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Abstract— Let P be a subset of a Banach space E and P is normal and regular cone on E, we prove the existence of the fixed
point for multi valued maps and ¢—y- contractive mappings in cone metric spaces via cone C class functions.
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. INTRODUCTION

In recent years, several authors (see [1-5]) have studied the strong convergence to a fixed point with contractive constant in
cone metric spaces. Seong Hoon Cho and Mi sun Kim [5] have proved certain fixed point theorems by using Multivalued
mapping in the setting of contractive constant in metric spaces. Note on ¢ — 1 -cotractive type mappings and related fixed
point are proved by Arslan Hojat Ansari [8]. Fixed point theorems of Multivalued mappings in Cone metric spaces proved by
Dr.M.Marudai and Dr.R.Krishnakumar [1].

Il.  PRELIMINARIES

Definition 1.1: Let E be a Banach space and a subset, P of E is said to be a cone if it satisfies the following conditions
(i)P #+ @ and P is closed,;

(ii) ax + by € PV x,y € P and a, b are non-negative real numbers

({iiyPn(-P)=090

Given a cone P c E,we define a partial ordering < with respect to the cone P by x < y ifandonlyify—xeP. Ify —x €
interior of P, then it is denoted by x <« y. The cone P is said to be Normal if a number K > 0 such that for all x,y € E,

0 < x < y implies ||x|| < K||y|l. The cone P is called regular if every increasing sequence which is bounded above is
convergent and every decreasing sequence which is bounded below convergent.

Definition 1.2 : Let X be a non-empty set, and suppose the mapping d: X x X — E is said to be a cone metric space if it
satisfies
MHo<d(xy)Vx,yeXandd(x,y) =0ifandonlyifx =y
(i) d(x,y) =d(y,x) forall x,y € X
(i) d(x,y) =d(x,z) +d(z,y) forall x,y,z € X
Example 1.3: Let E = R%,P = {(x,y) € E;x,y > 0}, X = Rand d: X x X — E defined by
d(x,y) = (lx - )’|'a|x _yl)
Where a = 0 is a constant. Then (X, d) is a cone metric space.
Definition 1.4: Let (X, d) be cone metric space, x € X and {x,,} a sequence in X. Then
(i)  {x,} converges to x whenever for every ¢ € E with 0 « c there is a natural number N such that d(x,, x) « c for all
nx=N
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(i)  {x,}is a Cauchy sequence whenever for every ¢ € E with 0 « c there is a natural number N such that d(x,,, x,,) < ¢
foralln,m = N.

Definition 1.5. Let (X, d) is said to be a complete cone metric space, if every Cauchy sequence is convergent in X

Definition1.6: Let (X, d) be a metric space. We denote CB(X) the family of nonempty closed bounded subset of X. Let H(.,.)
be the Hausdorff distance on CB(X).

That is, for A, B € CB(X)

H(A, B) = max{sup,ea d(a, B), suppeg d(4, b)}

Where d(a, B) = inf{d(a, b); b € B} is the distance from the point a to the subset B. An element x € Xis said to be a fixed
point of a multi-valued mapping T: X - 2¥ if x € T(X)

Definition 1.7: A function y: P — P is called an altering distance function if the following properties are satisfied:
(i) ¥ is non-decreasing and continuous
(iyY()=0ifandonlyift =0

Definition 1.8. : An ultra altering distance function is a continuous, non decreasing mapping ¢: P — P such that ¢(t) > 0,
t>0and p(0) =0
We denote this set with @,

Definition 1.9.: A mapping f: P? — P is called cone C —class function if it is continuous and satisfies following axioms:

(1) F(s,t) <s;

(2) F(s,t) = s implies that either s =0 ort = 0; forall s,t € P

We denote cone C —class functions as C

Example 2.9 : The following functions F: P? — P are elements of C, for all s, ¢t € [0, 0):

i) F(s,t)=s—t

(i) F(s,t) =ks,where 0 < k <1,

(iii)  F(s,t) = sB(s), where B:[0,x) - [0,1),

(iv) F(s,t) =¥(s), where ¥:P - P,¥(0) = 0,%(s) > 0 forall s € Pwiths = 0 and ¥(s) < s foralls € P

(V) F(s,t) =s—@(s), where ¢: [0,0) — [0, ) is a continuous function such that ¢(t) = 0 & t = 0;

(vi) F(s,t) =s — h(s,t), where h: [0,00) X [0,%0) — [0,00) is a continuous function such that h(s,t) =0 < t = 0 forall
t,s>0

(vii) F(s,t) = @(s),F(s,t) =s = s =0, here ¢:[0,0) - [0, ) is a upper semi continuous function such that ¢(0) = 0
and p(t) <tfort>0

Lemma 1.10: Let ¢ and ¢ are altering distance and ultra altering distance functions respectively, F € C and {s, } a decreasing
sequence in P such that

Il}(5n+1) < F(¢(Sn)' ‘p(sn) )

Forall n > 1. Then lims, = 0

n—-oo

I1.  MAINRESULTS

Theorem 2.1: Let (X, d) be a complete cone metric space and the mapping T: X — CB(X) be multivalued map satisfying for
eachx,y € X

W(H(Tx, Ty)) < F([ald(x, Tx) + d(y, Ty)] + bld(x, Ty) + d(Tx, y)]]
¢(ald(x,Tx) + d(y, Ty)] + b[d(x, Ty) + d(Tx,y)]) forallx,y € Xanda+b < ab € [o%) . and
¢ are altering distance and ultra altering distance functions respectively, F € C such that (t + s) < ¥ (t) + Y(s). ThenT

has a fixed point in X
Proof: forevery x, € X andn > 1,x; € Tx, and x, 41 € Tx,

w(d(xn+1,xn)) S Ip(H(Txn' Txn—l))
< F(¥(ald(xn, Txn) + d (-1, Txn-1)] + bld (xp, Toxn—1) + d(Toxn, xn-1)]),
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¢ (aldCen, Txyn) + d(xXn—_1, Txp—1)] + b[d(xy, Txn—_1) + d(TXy, Xp—1)]))
= F(lp(a[d(xn' xn+1) + d(xn—l: xn)] + b[d(xn: xn) + d(xn+11 xn—l)])'
(p(a[d(xn' xn+1) + d(xn—lv xn)] + b[d(xn' xn) + d(xn+1! xn—l)]) )
< F(lp(a[d(xn' xn+1) + d(xn—lv xn)] + b[d(xn+1v xn—l)])'
(p(a[d(xn'xn+1) + d(xn—lvxn)] + b[d(xn+1'xn—1)]) )
< F(lp(a[d(xn'x‘rwl) + d(xn—lvxn)] + b[d(xn+1'xn) + d(xn: xn—l)])'
(p(a[d(xn' xn+1) + d(xn—lv xn)] + b[d(xn+1v xn) + d(xn! xn—l)]) )

< F(¢((a + b)[d(xp, Xp41) + d(xn—lﬂxn)])' (P((a + b)[d(xn, Xp11) + d(Xp—1, xn)]))

< 1!’((61 + b)[d(xn' xn+1) + d(xn—lﬂxn)])

d(Xpp1, %) < Ld(xy_q,x,) Where L = a*b

1-(a+b)
d(Xp41, %) < LMd(x1,x0)
For n > m we have
d(xn' xm) < d(xn' xn—l) + d(xn—lﬂxn—z) + et d(xm+1: xm)
S[IVY+ L2 4 e+ LM d (%, %)

<
ST d(xy,xo)

Let 0 « ¢ be given, choose a natural number N; such that (fTL)d(xl,xo) « ¢ for all m = Nj this implies d(x,, x,,) < c. For

n >m, {x,}is a Cauchy sequence in (X, d) is a complete cone metric space, there exists p € X such that x,, - p. Choose a
natural number N, such that d(x,, P) < C(IS_L) , forall n = N,. Hence for n > N, we have d(x,, P) < C(l;K) where
k=a+b
Y(d(Tp, P)) < Y(H(Txy,, Tp) + d(Txy,, p))
< F((ald(xn, Tx,) + d(p, Tp)] + bld (xp, Tp) + d(Txn, p)] + d(Xp41,P)),
(p(a[d(xn: Txn) + d(P' Tp)] + b[d(xn' Tp) + d(Txn' p)] + d(xn+1' p)) )
< F(w(a[d(xn'x‘rwl) + d(P; TP)] + b[d(xnv TP) + d(xn+1: p)] + d(xn+1t P))
4 (p(a[d(xn:xn+1) + d(P; TP)] + b[d(xn: TP) + d(xn+1: p)] + d(xn+1t P))
< F((ald(xn, xn+1) + d(p, Tp)] + bld(x,, Tp) + d(p, Tp) + d(xn11, P)] + d(Xp41,P)),
(p(a[d(xn,an) + d(p: TP)] + b[d(xn: TP) + d(P: TP) + d(xn+1t P)] + d(xn+1: p))
< F(¥(ad(xp, Xp41) + ad(p,Tp) + bd(xn, Tp) + bd(p,Tp) + bd(Xy41,p) + d(Xn41,P)),
@(ad(xy, Xp+1) +ad(p, Tp) + bd(x,, Tp) + bd(p, Tp) + bd(Xp41,P) + d(Xp41,P)) )
< (ad(xn, Xp41) + ad(p, Tp) + bd(x,, Tp) + bd(p, Tp) + bd(Xp41,p) + d(Xp41,P)
(1 - k)d(Tp,p) < kd(xy, Tp) + kd(xp+1,p) + d(Xn41,P)

< d(xy, Tp) + d(xn41,P) + d(Xp41, D)
d(xn,Tp)+d(xn+1.0)+d(Xn+1.0)]
(1-k)

d(Tp,p) <*
d(Tp,p) K S+5+7

d(Tp,p) K¢

Foralln = N;,d(Tp,p) < —forallm > 1, we get —— d(Tp,p) € P.and m — o we get — — 0 and P is closed d(Tp, p) €

Pbud(Tp,p) €EP
~d(Tp,p) =0andsop € Tp.

Corollary 2.1: Let (X, d) be a complete cone metric space and the mapping T: X — CB(X) be multivalued map satisfying for
eachx,y € X

P(d(Tx, Ty)) < F((ald(x, Tx) + d(y, TY)D), ¢(ald(x,Tx) + d(y, Ty)]))
forallx,yeXanda € [0%) 1 and ¢ are altering distance and ultra altering distance functions respectively, F € C such that

Y(t+s) <yP()+P(s). ThenT has a fixed point in X
Proof: The proof of the corollary immediately follows by putting b = 0 in the previous theorem.

Theorem 2.2: Let (X, d) be a complete cone metric space and the mapping T: X — CB(X) be multivalued map satisfy the
condition

W(H(Tx, Ty)) < F(@(r max{d(x,y),d(x,Tx),d(y, Ty)}), ¢ (r max{d (x, ), d (x, Tx),d(y,Ty)}) )
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Forall x,y € X and r € [0,1). 1 and ¢ are altering distance and ultra altering distance functions respectively, F € C such that
Y(t+s) <yP()+P(s). ThenT hasa fixed point in X

Proof: for every xo € Xandn > 1, x; € Tx, and x4 € Tx,
Il}(d(er_l,Xn)) < lp(H(Txn' Txn—l))
< F((r max{d (xp, X,—1), d(xn, Txn), d(Xn—1, Txn1)}), @ (r max{d (xp, X5 1), d (o, Txp), d(xn—1, TXp-1)}))
= F(l[)(?’ max{d(xn, xn—l)' d(xn' xn+1)v d(xn—li xn)})' (p(?" max{d(xn’ xn—l)! d(xn! xn+1)! d(xn—lt xn)}) )
= F(l[)(?’d(xn, xn—l))r (p(T'd(Xn, xn—l)) )
< r'*d(xq, xg)
For n > m we have
d(xn' xm) < d(xn' xn—l) + d(xn—lﬂxn—z) +oeet d(xm+1: xm)
S T2 4+ 1™ d (0, %)
< (Ij d(xl! xO)

m

Let 0 «< c be given, choose a natural number N, such that (Ifr)d(xl,xo) & ¢ for all m = Nj this implies d(x,, x,,) < c. For

n >m, {x,}is a Cauchy sequence in (X, d) is a complete cone metric space, there exists p € X such that x,, —» p. Choose a
natural number N, such that d(x,, P) < g ,forall n > N,. Hence for n > N, we have d(x,, P) < g

Y(d(Tp, P)) < Y(H(Tx,, Tp) + d(Txy, p))
< F(Y(r max{d(x,, p), d(xy,, Tx,,), d(p, Tp)} + d(Xp11, 1)),
@ (r max{d (x,, p), d(xn, Tx,), d(p, TP)} + d(Xn+1,0)) )
< F((r max{d (xy, p), d(xXy, Xn41), d(0, TP)} + d(Xn41,0)),
(P(r max{d (xn' p)' d(xn' xn+1)' d(p' Tp)} + d(xn+1' p)) )
< F(p(r max{d(x,, p), d(xp, p) + d(p, Xn41), d(p, TP)} + d(Xn41, D)),
@ (rmax{d(x,, p), d(xn, p) + d(, X41), d(p, TP)} + d (X141, )
d(Tp,P) < ¢
Foralln = N,,d(Tp,p) < —forallm > 1, we get —— d(Tp,p) € P-and m — c we get — — 0 and P is closed —d(Tp,p) €

Pbud(Tp,p) €P
~d(Tp,p) =0andsop € Tp.

Corollary 2.2: Let (X, d) be a complete cone metric space and the mapping T: X — CB(X) be multivalued map satisfy the
condition

H(Tx,Ty) < kd(x,y)
Forall x,y € X and k € [0,1). ¥ and ¢ are altering distance and ultra altering distance functions respectively, F € C such that
Y(t+s) <yP() +Y(s). ThenT has a fixed point in X
Proof: The proof of the corollary immediately follows by taking d (x, y)as maximum value in previous theorem.
Note 2.3: We prove the above theorems in the setting of P is a normal cone with normal constant K

Theorem 2.4: Let (X, d) be a complete cone metric space and P a normal cone with normal constant K. Suppose the mapping
T:X — CB(X) be multivalued map satisfy the condition
W(H(Tx, Ty)) < F(y(r max{d(x, y),d(x, Tx),d(y, Ty), d(x, Ty), d(Tx,y)}),
o(rmax{d(x,y),d(x,Tx),d(y, Ty),d(x,Ty),d(Tx,y)}) )
Forall x,y € X and r € [0,1). ¢ and ¢ are altering distance and ultra altering distance functions respectively, F € C such that
Y(t+s) <P(t) +yP(s). ThenT has a fixed point in X
Proof: for every x, € Xandn > 1, x; € Tx, and x4 € Tx,
¢(d(xn+1' xn)) < w(H(Txn' Txn—l))
< F(ll’(r max{d(xn' xn—l)’ d(xn' Txn): d(xn—lﬂ Txn—l): d(xn: Txn—l): d(Txn: xn—l)});
(p(T' max{d(xn, xn—l)' d(xn, Txn)' d(xn—l' Txn—l)l d(xn! Txn—l)' d(TXn, xn—l)}) )
< F(lp(‘l" max{d(xn, xn—l)l d(xn' xn+1)l d(xn—l' xn)l d(xn! Xn), d(xn+1! xn—l)})’
(p(‘l" max{d(xn, xn—l)l d(xnl xn+1), d(xn—ll xn), d(xn' xn)' d(xn+1' xn—l)}) )
< F(l/) (T max{d(xn, xn—l)' d(xn, xn+1): d(xn+ll xn—l)})r
(p(r max{d(xn' xn—l)’ d(xn: xn+1)' d(xn+1: xn—l)}) )
< F(I!J(T' max{d(xn: xn—l)' d(xn+1: xn—l)}): (p(T max{d (xn: xn—l): d(xn+1' xn—l)}) )
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<Y(r max{d(xn' xn—l)' d(Xp41s xn—l)}
Case (i) If d(xy 41, %) < rd (%, x,_1) then we get, d(x,,41, X,) < 1d (%, %) forn >m
d(xn' xm) < d(xn' xn—l) + d(xn—lixn—z) +oeet d(xm+1vxm)
S 2 4+ ™) d (3, X))
rm
< ﬁd(xl,xo)
.’.m

We get [ld e, xm)ll < K 2

completeness of X, there is p € X. such that x,, - pasn —»
W(d(Tp, P)) < Y(H(Txy, Tp) + d(Txp, p))
< F(¢(r max{d(xp, p), d(x, Txy,), d(p, Tp), d(xn, TP), d(Txy, p)} + d(Xn11, 7)),
@ (r max{d (x,, p), d(xn, Tx,), d(p, TP), d (2, TP), d(Txp, p)} + d(xp11,0)) )
S F(lp(r max{d(xn, P): d(xnv xn+1)' d(p' Tp)v d(xn' Tp)! d(xn+1! p)} + d(xn+1! p))’
(p(T' max{d(xnv p)' d(xn' xn+1)' d(p' TP): d(xn! Tp)’ d(xn+1! p)} + d(xn+1! p)) )
< Frd(p,Tp)), ¢(rd(p,Tp)))
d(Tp,P) =0.Hence P Tp
Case (ii) d(xp41, Xn) < rd (X541, X,—1) then we get
d(xn+1'xn) S r[d(xn+1' xn) + d(xnvxn—l)]
S 1TT1” [d(xnﬂxn—l)]
< h[d(xy, x5-1)] where h = 1% <1
Forn>m
d(xn’xm) < d(xnﬂxn—l) + d(xn—lvxn—z) + et d(xm+1:xm)
S [RT+ A2 o+ A™]d (x4, X0)

<
Sam d(xq,%0)

We get ||d (%, ;) || < K% |d(x1, x0). d(xp, %) = 0asn,m— o, Hence {x,} is a Cauchy sequence. By the

completeness of X, there is p € X. suchthat x,, > pasn - «
Y(d(Tp, P)) < Y(H(Tx,, Tp) + d(Txy, p))
< F(Y(r max{d(xy, p), d(xp, Txy), d(p, Tp), d(xn, Tp), d(Txy, p)} + d(Xn41,P)),
@ (r max{d (x,, p), d(x, Txy,), d(p, Tp), d(xy, Tp), d(Txp, p)} + d(Xp41,D)) )
S F('L/)(T max{d(xn, p)l d(xn, xn+1)l d(p, Tp)' d(xn' Tp)' d(xn+1' p)} + d(xn+1' p))'
(P(T max{d(xn, p)l d(xn, xn+1)l d(p, Tp)' d(xn' Tp)' d(xn+1' p)} + d(xn+1' p)) )
< F@(@rd(p,Tp)), ¢(rd(p,Tp)) )
d(Tp,P) = 0.Hence P € Tp
Y(d(p, ) = Y(H(Tp,Tq))
< F(¥(r max{d(x, y),d(p,Tp),d(q,Tq),d(p,Tq), d(Tp, q)}),
@ (rmax{d(x,y),d(p,Tp),d(q,Tq),d(p,Tq),d(Tp,q)}) )
< F(y(r max{d(p, q),d(p,p),d(q,9),d(p, ), d(p,}),
p(rmax{d(p,q),d(p,p),d(q,q),dp,q),d®, q)}))
< F@y@rldp D, o@ld@ D)
<yY(@ld@ 9D

This is contradiction and hence T has a unique fixed point in X

|d (1, x0). d(xpn, x) = 0asn,m— o, Hence {x,} is a Cauchy sequence. By the

Corollary 2.3: Let (X, d) be a complete cone metric space and P a normal cone with normal constant K. Suppose the mapping
T: X — CB(X) be multivalued map satisfy the condition
Y(H(Tx,Ty)) < F(y(r max{d(x,y),d(x,Tx),d(y, Ty)}), ¢ (r max{d(x,y),d(x, Tx),d(y, Ty)}))
Forall x,y € X and r € [0,1). ).y and ¢ are altering distance and ultra altering distance functions respectively, F € C such
that Y(t +s) < Y(t) + Y(s). Then T has a fixed point in X
Proof: The proof of the corollary immediately follows since
max{d(x,y),d(x,Tx),d(y,Ty)} < max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(Tx,y)}
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