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Abstract— In this paper, we introduced a new type of matrices, we called it y -orthogonal of type | matrix. Also we have
extended some results of [1] in the context of yg -orthogonal of type | matrices.
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. INTRODUCTION
Throught this paper we use this following notations.

Notation 1.1 [1,2]. The secondary transpose (conjugate
secondary  transpose) of A is  defined by

AS =VATV(A? =VA'V) , where V is the fixed disjoint
permutation matrix with in its secondary diagonal.

Definition 1.2 [4]. An nxn non-singular matrix A is said
to ys -orthogonal, if yg(A)=A", where y (A)=S"A’S
and S satisfies the condition S? =+1.

Notation 1.3. Let [J be the set of real numbers, [ be the set
of all natural numbers, and M, () be the nxn matrices.

Let O;‘(S be the set of all nxn, g -orthogonal matrices and
025,1 be the set of all nxn, yg -orthogonal of type I
matrices.
Il.  MAINRESELTS
Definition 2.1. A square matrix A, is called an yg -
K

orthogonal of type | matrix if AX (A#) =1, A*=571A%s,
forsome Kel .

1B

A= ) ) is ys -orthogonal of type |
R
2 2
matrices.
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Definition 2.2. Let * A’ be an yg -orthogonal of type I

matrix. The smallest positive integer* K *with Af (A#)K =1

is called the index of “ A’. In such case, we say that * A’ is
an yg -orthogonal of type I of period ‘ K’ or K -period of
s -orthogonal of type | matrix and we denote it by ind (A).
Example 2.3

1B
A= 2 2 isan yg -orthogonal of type I matrix.
B
2 2
1 B
w0z 2 |1 o
0 1|3 -flo 1
2 2
1B
A 2 2
B
2 2
1
K=1, Al(A#)l:[ Oj
0 1
K=2, AZ(A#)2=(1 Oj
0 1
1 0
K=3, A3(A#>3=( j
0 1
K=4, A4(A#)4:(1 Oj
0 1
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K=5, AS(A#>5:GJ 2]
K=6, AG(A#)B:G) (D

Theorem 2.4. If © A’ is an yq -orthogonal of type | matrix
of index K, then det(AK)zJ_rl.

Proof. Let A be an yg -orthogonal of type | matrix of index
K, then

Hence det(AK ) =+1.

Theorem 2.5. If * A’ is an yg -orthogonal of type I matrix
K

of index K, then it is invertible with A™ = AK‘1<A#) .

Proof. By Theorem 2.4, we have det(A)=0
invertible.

, then A is

AK(A#)K =1, for some K is equi
=1, el . This equivalent to,

(~)

= (A‘l)K = (A

I
P
P
=
~

Theorem 2.6. Let Ae M, () matrix, then the following

statements are equivalent
(1) A isan yg -orthogonal of type | matrix.

(2 A™
(3) AT isan s -orthogonal of type | matrix.

isan yg -orthogonal of type | matrix.

(4) A isan Xs -orthogonal of type | matrix.
(5) A" isan yq -orthogonal of type | matrix.
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Proof.
(1) = (2). Suppose that A is an yg -orthogonal of type I
matrix.

So [ A (7)) =1, forsome K <t
S (me () ) e
= () ()
= () -

Hence A
(2)= (3). Suppose that A

matrix. So (A‘l)K [(A‘l)#jK -

isan yg -orthogonal of type | matrix.
is an yg -orthogonal of type I

o, forsome Kell

= ((A#)K AK)# = I"i
= ()

Hence A" isan yg -orthogonal of type | matrix.

(3)= (4). Suppose that AT isan y -orthogonal of type |

matrix. So ((AT )T jK (A#)K =

, forsome Kell

an y -orthogonal of type | matrix.
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(4) = (5). Suppose that A is an s -orthogonal of type |

] K[ —#\K
matrix. So (A) ((A) j =1, forsome K el

SCECIE
- (@ o=
= ([ sy
- ({7 =

Hence A" isan yg -orthogonal of type | matrix.
(5) = (1). Suppose that A" is an yg -orthogonal of type |

] K #\K
matrix. So (A*) ((A*) j =1, for some K el
= [y T
o G GURE

# K

= ((A)j} AK =1,
= (A1) AK =y

(A7) A=,
Hence “ A’ is an yg -orthogonal of type | matrix.
Theorem 2.7. If A,, and B,, are commute yg -

orthogonal of type I matrix, then ABis yg -orthogonal of

type | matrix.
Proof. Let A and B be yg -orthogonal of type | matrices

with the same index K .

Then (AK (A#)sz I,
(BK(B#)K)zln
= (AB) ((AB)#)K

-1
_p1 1
_|n
*
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:AKBK((A#)T(B#)TJK
= AKBK ((B#A#)TJK
:AKBK((B#)TJK ((A#)TJK

Hence ABis y -orthogonal of type | matrix. If A and B be

X5 -orthogonal of type | matrices with the same indices K;
K

and K, respectively, then (AB)K ((AB)#) =1, , where

K is the least common multiple of K; and K,.

Theorem 2.8. If Ae O}, ; of index K ’if and only if A"
iS yg -orthogonal of type I matrix of index * K’ for each
mel] \{1} .

Proof. Suppose that A isan yg -orthogonal of type | matrix.

K
So (AK(A#) J: I, for some K elJ

= ()] =y

K
K #
= () ((a ) -,
Hence A™ isan yq -orthogonal of type | matrix.

ind (A™) =lem{ind (A),ind (A),--ind (A)

m-times

= Icm{K, K,WK}
—
m-—times

=K
Now, suppose that A™ is an y -orthogonal of type | matrix

for each meD \{1}; especially, each of A” and A® if yg -
orthogonal of type | matrix of index K .

so, 1, =(A°)" ((AS)#jK = (a2) ((Az)#JK
(A (x)°

Hence A isan yg -orthogonal of type | matrix of index K .
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Theorem 2.9. If Ae Of, ; of index K | then each of A",

A A and A" are orthogonal of type I of index K.

Theorem 2.10. If X is an eigen value of an yg -orthogonal
of type | matrix A with index K then A is of modulus 1.
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