1) C(A nB)=CA)UCB)
(2) cAuB)=CA)NC(B)

Definition 2.11 [8] A neutrosophic topology [NT] on a
nonempty set X is a family 7 of neutrosophic subsets in X
satisfying the following axioms.

@ Oy,1y € T, (b)
GyN Gyetforany G, ,G, €T, ()
UG;et forevery{G;:i €J} €1

Then the pair (X,7) is called a neutrosophic topological
space [NTS].

Definition 2.12 [8]: Suppose t is a neutrosophic topology
on a non empty set X. Then elements of t are called
neutrosophic open sets [NOS] and the complement of a NOS
is called a neutrosophic closed set [NCS].

Example 2.13: Let X = {x} and A= {(x,0.3,0.7,0.8) :
x € X} B = {(x,0.5.0.6,0.3) : x € X} C =
{(x,0.5.0.7,0.3) : x € X} D = {(x,0.3.0.6,0.8) :
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xeX}
subsets of X.

be the neutrosophic

Then, the family 7 = {05,4,B,C,D,1,} of Neutrosophic
sets in X is a neutrosophic topology on X.

Definition 2.14 [8]: Suppose (X,7) is a NTS and A =
(x, g (x) , 04(x), 74(x) ) isa NS in X. Then the neutrosophic
closure and neutrosophic interior of A is defined as follows

NCI(A)=n {K:KisaNCSinXand A € K}.
NInt(A)=U {G:GisNOSinXand G S A}.
NCI(A) isaNCS and NInt(A) isa NOS in X.

Remark 2.15 [8] For any neutrosophic set A in a
NTS( X, 1), we have

(a) NCI(C(A)) = C(NInt(4)),
(b) NInt(C(A)) = C(NCL(A)).

Proposition 2.16 [8] Let (X,7) bea NTS and 4, B be two
NSs in X. Then the following conditions hold:

(a) NInt(A) < A, (b)
A S NCI(A), (©A ¢

B = NInt(A) <€ Nint (B), (d)

A € B = NCI(A) € NCL(B), (e)
NInt(NInt(A)) = Nint(A), ®
NCIU(NCL(A)) = NCL(A), (@)
Nint(A n B) = Nint(A) n NInt(B), (h)
NCI(AU B) = NCI(A) UNCI(B), (i)
NInt(0y) = Oy, ()]

Nint (1y) = 1y,

(KNCL(Oy) = Oy,

(N NCL(1y) = 1y, (m)
A € B = C(C(B) c(C(4), (n) NCI(A n

B) € NCI(A) n NCL(B), (o) Nint(A v

B) 2 Nint(A) U NInt(B).

Definition 2.17: [6,9] Let X be a NTS and A be a NS of X.
Then,

(@ A is said to be a neutrosophic semi open [NSO] set if
andonly if 4 © NCI(NInt(4))

(b) A is said to be neutrosophic semi closed [NSC] set if and
only if NInt(NCI(A)) < A
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(c) A is said to be a neutrosophic preopen [NPO] set if and
only if A € NInt(NCI(A))

(d) A is said to be a neutrosophic preclosed [NPC] set if and
only if NCI(NInt(A)) € A

III. NEUTROSOPHIC SEMI-PREOPEN SET IN A
NEUTROSOPHIC TOPOLOGICAL SPACE.

In this section, the neutrosophic semi-preopen set is
introduced and their properties are studied.

Definition 3.1: Let X be a NTS and A be a NS in X. Then, A
is said to be a neutrosophic semi-preopen [NSPO] set of X if

and only if A € NCI (NInt(NCl(A))).

Theorem 3.2 Let (X,t) be a NTS. Then the union of any
two NSPO sets in X is also a NSPO set in X.

Proof: Let A and B be any two NSPO sets of X.
Then, 4 < NCI (NInt(NCl(A))) and

B C NCI (NInt(NCl(B))) =AU

B € NCL(NInt(NCI(4))) U NCL (Nint(NCL(B)))

= NCI(NInt(NCI(A)) U NInt(NCL(B)))
[by proposition 1.16 (h)]
C NCI(NInt(NCI(A) UNCL(B)) )
[by proposition 1.16 (0)]
= NCI(NInt(NCI(AUB)))
[by proposition 1.16 (h)]
~ AUB S NCI(NInt(NCI(AU B)) ).
Therefore A U B isa NSPO set in X.

Corollary 3.3 Let (X,7) be a NTS. If {A }gen is @
collection of NSPO sets in X. Then, U, 4, is @ NSPO set
in X.

Proof: Let A, be a NSPO set for each «a € A. Then

for each aed, A, S NCl (NInt(NCl(Aa))) N

Uen Aa S Ugea NCL(NInt(NCL(A,))) =
NCL (Ugea NInt(NCI(4,)))
[by proposition 1.16 (h)]
< NCL(NInt(Ugean NCl(Aa)))
[by proposition 1.16 (0)]
= NCIL(NInt(Nel(Ugen A0)))
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[by proposition 1.16 (h)]
#Ugea A € NCL(NInt(Nel(Ugen Ao))).
Therefore, Ugea A, 1S @a NSPO set in X.

Remark 3.4: The intersection of any two NSPO sets of a
neutrosophic topological space need not be a NSPO set as
shown in the following example.

Example 3.5: Let X = {a, b} and

A = {(0.3,0.2,0.7 ) (0.4,0.1,0.5 )}

B = {(0.2,0.3,0.4)(0.5,0.4,0.5 )}

¢ = {(0.3,0.3,0.4)(0.5,0.4,0.5 )}

D = {(0.2,0.2,0.7 } (0.4,0.1,0.5 )}

Thent = {0y,4,B,C,D,1,}isaNTSon X. Let
A, = {(0.8,0.1,0.5 ) (0.4,0.2,0.7 }} and

A, ={(0.5,0.2,0.3)(0.6,0.5,0.3 )}.

Here, NCI (NInt(NInt(AI))) = 1,
and  NCI (NInt(NCl(AZ))) = 1,.

Therefore, A; and A, are NSPO sets of X.
But4; n A, = {(0.5,0.1,0.5)0.4,0.2,0.7)} is not a NSPO
setin X.

Theorem 3.6: Let A be a NSPO set in a NTS X and
suppose A € B € NCI (A). Then B isa NSPO set in X.

Proof: A4 is a NSPO set.
+ A € NCL(NInt(NCI(4)))

= NCI(A) € NCl (NCl (NInt(NCl(A))))

= Nci(Nmt(NClL(A)))
[by proposition 1.16 (f) ]
~ NCI(4) < NcCl (NInt(NCl(A)))
Given, A © B < NCI (A). Hence it follows that
B < NCI(NInt(NCI(4))).
Wehave A ©B
-~ NCl (NInt(NCl(A))) c Nci(Nint(NCL(B)))
[ by proposition 1.16 (c)and1.16 (d)]
~ BC NCI (NInt(NCl(B))).
B is a NSPO set.

Hence

Theorem 3.7: Every NPO setina NTS X is a NSPO set.

Proof: Let A be a NPO set.
A € NInt(NCI(4))

Then
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NCI(A) € NCL (NInt(NCL(A)))

[by proposition 1.16 (d)] We

have A € NCI(A) Therefore,
4 < Nt (Nit(NCl(4)) )

NSPO set in X.

Hence A isa

Remark 3.8: Converse of the above theorem need not be
true as shown in the example below.

Example 3.9: Let X = {a, b} and

A = {(0.3,0.2,0.7 ) {(0.4,0.1,0.5 )}

B = {(0.2,0.3,0.4)(0.5,0.4,0.5 )}

¢ = {(0.3,0.3,0.4 )(0.5,0.4,0.5 )}

D = {(0.2,0.2,0.7 ) (0.4,0.1,0.5 )}

Thent = {0y,4,B,C,D,1,}isaNTSon X. Let
P = {(0.3,0.5,0.4) (0.3,0.4,0.6) }

Then, P isaNSPO setin X but nota NPO set.

Theorem 3.10: Every NSO set in a NTS X is a NSPO set in
X.

Proof: Suppose A is a NSO set.
Then, A € NCI(NInt(4))
we have A € NCI(A)
= NCI(NInt(4)) € NCI (NInt(NCl(A)))
[by proposition 1.16 (c)and1.16(d)]
Hence it follows that A < NCI (NInt(NCl(A)))
~ Ais a NSPO set.

Remark 3.11: Converse of the above theorem need not be
true as shown in the following example:

Example 3.12: Let X = {a, b} with

A = {(0.3,0.5,0.4) (0.6,0.2,0.5) }

B = {(0.2,0.6,0.7) (0.5,0.3,0.1) }

C = {(0.3,0.6,0.4) (0.6,0.3,0.1) }

D = {(0.2,0.5,0.7 ¥{0.5,0.2,0.5) } 7=
{oy,A,B,C,D, 1, } is a neutrosophic topology on X.

Then, P = {(0.4,0.6,0.4) (0.5,0.3,0.4) } is a NSPO set but
not a NSO set.

Theorem 3.13: Every NOS ina NTS X isa NSPO setin X.

Proof: Suppose A is a NOS in X. As every NOS is a NSO
set, from theorem 3.10 it easily follows that A is a NSPO set.
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Remark 3.14: Converse of the above theorem need not be
true as shown in the example below:

Example 3.15: Let X = {a, b, c} with

A = {(0.4,0.5,0.2) (0.3,0.2,0.1) {0.9,0.6,0.8) }

B = {(0.2,0.4,0.5) (0.1,0.1,0.2) (0.6,0.5,0.8) } T
{0y, 4, B, 1y } is a neutrosophic topology on X. Then,

¢ = {(0.5,0.6,0.1) (0.4,0.3,0.1) (0.9,0.8,0.5) } is a NSPO
set but not a NSO set.

IV. NEUTROSOPHIC SEMI-PRECLOSED SETS IN
NEUTROSOPHIC TOPOLOGICAL SPACES.

In this section we introduce the concepts of the neutrosophic
semi-preclosed sets and some of their properties are studied.

Definition 4.1: A neutrosophic set A of a NTS X is aid to be

a neutrosophic semi-preclosed set in X if and only
if Nnt (NCI(NInt(4))) < A,

Theorem 4.2: Let (X,7) be a NTS and Abe a NS of X.
Then, A isa NSPC set if and only if C(A) is a NSPO set.
Proof: Suppose A isa NSPC setin X. Then,
Nint (NCI(NInt(A))) € A taking
compliments on both sides, we get C(A) <
c (Nlnt (Net(Nime(a )))) -
net (Nime (Nei(e)))

[by remark 1.15]
- C(4) € NCI (Nlnt (NCl(C(A))))

hence C(A4) is NSPO set in X.
Conversely suppose C(A) isa NSPO set in X. Then,

C(4) € NCl (Nlnt (NCl(C(A))))

taking compliments on both sides, we get

C (NCZ (Nlnt (NCl(C(A))))) ca

= Nint (NCU(NInt(4))) € 4

[by remark 1.15]
hence it follows that A isa NSPC set in X.

Theorem 4.3: Let ( X, 7) be a NTS. Then, the intersection of
any two NSPC sets in X is also a NSPC set.
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Proof: Let A and B be two NSPC sets in X. Then,
Nint (NCI(NInt(4))) €A and

Nint (NCI(NInt(B))) < B
Therefore,
Nint (NCZ(NInt(A))) N Nint (NCl(Nint(B))) CANB

now by using proposition 1.16 (g) and 1.16 (n), we get
Nint (NCZ(NInt(A n B))) CANB.
Hence, A N B is a NSPC set.

Remark 4.4: The union of two NSPC sets in a NTS X need
not be a NSPC as shown in the following example.

Example 4.5: Let X = { a } with

A= {(0.2,050.3)} B=
{(0.1,0.5,0.7) }.

Then, T = {0y,4,B,1, } is a neutrosophic topology on X.
Let A, = {(0,0.5,0.8) }and 4, = {(0.1,0.2,0.3) }.
NInt(A,) = 0y and NInt(A,) =0y .

Hence, A, and A, are NSPC sets in X but A; U A, isnota
NSPC set.

Theorem 4.6: Every NPC set ina NTS X is a NSPC set.

Proof: Suppose A4 is a NPC set.

Then, NCI(NInt(4)) < A.

Now, by using proposition 1.16 (c), we get

Nint (NCI(NInt(A))) C Nint (4)

NInt(A) c A.

Hence it follows that Nint (NCl(NInt(A))) cA
Thus we get that A is a NSPC set.

we have

Remark 4.7: The converse of the above theorem need not
be true as shown by the following example.

Example 4.8: Let X = { a } with

A= {(0.4,05,0.3)},B = {(0.1,0.5,0.5) }.

Then, 7= {0y,4,B,1y} isa neutrosophic topology on
X.Let C = {(0.3,0.6,0.5) }. Then, C is a NSPC set but not a
NPC set.

Theorem 4.9: Every NSC set ina NTS X is a NSPC set.

Proof: Suppose A isa NSC set in X.

Then, NInt(NCL(A)) < A.

We have Nint(4) < A.

Therefore by using proposition 1.16(c) and 1.16(d), it
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follows that
Nint (NCI(NInt(4))) € Nint(NCI(4)) Therefore,
Nint (NCI(NInt(4))) € A. Thus we get

that A is a NSPC set.

Remark 4.10: The converse of the above theorem need not
be true as shown in the example below.

Example 4.11: Let X = { a } with

A= {(0.2,0.503)},B = {(0.1,0.5,0.7) }.

Then, 7= {0y, A4,B,15} isa neutrosophic topology on
X.LetA; ={(0,0.5,0.8) }. A; isa NSPC set but not a NSC
set.

Theorem 4.12: Every NCS in X is a NSPC set.

Proof: Suppose A is a NCS set in A. As every NCS set is a
NSC set, it follows from the above theorem 4.9 that A is a
NSPC set

Remark 4.13: The converse of the above theorem need not
be true as shown in the following example.

Example 4.14: Let X = {a, b, ¢} with

A = {(0.5,0.6,0.3) (0.1,0.7,0.9) (1,0.6,0.4) }

B = {(0,0.4,0.7) (0.1,0.6,0.9) {0.5,0.5,0.8) } T
{0y, 4, B, 1, } is a neutrosophic topology on X. Then,

¢ = {(0.2,0.4,0.9) (0,0.2,0.9) (0.3,0.2,1) } is a NSPC set
but not a NCS.

Theorem 4.15: If A is NSPC set in a NTS X and
suppose NInt(A) € B < A, then B is also a NSPC set in X.

Proof: A isa NSPC set. ». NInt (NCl(NInt(A))) cA
Then by proposition 1.16 (c) and 1.16 (e) we get

Nint (NCl(NInt(A))) C NInt (4).

Given NInt (A) € B.

Hence it follows that Nint (NCl(NInt(A))) c B.

Also, B € A. - by using proposition 1.16 (c) and 1.16 (d)
Nint (NCl(NInt(B))) C Nint (NCl(NInt(A)))

Thus, Nint (NCl(NInt(B))) cB

Hence B isa NSPC set.

V. CONCLUSION

The basic aim of this paper is the introduction of two new
sets — the semi-preopen set and the semi-preclosed set in a
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neutrosophic topological space. Then certain properties of
these sets have been studied in detail.
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