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Abstract— A Graph G is said to be harmonious if there exist an injection f : V(G)→ Zq such that the induced function              

f *: E(G) → Zq defined by f *(uv) = (f(u) + f(v)) (mod q) is a bijection. Let G be a (p, q) graph. If there exists a mapping          

f: V(G) →{ 0,1, …., p-1} such that the induced function f* : E(G) → N given by f*(uv) = f(u) +2 f(v) for every uv E(G) are all 

distinct where u,v ≥ 0, then the function f is called a Pell labeling. In this paper, we proved that the extended duplicate graph of 

arrow graph and splitting graph of path admits harmonious and pell labeling. 
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I.  INTRODUCTION  

For an extensive survey on graph labeling and bibliographic 

references we refer to J.A.Gallian[1]. Graham and Sloane[2] 

proved that Km,n is harmonious if and only if m or n = 1. 

Harmonious graphs naturally arose in the study of modular 

version of error-correcting codes and channel assignment 

problems. Lots of research work is been carried out in the 

labeling of graphs in past few work since the first initiated by 

A.Rosa[3]. The concept of duplicate graph was introduced by 

E.Sampthkumar and he proved many results on it [4]. 

Shiama [5] defined a new labeling called Pell labeling. 

K.Thirusangu,B.Selvam and P.P.Ulaganathan[6] have proved 

that the extended duplicate graph of twig graphs is cordial 

and total cordial .   

II. PRELIMINARIES 

 Let G(V,E) be a finite, simple and undirected graph 

with p vertices and q edges.    

Definition 2.1: Arrow Graph:   An arrow graph  
n

mA   with 

width  ‘n’ and  length ‘m’  is obtained  by joining a vertex ‘v’ 

with superior vertices of  𝑃t ×𝑃m  by ‘ t’ new edges from one 

end.  Clearly it has 2m+1 vertices and 3m edges.    

Illustration 1:  Arrow Graph 

 

    

 

                   

            

 

 

                      Fig: 2
2A  

Definition 2.2: Duplicate Graph:  Let G (V,E) be a simple 

graph and the duplicate graph of G is DG (V1, E1) ,where the 

vertex set V1 = V  V and V  V =  and f : V  V is 

bijective (for v  V, we write f (v) = v for convenience) and 

the edge set E1 of DG is defined as  the edge ab is in E if and 

only if both ab and ab are edges in E1. 

 

Definition 2.3:Extended duplicate graph of Arrow graph:  

Let DG (V1, E1) be a duplicate graph of the arrow graph 

G(V,E). Extended duplicate graph of arrow graph is obtained 

by adding the edge v2 2v  to the duplicate graph. It is denoted 

by EDG (
2

mA ). Clearly it has 4m+2 vertices and 6m+1 

edges, where ‘m’ is the number of length.  

Illustration 2:  Extended Duplicate Graph of Arrow 

Graph 

 

 

  EDG (
2

2A ) 

Definition 2.4: Splitting graph:  For each vertex v of a 

graph G, take a new vertex v. Join v to all the vertices of G 

 

  

 

 v1 

v2 v4 

v3 v5 
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adjacent to v. The graph Spl(G) thus obtained is called 

splitting graph of G. 

 

Illustration 3:  The Splitting Graph of Path SPL(P6) 

 

 
      Spl(P6) 

 

Definition 2.5: Extended duplicate graph of splitting 

graph of path:  Let DG = (V1,E1) be a duplicate graph of 

splitting graph of  path  G(V,E).  Extended duplicate graph of 

splitting graph of path is obtained by adding the edge v2v'2 to 

the duplicate graph. It is denoted by EDG Spl(Pm). Clearly it 

has 4m vertices and 6m-5 edges, where 2m  is the 

number of length.  

Illustration 4:  Extended Duplicate Graph of Splitting 

Graph of a Path  

 
       EDG(Spl(P3)) 

 

Definition 2.6: Harmonious Labelling: Let G be a graph 

with q edges. A function f is called harmonious labeling of 

graph G if f: V  {0, 1, 2,,,,q-1} is injective and the induced 

function f*: E  {0, 1, 2,,,,,,q} defined as f*( uv) = (f(u) + 

f(v))(mod q) is bijective. A Graph which admits harmonious 

labelling  is called harmonious graph  

 

Definition 2.7: Pell Labeling :Let G be a graph with vertex 

set V and edge set E and let f be function from V to 

{0,1,2,.…….p-1}. Define f* : E→ N such that for any 

uiu'i∈E, f* (uiu'i) = f(ui)+2f(u'i).   

III. MAIN RESULTS 

3.1   Harmonious labeling    

 

Algorithm: 3.1.1 

Procedure [Harmonious labeling for EDG (
2

mA ), m 2] 

V  {v1, v2, … ,v2m, v2m+1, v’1, v’2, … ,v’2m, v’2m+1} 

E  {e1, e2, …., e3m, e3m+1, e1’, e2’, …., e3m’. } 

                 v1  0 , v2  2 , v3  6m 

                 v1
’
 6m-3 , v2

’
 6m+1, v3

’
 1 

for   i = 0 to [(m-2)/2]  do 

             v4+4i   6m-2-6i 

             v5+4i   6+6i 

             v’4+4i  3+6i 

             v’5+4i  6m-5-6i 

end for 

for   i = 0 to [(m-3)/2]  do 

             v6+4i   8+6i 

             v7+4i   6m-6-6i 

             v’6+4i  6m-7-6i 

             v’7+4i  7+6i 

end for 

end procedure  

Theorem 3.1.1: The extended duplicate graph of arrow 

graph
2

mA , m  2 is harmonious. 

Proof:  Let  
2

mA  , m  2 be a arrow graph. Let EDG (
2

mA ), 

m  2 be the extended duplicate graph of arrow graph. In 

order to label the vertices, define a function  

f : V (G) → {0,1,2,.... q} as given in algorithm 3.1.1  as 

follows: 

 f (v1) = 0 ,  f (v2) = 2 ,  f (v3) = 6m ,   

f (v1’) = 6m-3 ,  f (v2’) = 6m+1 ,  f (v3’) = 1 

For  0  i  [(m-2)/2], 

     f (v4+4i )  =  6m-2-6i 

     f (v5+4i )  =  6+6i 

     f (v’4+4i)  =  3+6i 

     f (v’5+4i)  =  6m-5-6i 

 

For  0  i  [(m-3)/2], 

     f (v6+4i )  =   8+6i 

     f (v7+4i )  =   6m-6-6i 

     f (v’6+4i)  =   6m-7-6i 

     f (v’7+4i)  =   7+6i 

 

Thus the entire 4m+2 vertices are labeled. 
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Now to compute the edge labeling, we define the induced 

function f 
*
: E(G) → Zq defined by  

f 
*
(uv) = (f(u) + f(v)) (mod q)  

 

The edge functions are as follows:    

                                        
 

 f * (e1)  = 0 , f * (e2) = 1 ,  f * (e3) = 3 ,   

f * (e’1) = 6m-1, f * (e’2) =  6m-4 ,  

 f * (e’3) = 6m , f * (e’4) = 6m-2 , f * (e3m+1) = 2    

For  0  i  [(m-2)/2],   

f * (e4+6i)  = 5+12i , f * (e5+6i) =  6m-6-12i   , 

f * (e6+6i)  = 6m-8-12i ,f * (e’5+6i)  = 7+12i      
 

f * (e’6+6i)  = 9+12i      

For  0  i  [(m-3)/2],   
f * (e7+6i)   =  6m-10-12i  , f * (e8+6i)   =  13+12i  , 

f * (e9+6i)   =  15+12i  , f * (e’7+6i)  =  11+12i  , 

f * (e’8+6i)  =6m-12-12i  , f * (e’9+6i)  =  6m-14-12i   

For  0  i  [(m-4)/2],    

f * (e’10+6i)  =  6m-16-12i            

Thus the entire 6m+1 edges are labeled 0, 1, 2,...,6m  which 

are all distinct.  

Hence the extended duplicate graph of arrow graph
2

mA , m  

2 admits harmonious labeling.
  

Algorithm: 3.1.2  

 

Procedure [Harmonious labeling for EDG(Spl(Pm)),m  2]  

V  {v1, v2, … ,v2m, v2m, v’1, v’2, … ,v’2m, v’2m} 

E  { e1, e2, ….,e3m-3, e3m-2, e’1.,e’2,….,e’3m-3 } 

                 v1  2; v2  0;  

                 v
’
1 6m-7; v

’
2 6m-5;  

for   i = 0 to [(m-2)/2]  do 

             v3+4i   6m-6-6i 

             v4+4i   6m-8-6i 

             v’3+4i  1+6i 

             v’4+4i  3+6i 

end for 

for   i = 0 to [(m-3)/2]  do 

             v5+4i   8+6i 

             v6+4i   6+6i 

             v’5+4i  6m-7-6i 

             v’6+4i  6m-5-6i 

end for 

end procedure  

Theorem 3.1.2: The extended duplicate graph of splitting 

graph of path graph Spl(Pm),  m  2 is harmonious. 

Proof: Let EDG(Spl(Pm)), m  2 be the extended duplicate 

graph of splitting graph of path graph. In order to label the 

vertices, define a function f: V  {0,1,2,.... q} as given in 

algorithm 3.1.2 as follows:  

f (v1) = 2,  f (v2) = 0 ,  f (v’1) = 6m-7 ,  f (v’2) = 6m-5 

For  0  i  [(m-2)/2], 

     f (v3+4i )  =  6m-6-6i 

     f (v4+4i )  =   6m-8-6i 

     f (v’3+4i)  =  1+6i 

     f (v’4+4i)  =  3+6i 

For  0  i  [(m-3)/2], 

     f (v5+4i )  =   8+6i 

     f (v6+4i )  =   6+6i 

     f (v’5+4i)  =   6m-7-6i 

     f (v’6+4i)  =   6m-5-6i 

Thus the entire 4m vertices are labeled. 

Now to compute the edge labeling, we define the induced 

function f 
*
: E(G) → Zq defined by  

f 
*
(uv) = (f(u) + f(v)) (mod q)  

The edge functions are as follows:                                           
 

f * (e1)  = 3  ,  f * (e2) =   5  ,  f * (e3) =   1 ,   

f * (e’1) = 6m-8 ,   f * (e’2) =  6m-10 ,  

 f * (e’3) = 6m-6 , f * (e3m-2)  =  0    

For  0  i  [(m-3)/2], 
 

f * (e4+6i)   =  6m-14-12i     
 

f * (e5+6i)   =  6m-12-12i     
 

f * (e6+6i)   =  6m-16-12i      

For  0  i  [(m-4)/2], 
 

f * (e7+6i)   = 15+12i     
 

f * (e8+6i)   =  17+12i      
 

f * (e9+6i)   =  13+12i     

For  0  i  [(m-3)/2], 
 

f * (e’4+6i)  =  9+12i       
 

f * (e’5+6i)  = 7+12i              
 

f * (e’6+6i)  = 11+12i      

For  0  i  [(m-4)/2], 
 

f *('e’7+6i)   =   6m-20-12i            
 

f * (e’8+6i)   =  6m-22-12i   
 

f * (e’9+6i)   =  6m-18-12i    

Thus the entire 6m-5 edges are labeled 0,1,2,3,...,6m-6  

which are all distinct.  

Hence the extended duplicate graph of splitting graph of path 

graph EDG(Spl(Pm)), m  2 admits harmonious labeling.
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3.2  Pell labeling        

 

Algorithm: 3.2.1  

Procedure [Pell labeling for EDG (
2

mA ), m 2] 

V  {v1, v2, … ,v2m, v2m+1, v’1, v’2, … ,v’2m, v’2m+1} 

E  {e1, e2, …., e3m, e3m+1, e1’, e2’, …., e3m’} 

                 v1  0; v2  5; v3  2 

                 v
’
1 4; v

’
2 3; v

’
3 1 

for   i = 0 to [(m-2)/2]  do 

             v4+2i   8+4i 

             v5+2i   7+4i 

             v’4+2i  6+4i 

             v’5+2i 9+4i 

end for 

end procedure  

 

Theorem 3.2.1 : The extended duplicate graph of arrow 

graph
2

mA , m  2 admits pell labeling. 

Proof:  Let  
2

mA  , m  2 be a arrow graph. Let EDG (
2

mA ), 

m  2 be the extended duplicate graph of arrow graph.  

In order to label the vertices, define a function  

f : V(G) → {0,1,2,……,p-1} as given in algorithm 3.2.1  as 

follows:  

      f (v1) = 0 ,  f (v2) = 5 ,  f (v3) = 2 ,  f (v’1) = 4 ,  f (v’2) = 3,  

f (v’3) = 1 

For  0  i  [(m-2)/2],   

f(v4+2i )= 8+4i,  

f( v5+2i  )= 7+4i,  

f( v’4+2i )= 6+4i,  

f( v’5+2i )=9+4i 

Thus the entire 4m+2 vertices are labeled. 

Now to compute the edge labeling, we define the induced 

function f* : E→ N such that for any uiu’i∈E,   

f* (uiu’i) = f(ui)+2f(u’i). 

The edge functions are as follows:                                     
 

 

f * (e1)  = 6   ,  f * (e2) =   2  ,  f * (e3) =   7 ,   

f * (e4)  =  17  ,  f * (e5) =   20  ,   

f * (e’1) = 13 ,   f * (e’2) =  10, f * (e’3) = 8  ,  

f * (e’4) = 14 ,  f * (e’5) =  9 , f * (e3m+1)  =   11  

For  0  i  [(m-2)/2],  

f * (e6+3i)   =  26+12i    ,f * (e’6+3i)  = 19+12i    

For  0  i  [(m-3)/2], 
 

f * (e7+3i)   =  28+12i,f * (e8+3i)   =  33+12i, 

f * (e’7+3i)  =24+12i   ,f * (e’8+3i)  = 29+12i   

Thus the entire 6m+1 edges are all distinct. Hence the 

extended duplicate graph of arrow graph
2

mA , m  2 admits 

pell labeling.
  

 

Illustration 5: Harmonius and Pell Labeling for the 

Extended Duplicate Graph of Arrow Graph
 

EDG(A5
2 )                                           EDG(A6

2)                                                                           

(HARMONIOUS LABELING)                (PELL LABELING) 

Algorithm: 3.2.2    

Procedure [Pell labeling for EDG(Spl(Pm)),  m  2] 

V  {v1, v2, … ,v2m, v2m, v’1, v’2, … ,v’2m, v’2m} 

E  { e1, e2, ….,e3m-3, e3m-2, e1’,e2’,….,e3m-3’ } 

                 v1  0 , v2  3  

                 v
’
1 2 , v

’
2 1  

for   i = 0 to [(m-2)/2] do    

             v3+2i   4+4i 

             v4+2i   5+4i 

             v’3+2i  6+4i 

             v’4+2i  7+4i 

end for 

end procedure  

Theorem 3.2.2 : The extended duplicate graph of splitting 

graph of path graph Spl(Pm),  m  2 admits  pell labeling. 

Proof: Let EDG (Spl(Pm)), m  2 be the extended duplicate 

graph of splitting graph of path graph. In order to label the 
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vertices, define a function f: V(G)  {0,1,2,......,p-1} as 

given in algorithm 3.2.2  as follows:  

f (v1) = 0,  f (v2) = 3 ,  f (v’1) = 2,  f (v’2) = 1 

For  0  i  [(m-2)/2],   

f (v3+2i )  =  4+4i,     f (v4+2i )  =  5+4i,     f (v’3+2i)  =  6+4i ,     

f (v’4+2i)  =  7+4i 

Thus the entire 4m vertices are labeled.Now to compute the 

edge labeling, we define the induced function f* : E→ N 

such that for any uiu’i∈E, f* (uiui’) = f(ui)+2f(ui’). 

The edge functions are as follows:                                           
 

 f * (e1)  = 12  ,  f * (e2) =   14  ,  f * (e3) =   15 ,  

 f * (e’1) = 8 ,   f * (e’2) =  9 ,  

 f * (e’3) = 6 ,    f * (e3m-2)  =  5    

For  0  i  [(m-3)/2],   
f * (e4+3i)   =  24+12i        

 
f * (e5+3i)   =  26+12i              

 
f * (e6+3i)   =  25+12i              

 
f * (e’4+6i)  =  20+12i              

 
f * (e’5+6i)  =  21+12i              

 
f * (e’6+6i)  =  22+12i    

 

Thus the entire 6m-5 edges are all distinct. Hence the 

extended duplicate graph of splitting graph of path graph 

EDG(Spl(Pm)), m  2 admits pell labeling.
  

 

Illustration 6: Harmonius and Pell Labeling for Extended 

Duplicate Graph of Splitting Graph of Path
 

  

             EDG(Spl(P6))                EDG(Spl(P5))                                                

(HARMONIOUS LABELING)        (PELL LABELING)

  

                                IV. CONCLUSION 

 

In  this  paper,  we  presented  algorithms and  prove  that  

the  extended duplicate  graph of  arrow  graph  and splitting 

graph of path  admits  harmonious and  pell labeling. 
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