Mathematical and Statistical Sciences

D isRoseT ™ 8

International Journal of Scientific Research in

Volume-5, Issue-6, pp.152-156, December 2018

Research Paper

E-ISSN: 2348-4519

Harmonious and Pell Labeling for Some Extended Duplicate Graph

R. Avudainayaki'’, B. Selvam?

! Department of Mathematics,Sri Sairam Institute of Technology, Chennai, India
2 Department of Mathematics, S.1.V.E.T.College, Gowrivakkam, Chennai, India

*Corresponding author: avuramesh2004@gmail.com, Telephone: 7708001593
Available online at: www.isroset.org

Received: 27/Nov/2018, Accepted: 24/Dec/2018, Online: 31/Dec/2018

Abstract— A Graph G is said to be harmonious if there exist an injection f : V(G)— Zq such that the induced function
f *: E(G) — Zq defined by f *(uv) = (f(u) + f(v)) (mod q) is a bijection. Let G be a (p, q) graph. If there exists a mapping
f: V(G) —»{ 0,1, ...., p-1} such that the induced function * : E(G) — N given by f*(uv) = f(u) +2 f(v) for every uv E(G) are all
distinct where u,v > 0, then the function f'is called a Pell labeling. In this paper, we proved that the extended duplicate graph of
arrow graph and splitting graph of path admits harmonious and pell labeling.
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l. INTRODUCTION

For an extensive survey on graph labeling and bibliographic
references we refer to J.A.Gallian[1]. Graham and Sloane[2]
proved that Km,n is harmonious if and only if m or n = 1.
Harmonious graphs naturally arose in the study of modular
version of error-correcting codes and channel assignment
problems. Lots of research work is been carried out in the
labeling of graphs in past few work since the first initiated by
A.Rosa[3]. The concept of duplicate graph was introduced by
E.Sampthkumar and he proved many results on it [4].
Shiama [5] defined a new labeling called Pell labeling.
K.Thirusangu,B.Selvam and P.P.Ulaganathan[6] have proved

that the extended duplicate graph of twig graphs is cordial
and total cordial .

Il. PRELIMINARIES

Let G(V,E) be a finite, simple and undirected graph
with p vertices and g edges.

Definition 2.1: Arrow Graph: An arrow graph Ar”n with

width ‘n” and length ‘m’ is obtained by joining a vertex v’
with superior vertices of Py xPn, by ‘ t’ new edges from one
end. Clearly it has 2m+1 vertices and 3m edges.

llustration 1: Arrow Graph
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Definition 2.2: Duplicate Graph: Let G (V,E) be a simple
graph and the duplicate graph of G is DG (V,, E;) ,where the
vertex set Vi=VuVandVnV =¢andf:V > V'is
bijective (for v e V, we write f (v) = v’ for convenience) and
the edge set E; of DG is defined as the edge ab is in E if and
only if both ab“and a b are edges in E;.

Definition 2.3:Extended duplicate graph of Arrow graph:
Let DG (Vi, E;) be a duplicate graph of the arrow graph
G(V,E). Extended duplicate graph of arrow graph is obtained

by adding the edge v, V; to the duplicate graph. It is denoted

by EDG (Aﬁ1 ). Clearly it has 4m+2 vertices and 6m+1
edges, where ‘m’ is the number of length.

llustration 2:
Graph

Extended Duplicate Graph of Arrow

EDG (A,%)

Definition 2.4: Splitting graph: For each vertex v of a
graph G, take a new vertex v'. Join V' to all the vertices of G
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adjacent to v. The graph Spl(G) thus obtained is called
splitting graph of G.

lllustration 3: The Splitting Graph of Path SPL(P¢)

'S | ? Vo ? V3 ? V4 ? vs® Vi ?

Vi V2 V3 Vi V5 v

Spl(Pe)

Definition 2.5: Extended duplicate graph of splitting
graph of path: Let DG = (V,E;) be a duplicate graph of
splitting graph of path G(V,E). Extended duplicate graph of
splitting graph of path is obtained by adding the edge v,v'; to
the duplicate graph. It is denoted by EDG Spl(P,,). Clearly it
has 4m vertices and 6m-5 edges, where m>2 is the
number of length.

Ilustration 4:
Graph of a Path

Extended Duplicate Graph of Splitting

EDG(SpI(P3))

Definition 2.6: Harmonious Labelling: Let G be a graph
with g edges. A function f is called harmonious labeling of
graph Gif f: V — {0, 1, 2,,,,-1} is injective and the induced
function f*: E — {0, 1, 2,,,,,,q} defined as f*( uv) = (f(u) +
f(v))(mod q) is bijective. A Graph which admits harmonious
labelling is called harmonious graph

Definition 2.7: Pell Labeling :Let G be a graph with vertex
set V and edge set E and let f be function from V to
{0,1,2,........ p-1}. Define f* : E— N such that for any
Uu'ieE, f* (uu'y) = f(u;)+2f(u’).
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1. MAINRESULTS
3.1 Harmonious labeling

Algorithm: 3.1.1
Procedure [Harmonious labeling for EDG (Arzn ), m>2]
V <~ {Vl! VZ: .. <LV ,Zm! V’2m+1}

(3 e3m’~ }

. Vomy Vo1, V1, Vo, ..
E<«{es ey ...., €3m €3ms1, €1, €2, ..
Vi< 0,V 2,V3¢6m
Vi ¢ 6M-3, v, « 6m+1, vz« 1
for i=0to[(m-2)/2] do
Vgigi < 6M-2-6i

Ve44i <— 6+6i
V 444i < 3+6i
V’544i < 6M-5-6i
end for
for i=0to[(m-3)/2] do
Vessi < 8+6i

V744i < 6m-6-6i

Vgrai € 6m-7-6i

V’7+4i <« T+6i
end for

end procedure

Theorem 3.1.1: The extended duplicate graph of arrow
graph A2m , M > 2 is harmonious.

Proof: Let Ai , m > 2 be a arrow graph. Let EDG (Arzn ),

m > 2 be the extended duplicate graph of arrow graph. In
order to label the vertices, define a function

f:V (G) — {0,1,2,... q} as given in algorithm 3.1.1 as
follows:

f(v)=0, f(vp)=2, f(v) =6m,
f(vy)=6m-3, f(v;)=6m+l, f(v3)=1
For 0<i<[(m-2)/2],

f (V4+4i ) = 6m-2-6i
f(Vsigi) = 646i
f (V’4+4i) = 3+46i
f (V’5+4i) = 6m-5-6i

For 0 <i<[(m-3)/2],
f (V6+4i ) = 8+6i
f (V7+4i ) = 6m-6-6i
f (V)6+4i) = 6m-7-6i
f (V’7+4i) = 746i

Thus the entire 4m+2 vertices are labeled.
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Now to compute the edge labeling, we define the induced
function f ": E(G) — Zq defined by
f(uv) = (f(u) + f(v)) (mod q)

The edge functions are as follows:

f*(e)) =0,F*(ex)=1, f*(e5) =3,
f*(e’)=6m-1,f*(e’) = 6m-4,

f*(e’g) =6m, f*(€’4) =6m-2,f* (83m+1) =2
For 0<i<[(m-2)/2],

f* (e446)) =5+12i, f* (€546) = 6M-6-12i

f* (egrgi)) =6mM-8-12i f * (e’s51g) = 7+12i

f* (e’s6i) =9+12i

For 0<i<[(m-3)/2],

f*(e746) = 6M-10-12i ,f* (egsq) = 13+12i ,
f* (eg+6i) = 15+12i ,f* (e ,7+6i) = 11+12i ,

f* (e I8+6i) =6m-12-12i ,f* (e ]9+6i) = 6m-14-12i
For 0 <i<[(m-4)/2],

f* (e'10+6)) = 6M-16-12i

Thus the entire 6m+1 edges are labeled 0, 1, 2,...,6m which
are all distinct.

Hence the extended duplicate graph of arrow graph AZm , m>
2 admits harmonious labeling.

Algorithm: 3.1.2

Procedure [Harmonious labeling for EDG(Spl(P,,)),m = 2]

Vo {Vy, Vo, ... Vom, Vom, V', V72 oV om, Vom}

E«{eney....eam3 €am2 €°1.,872,.....€ am3 }
Vi< 2; V< 0;
V 14— 6M-7; V < 6m-5;

for i=0to[(m-2)/2] do
V314i < 6m-6-6i
Vatai < 6m-8-6i

V’3+4i « 1+6i
V’4+4i <« 3+6i

end for

for i=0to[(m-3)/2] do
V544 < 8+6i
Vesgi <— 6+6i

V’5+4i < 6m-7-6i
v}6+4i < 6m-5-6i
end for

end procedure

Theorem 3.1.2: The extended duplicate graph of splitting
graph of path graph Spl(P,), m > 2 is harmonious.
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Proof: Let EDG(Spl(Py)), m > 2 be the extended duplicate
graph of splitting graph of path graph. In order to label the
vertices, define a function f: V — {0,1,2,.... q} as given in
algorithm 3.1.2 as follows:

fv)=2, f(vp)) =0, f(vy)=6m-7, f(v’,) =6m-5
For 0<i<[(m-2)/2],
f(V3+4i) = 6m-6-6i
f(V4+4i) = 6m-8-6i
f(v'3u) = 1461
f(v4eai) = 3+6i
For 0 <i<[(m-3)/2],
f(Vsigi) = 8+6i
f(Veisi) = 6+6i
f (V ,5+4i) = 6m-7-6i
f (V ’6+4i) = 6m-5-6i
Thus the entire 4m vertices are labeled.
Now to compute the edge labeling, we define the induced
function f *: E(G) — Zq defined by
f "(uv) = (f(u) + f(v)) (mod q)
The edge functions are as follows:
fr(e) =3, f*(e))= 5, f*(eg)= 1,
f*(e’y) =6m-8, f*(e’) = 6m-10,
f*(e’3)=6m-6,f*(e3m2) = 0
For 0 <i<[(m-3)/2],
f* (e4+6i) = 6m-14-12i
f* (e5+6i) = 6m-12-12|
f* (egs6i) 6m-16-12i
For 0 <i<[(m-4)/2],
f* (e7+6i) = 15+12|
f* (egssi) 17+12i
f* (eg+s6i) 13+12i
For 0 <i<[(m-3)/2],
f* (e ’4+6i) = 9+12i
f* (e ’5+6i) =7+12i
f* (e ’6+6i) =11+12i
For 0 <i<[(m-4)/2],
f*(e’7461) 6m-20-12i
f*(e'grsi) = 6M-22-12i

f*(e'9+e)) = 6mM-18-12i

Thus the entire 6m-5 edges are labeled 0,1,2,3,...,6m-6
which are all distinct.

Hence the extended duplicate graph of splitting graph of path
graph EDG(Spl(Py,)), m > 2 admits harmonious labeling.
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3.2 Pell labeling

Algorithm: 3.2.1
Procedure [Pell labeling for EDG (Arzn ), m=2]

5 B ’ B
V {Vll V2, ooo Vomy Vome, Vi1, V2, oo 5V 2mi V 2m+1}

E« {ell €2, ..., €3my €3m+1, €1 ,l eZ’a ceeey eBm’}

Vi< 0; Vo ¢« 5;v3¢ 2
Vi 4V 3 vl
for i=0to[(m-2)/2] do
Vaioi €< 8+4i
Vg40j <— T+4i
V]4+2i <« 6+4i
Vs10i <9+

end for
end procedure

Theorem 3.2.1 :
graph A2m , m> 2 admits pell labeling.

The extended duplicate graph of arrow

Proof: Let A2m , M > 2 be a arrow graph. Let EDG (Arzn ),
m > 2 be the extended duplicate graph of arrow graph.

In order to label the vertices, define a function
f: V(G) — {0,1,2,...... ,p-1} as given in algorithm 3.2.1 as
follows:

f(v)=0, f(vp)) =5, f(vy)=2, f(v)=4, f(v,) =3,

fva) =1

For 0 <i<[(m-2)/2],
f(Vas2i )= 8+4i,

f( Vsiai )= 7T+4i,
f( V’4+2i ): 6+4i,
f( V5401 )=9+4i

Thus the entire 4m+2 vertices are labeled.

Now to compute the edge labeling, we define the induced
function * : E— N such that for any u;u’j€E,

£ (uiu ) = f(u)+2f(u ).

The edge functions are as follows:

fx(e) =6 , f*(e))= 2, f*(eg)= 7,
f*(ey) =17 , f*(es) = 20,

f*(e') =13, f*(e)= 10,f*(e’3) =8,
f*(€)4):l4, f*(e’5)= 9,f*(e3m+1) = 11
For 0 <i<[(m-2)/2],
f* (eG+3i) = 26+12i
For 0 <i<[(m-3)/2],
f* (e7+3i) = 28+12i,f* (68+3i) = 33+12i,
% (e'703) =24+120 F* (¢'grai) = 29+12i

,f * (e )6+3i) =19+12i
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Thus the entire 6m+1 edges are all distinct. Hence the
extended duplicate graph of arrow graph Aﬁ] , m > 2 admits
pell labeling.

llustration 5: Harmonius and Pell Labeling for the
Extended Duplicate Graph of Arrow Graph

EDG(As?)
(HARMONIOUS LABELING)
Algorithm: 3.2.2

EDG(As?)
(PELL LABELING)

Procedure [Pell labeling for EDG(Spl(Py,)), m = 2]

V —{vi, Vo, oo Vom, Vom, V'L, V2, e 5V ome Viom}

E«{ene,....ma Eama €1°,82,.....6am3" }

Vi< 0,v,¢3
Vi 2 Vo1
for i=0to[(m-2)/2] do

Vasoi < 4+4i
Vg < 5+4i
V3401 < 6+4i
Vaso; < TH4i
end for
end procedure

Theorem 3.2.2 : The extended duplicate graph of splitting
graph of path graph Spl(P,,), m > 2 admits pell labeling.

Proof: Let EDG (Spl(P,,)), m > 2 be the extended duplicate
graph of splitting graph of path graph. In order to label the
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vertices, define a function f: V(G) —» {0,1,2,.......p-1} as
given in algorithm 3.2.2 as follows:

f(vi)=0, f(v) =3, f(v)=2 f(vy)=1
For 0 <i<[(m-2)/2],

f(Vaiai) = 4+4i, (Ve ) = 5+4i,
f (Vi) = TH4i

Thus the entire 4m vertices are labeled.Now to compute the
edge labeling, we define the induced function f* : E—> N
such that for any uju’;€E, * (uu;’) = f(u;)+2f(u;).

f(via) = 6+4i,

The edge functions are as follows:

f*(e) =12 , f*(e;)= 14, f*(e3)= 15,
f*le)=8, f*(e2)=9,

f*(e3) =6, f*(esm2) =5

For 0<i<[(m-3)/2],
f* (e4+3i) = 24+12i
f* (e5+3i) = 26+12i
f* (ee+3i) = 25+12i
f* (e ]4+6i) = 20+12i
£% (¢'sis) = 21+12i
£% (¢'5e) = 22+12i

Thus the entire 6m-5 edges are all distinct. Hence the
extended duplicate graph of splitting graph of path graph
EDG(Spl(P)), m > 2 admits pell labeling.

lllustration 6: Harmonius and Pell Labeling for Extended
tting Graph of Path

EDG(Spl(Ps))
(HARMONIOUS LABELING)

EDG(Spl(Ps))
(PELL LABELING)
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IV. CONCLUSION

In this paper, we presented algorithms and prove that
the extended duplicate graph of arrow graph and splitting
graph of path admits harmonious and pell labeling.
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