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l. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [11] in
1965. The membership of an element to a fuzzy set is a
single value between 0 and 1. In 1968 the theory of fuzzy
topology was introduced by C.L. Chang [2]. Atanassov [1]
initiated the concept of intuitionistic fuzzy set (IFS), which
is a generalization of Zadesh’s fuzzy set in 1986.

The theory of vague set was proposed by Gaw and
Buchere [5] as an extension of fuzzy set theory. The idea of
vague set is defined by a truth membership (t,) and false
membership function (f,). The value of t,(x) and f,(x) are
both defined on the closed interval [0,1] with each point in a
basic set X, where t,(x) + f, (x) 1.

In 2013 Yagar [6] introduced the model of
Pythagorean fuzzy sets (PFS)  characterized by a
membership and non membership degree, which satisfies the
condition that, the square sum of its membership and non
membership degree is less than or equal to 1.

After that, Yaga and Abbasov [7] presented the
concept of Pythagorean membership grades and ideas
related to PFS and also introduced the relationship between
the Pythagorean membership grades and the complex
numbers. Yagar [8] initiated Pythagorean membership grades
in multi criteria decision making in 2014. Later, Yagar and
Zahand and Xu [12] gave some basic operations for
Pythagorean Fuzzy Numbers. Pythagorean Fuzzy Numbers
be the elements of Pythagorean Fuzzy Set. In 2016 Gou, Xu
and Ren [9] presented the properties of continuous
Pythagorean fuzzy information. Peng and Yang [10] studied
some results of Pythagorean fuzzy sets in 2015. After that
Khaista Rahman et.al [4] studied the idea of some interval
valued fuzzy sets, weighted aggregation operators and
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decision making in 2018. In 1997 Szmidt and Kacprzyk [3]
defined different types of distances between intuitionistic
fuzzy sets .

The purpose of this paper is to introduce the concept
of Pythagorean vague sets and obtain some of their
Pythagorean vague properties, also obtain measuring
distance between Pythagoren vague sets.

Section | contains the introduction of Pythagorean Sets ,
Section Il contains preliminaries, Section Il contain the,
Pythagorean Vague Set, Section IV contain the Distance for
Pythagorean Vague Set.

Il. PRELIMINARIES
Definition 1™

A fuzzy set A= {<u, pa(u) > ju U} in a universe
of discourse U is characterized by a membership function,
Wa, as follows: pa : U — [0, 1].

Definition 21:

Let A and B be fuzzy sets in a space X = {x}, with
the grades of membership of x in A and B denoted by pa(X)
and pg(X), respectively. Then
A =Biff pa(x) = pa(X)

A €Biff pa(X) < us(x).

A U B=Max[pa(x), us(x)] forallx X.
A M B=Min[ua(x), us(X)] forall x X.
A°=1-pax) forallx X

Definition 3™

Let X be a non-empty set. Then A is called an
Intuitionistic Fuzzy set (in short, IFS) of X, if it is an object
having the form A = { < x, pa,ya > | Xx€ X} where the
function  pa: X—> [0,1] and ya: X — [0,1] denote the
degree of membership pa (X) and degree of non membership
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va(X) of each element x & X to the set A and satisfies the
conditionthat,  0<pa(x)+ya(X) < 1.

Definition 4™:

If A and B are two IFSs of the set X, then

A° = {< X, Va(X), pa(x) > [x € X},

A € B iff Y x € X, pa(X) < ps(x) and va(x) > vg(X),
A=Biff ¥ x € X, pax)=ps(X) and va(x) = va(X),

A U B = {< x, max(pa(x), pa(x)), min(va(x), va(x)) > [xe
X}, and

AN B = {<x, min(pa(x), pa(x)), max(va(x), ve(x)) >|x €
X}.

Definition 5

A vague set V in a universe of discourse X is
characterized by a true membership function t, , and a false
membership function f,, as follows: t,: U — [0, 1], f,: U —
[0, 1], and t,+f, < 1, where t, (X) is a lower bound on the
grade of membership of x derived from the evidence for X,
and f, (x) is a lower bound on the grade of membership of
the negation of x derived from the evidence against x. The
vague set A is written as, A={ < X, ta(x), 1-fa(x)> |x € X}.
Definition 6 &

A vague topology (VT in short) on X is a family A
of vague sets( VS in short) in X satisfying the following
axioms:

(1) 0,1eA;
(2) Gy N"GyeAforany G, G, € A.
(3) WG; €A forany family {G;:i € N}CA.

In this case the pair (X, A) is called a vague
topological space (VTS in short) and any vague set in A is
known as a vague open set (VOS) in X. The complement A°
of a VOS A in a VTS (X,A) is called a vague closed set
(VCS in short) in X.

Definition 7E:

Let (X,7) be VTS and A={ < x, ta(X), 1-fa(X)>} be
VS in X. Then the vague interior and vague closure are
defined by
vint(A) =uU {G/G isaVOSin Xand G — A}
vcl(A)=N{K/KisaVCSin Xand AC K}

Definition 8

Let A and B be vague sets of the form A={ < x,
ta(x), 1-fa(x)> [x € X} and B={ < X, tg(x), 1-fg(x)>
|x e X}.Then
A c B ifand only if ta(x) < tg(x) And 1-fa(x) <1-fz(x).
A=Bifandonlyif Ac B and BC A.

AP ={ <X, 1-fo(X),ta(X) > [x € X}.

AU B = { < x, max (ta(x), tg(x) ), max (1-fa(x), 1-fz(x)) >| x
e X}

AN B = { < x, min (ta(X), tg(X) ), min (1-fa(x), 1-fz(X)) > |
X € X}.

Definition 9!

Let X be a universe of discourse. An Pythagorean
Fuzzy Set (PFS) P in Xis given by P = {< x,up (X), vp (X) >|
X € X}, where pp : X — [0,1] denotes the degree of
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membership and vp : X — [0,1] denotes the degree of non
membership of the element x € X to the set P, respectively,
with the condition that 0 < (up (X)) + (vp (X))°< 1.
Definition 101%:

Let p = (i, v), P1 = (k, v1), and pa = (2, v2) be three
PFNs, then their operations are defined as follows:
(1) p1 U p2 = (max{ps, bz}, min{vy, v2})
(2) p1 N p2 = (Min{p, po}, max{vy, vo})
(3) p° = (V.py).
Definition 115

Let A and B are two intuitionistic fuzzy sets in X
Hamming Distance :

dhes(AB)= Y 11,00) -1 ) 19y 0 ) )+ 2, 06) -7, 01
i=1

Normalized Hamming Distance:

lirs(A,B)=

%i('”A(Xi)‘ﬂB(Xi)|+|VA(Xa)-vs<xi)|+|ﬂA(xi>—frB(xi)|)

Euclidean Distance:
Eirs(AB)=

\/zn:((/uA(Xi) = g (X; ))2 + (VA(Xi)_VB (Xi))z +(77A(Xi)_773 (Xi))z)

i=1
Normalized Euclidean Distance :
Qirs(A,B)=

1 n
an((mxi)—ua 060+ 1, 0) 5 () + (7, 6) -7, ()
i=1
11l. PYTHAGOREAN VAGUE SETS (PVS)
Definition 3.1
Let X be a universe of discourse. A Pythagorean
Vague Set (PVS) Ain X is given by A = {< X, ta (X), 1-fa
(X) >| x € X}, where ta(x): X — [0,1] denotes the truth
value and 1-fo(x) : X — [0,1] denotes the false value of the
element x € X to the set A, respectively, with the condition
that 0 < (ta (x))? + (1-fa (X))’< 1.
Definition 3.2
Let P= <t1-f> P= < t py v 1—F, >,

P,=<t 1-f, > be the Pythagorean vague elements and

P2’
2>0, satisfies the following operations.

LP =[()" i—a—a—f,))H*]
20P=[ i-@—t,5)*  (1-£)']

Spap, =|:\/(tp1)2 () —t, 0, (- o)A f )J

4.P ®P, =L/(1—fp1)2+(1—fpz)z—(l—fpl)z.(l— fp2)2,(tp1)(tpz)J
Example 3.3

Let X={a,b} and P, P, and P, are vague sets in X where
A= 0

P={<x,[0.4,0.6], [0.3,0.5]>} P,;={<x,[0.5,0.7], [0.4,0.5]>}
P,={<x,[0.5,0.6],[0.3,0.4]>} and Let A=2.
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1.P* = ([0.16,009] ,[0.59,0.43])
2.P= ([0.29,0.17], [0.36,0.25] )
3.p, @ P, —([0.47,0.68], [0.12,0.2])

4.p, ® P, = ([0.25,0.42], [0.47,0.62])
Theorem 3.4
Let P= <a,b> and P, =<a;,b;> , P,= <a,, b,> be the
pythagorean vague sets and
A, € 0 then,
lper=PaoPR
2. PL®P,=P,®P,
3.M(P®P,)=\P;OLP,
Proof
Lrer = @) (a)-a"a’ (.b)]

=lJ@)% + @) —az.az, (b,.by) |
P,®R
2.Similarly, P ®P, = l\/(bl)2 +(b,)* = (1) (b,)?, (ai)(a2)J
= V0.7 + ()7 — (0,)7. ()7 . (3,)() ]
"R, ®P

3.LHS:
MP@®P,)=A [\/(31)2 +(3,) —alta,’ ,(bl,bz)}

= [Vima-a)y -y by

RHS:
i1 = LA as 0 o[- aa) 0]
:[\/17(1*312)1(1*322)1: (bl’bZ)ijI

| L-0-@ ra, —ata ) o) |

=MP®PR,)

Definition 3.5
Let P= {<x,(a,b)>x € X} and P; ={<x, (a1,b;)>| x € X},
P,= {<x, (ay, by)>| xe X} be the pythagorean vague sets and
L=0, then
*P; U P, = (max (ag,a,), max (by,by))
*P; M P, =(min(ay,a,), min (by,b,))
*P° = (b,a)
Theorem 3.6

Let P= {<x,(a,b)>x € X} and P; ={<x, (a1,b1)>|
xe X} , P,= {<x, (az, by)>| xe X} be the pythagorean
vague sets and A =0, then
1.P1 |\ P2= qu Pl
2.P1 M P2= sz Pl
3)\4(P1 |\ Pz): )\.Pl |\ }\.Pz
Proof
1. P, U P,= [(max a;,8,), max (by b,)]

= [(max ap,a;), max (bz01)]

= Pz |\ Pl
2. le PZ: [(mln al,az), min (blybz)]

= [(min az,a;), min (by,by)]
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= PZ M Pl
3. LHS:
MP1 U Py)=2 [(max a,az), max (by,by)]

i [Jl—(l—maX(aizvazz))l’mz”((bli’bzi)}

RHS:
WP P = [ b JU[ Vi @2, by ]

- [\/1—(1—max(af,a22))* ,max(bll'bzﬂ)}

= }\'(Pl |\ P2)

Theorem 3.7
Py ={<x, (a1,b1)>| x € X}, Po= {<X, (a2, by)>| x€ X}
be the pythagorean vague sets, then
1.P1°U ch = (Plu Pg)c
Z.Plc@ PZC :(P1® Pz)c
Proof:
1) LHS
PYUP, = (bpay) U (bar)
= (max (by,bz), max (as,a,))

RHS
(P1UP,)° = (max (ay,a,) , max (by,by))"
= (max (bllbz)l maX (al!az))
= Plc |\ ch
3. LHS
P.°® P, =(bra) @ (bar)

= [ b’ +b,’ —b’b?,a,a, J
RHS
(PP, = [ai.az,\/bl2 +b,” —b12b22]

= [ b2 +b,” —bb,?,a,.a, ]
= plc® PZC

IV. DISTANCE FOR PYTHAGOREAN VAGUE SETS

Definition 4.1

Let A= {<x,(ta(X), 1-fa(X))>xe X } and

B ={<x, (tg, 1-f5(x))>| xe X } pythagorean vague sets in X
1. Hamming Distance

HPV(A7B):

St (%) —to () 1+ 1= Fo (6 =T Fo (31 +] 70 (%) — 75 (%) |

i=1
2.Normalized Hamming Distance
va(A,B):

n

Dt () =t (6 [+ 11— £, 0= Fo ()11 +] 2 (%) =75 (%) )

i=1
3.Euclidean Distance
Epv(A,B):

Jiwﬂm—ng+m—mum—n#am#+@xm—%wmﬁ
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Where 74 (%) :1-tA(X1)- (1-fA(Xi)) 'y g (Xi ) zl'tB(Xl)'(l'

fs(x;)) be the degree of indeterminacy of x in Aand B.
4. Normalized Euclidean Distance
NEpy(A,B)=

i=1

Distance measures satisfies the following conditions:
O=<=H, (A B)=<2n
O<N,(AB)<2
0<Ey, (A B)<+/2n
0< NE, (A B)<+2

Example 4.2:

Let X={1,2} and let A and B are the Pythagorean fuzzy set
in X defined by A={<x, (0.4,0.5), (0.3,0.5)>}
B={<x,(0.2,0.4),(0.1,0.5)>}

1.Hamming Distance

HPV(A’B):

i('tA(Xi)_tB(Xi)l-l"[l_ fA()]-[1- fB(Xi)]|+|”A(Xi)_”3(xi)|)

i=1

=|0.4-0.3| + |0.2-0.1] + |0.5-0.5| + ]0.4-0.5| =0.3.
2. Normalized Hamming Distance

Np\/(A,B):

n

\/ii((t%\(xi)_ts ()7 + ([~ £, 06112~ F ()T +(ma (%) -7 (Xi))z)
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V. CONCLUSION

In this paper we define new concept of Pythagorean vague
sets and verified their addition and multiplication properties
and also we find distance between Pythagorean vague sets,
and verified by the example.

(1]
(2]
(3]

(4]

(5]

(6]

(7]

(8]

z(ltA(Xi)_tB )T+ = FA D)1= fa (X +| 724 (%) — 75 (%) |)[9]

i=1

=0.15

3.Euclidean Distance
Ep\/(A,B):

= (0.1)%+ (0.1)* +(0.1)*=0.17
4. Normalized Euclidean Distance
NEP\/(A,B):

\/i((tA(xi)_tB (%; ))2 +([l_ fA ()] -[1- fg (X )])2 +(7[A(Xi)_”s (Xi))z)

i=1
=0.12
Distance in Pythagorean vague sets should be calculated by

taking truth membership and false membership function and

it also satisfies the following conditions.
e 0< Hpy(AB) < 2n

0<0.3<4
e 20<Npy(AB)< 2

0<0.15<2

e 30<En(AB)<+/2n
0<0.17<~/2n

o 4 0<NEn(AB)<+2
0<0.12< /2
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