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Abstract- Graph labeling was first introduced by Rosa in 1966 [1]. Labeling of graphs is an assignment of non-negative
integers to vertices, edges or both according to some specified conditions. Mean labeling of graphs was introduced by
Somasundaram.S and Ponraj.R in 2003[2]&[3]. Subsequently, labelings of graphs were done with geometric mean, harmonic
mean etc.,. We have already introduced Centroidal mean labeling[4], Logarithmic and Identric mean labeling of graphs[5]. In
this paper we acquire these mean labelings for some more standard graphs.
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I. INTRODUCTION

The study of a mean labeling is a two way process. It not
only shows how different graphs behave with respect to the
particular mean but also it shows how the mean behaves
graphically. This is to present the academic point of view
and not the application side of it, though it has some.

Notations : Let a, b be two positive integers. Then C(a,b),
L(a,b), I(a,b) denote the Centroidal mean, Logarithmic
mean and Identric mean of a and b respectively.

Definition 1.1 [4]: Let G = (V,E) be a graph with p
vertices and g edges. G is said to be a centroidal mean graph
if it is possible to label the vertices x € V' with distinct
labels f(x) from 1,2, ....q + 1 in such a way that on labeling
2(x2+xy+y? 2(x2+xy+y?

( 3(x-3/y)y )J or [ ( 3(x:1y)y )] ! the
resulting edge labels are distinct and are from 1,2, ....q. In
this case, f is called a Centroidal mean labeling.

each edge e = xy with [

Definition 1.2 [5]: Let G = (V,E) be a graph with p
vertices and g edges. G is said to be a Logarithmic mean
graph if it is possible to label the vertices x €V with
distinct labels f(x) from 1,2, ....q + 1 in such a way that on

labeling each edge e = xy with l

y—x y-x
logy — long [logy —log x]
, the resulting edge labels are distinct and are from 1,2, ....q.
In this case, f is called a Logarithmic mean labeling.
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Definition 1.3 [5]: Let G = (V,E) be a graph with p
vertices and q edges. G is said to be a Identric mean graph if
it is possible to label the vertices x € ¥V with distinct labels
f(x) from 1,2, ....q + 1 in such a way that on labeling each

1 1
_ |1 e\ =y 1 (x¥\x=y .
edge e = xy with lg (y—y) ] or [E (y—y) l , the resulting

edge labels are distinct and are from 1,2, .... g. In this case, f
is called a Identric mean labeling.

Definition 1.4 : A graph G is said to be complete, if every
pair of distinct vertices are adjacent. A complete graph on n
vertices is denoted by K,,.

Definition 1.5 [6]: An Alternate Triangular Snake A(T;,) is
obtained from a path wu,u, ...u, by joining u; and wu;,q
(alternately) to new vertex v;. That is every alternate edge of
a path is replaced by C;.

Definition 1.6 [6]: An Alternate Quadrilateral Snake A(Q,,)

is obtained from a path uyu, ...u, by joining uy, usz u,_4

(alternately) to new vertices vy, v,,..vn respectively,
2

Uy, Uy, ... U, tO NEW vertices wy, w,, ...wn respectively and
2
then joining v; and w; (1<i Sg) or by joining

Uy, Uy, .- Uy_y  (alternately) to new vertices vy, v, vg

-1
respectively, u; us, ...u,_, 10 new vertices wy, w, ---W§_1

respectively and then joining v; and w; (1 <i Sg— 1).
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That is every alternate edge of a path is replaced by C,. The
two types of Alternate Quadrilateral Snakes correspond to
whether C, starts from wu, or u, respectively.

Definition 1.7 [6]: The square G2 of a graph G has V(G?) =
V(G), with u, v adjacent in G? whenever d(u,v) < 2inG.

Il. MAIN RESULTS

Section |
Theorem 1 : Alternate Triangular Snakes are Centroidal,
Logarithmic and Identric mean graphs.

Proof :
Let A(T;,) be an Alternate Triangular snake. Two different
cases arise depending on the structure of A(T},).

Case (i) : C; starts from u,

Consider the function  f:V(A(T,)) - {1.2,..q+ 1}
defined by f(u))=2i—1 (1 <i<n) and f(v;) =
2i fori=1,3,..n—1. The edges wu;;; (1 <i<n)
receive the label 2i, w;v; (i = 1,3,5..n— 1) receive 2i — 1
as the label , v;v;,, (i =1,3,5..n—1) receive the label
2i + 1.

Case (ii) : C5 starts from u,

Let the function f:V(A(T,)) - {1,2,..q + 1} be defined
by f(ul)=1,f(u2)=2,f(ui)=2i—2(3SiSn),
fw)=2i—1fori=2,46..n—2. The edges
wu1<is<sn—-1), yv; (i =2,4,6..n—2),

viuj (i = 2,4,6..n—2) receive the label 2i—1,2i—
2, 2i respectively.

These functions work well as Centroidal, Logarithmic and
Identric mean labeling.

Thus A(T,) is Centroidal, Logarithmic and Identric mean
graph.

Theorem 2 : Alternate Quadrilateral Snakes are Centroidal,
Logarithmic and Identric mean graphs.

Proof :
Let A(Q,) be an Alternate Quadrilateral snake. Two
different cases arise depending on the structure of A(Q,,).

Case (i) : C, starts from u,
Define  f:V(A(Ty)) - {1,2,..q + 1}
f(vl) = Z,f(WI) = 3'f(u2) = 4’;
fw)=fu_)+5; B<i<n),
fw)=fwi)+5;2<i<>
fw)=fwi_)+5; 2<i<

by  fw) =1,

I3 -

2

Edges get labeled in the following manner.
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fuv) =1, f(wwy) =2, f(uuy) =3, f(uywy) =
4, f(uu3) =5,

fuiyg) = f(u_ou;—) +5;3<i<n-1,
f<uivi+_1> = f(ul'_zvi—_1) +5;i=357.n-1

fow) = f(wi_wi_1) +5;2< i< g,
f <uiw_i> =f <ui—2W_i_1> +5; i=46,..n
2

2

Hence all the edge labels are distinct.
Case (ii) : C, starts from u,

Define f:V(A(T,)) - {1,2,..q + 1} by
fu) =1, f(up) =2,f(vy) =3,
f(wy) =4, f(us) =5,
f)=fu_)+5; 4<i<n),
f) =fwi—1) +5; ZSiSZ—l,

fw) =f(wi_)+5; ZSiSE—l.

Edges labels are as follows.
fluug) =1, f(upvy) = 2,
f(wiwy) =3, f(uzus) = 4, f(uzwy) =5,
fuuip) = fuiu;—)) +5;4<i<n-1,
f(uivi) = f(ui_zvi_l) +5; i=468..n-2,
2

2

fow) = f(wioaw;)) +5;2< i < 2 -1,
f(u2i+1wi) = f(ui_zwi_l) +5 5 2<i Sg— 1.

The labels are all distinct.

Hence A(Q,,) is Centroidal, Logarithmic and ldentric mean
graph.

In the above two theorems we see that the same function
works for Centroidal, Logarithmic and Identric labeling.
Now we have a theorem where Centroidal mean labeling and
Logarithmic/ldentric mean labeling have different functions.

Theorem 3 : P? is Centroidal, Logarithmic and Identric
mean graph.

Proof :

The function f:V(P?) - {1,2,3,...q + 1} defined by
flup)=1,fw) =2@(—-1); 2<i<n) yields labels
for the edges u;u;4; (1 <i<n-—1)as 2i—1 and for the
edges u;u;,, (1 < i <n—2) as 2i. Hence this function is a
Centroidal mean labeling.

The function f:V(B%) - {1,2,3,...q + 1} defined by

fu)=2-1); A1<i<n-1), f(u,) = 2n —2
yields labels for the edges w;u;,, (1<i<n—-1)as2i—1
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and for the edges u;u;,, (1 < i <n—2) as 2i. Hence this M <c1,m) <2 +0333 = z_mJ +0.999
function is Logarithmic and Identric mean labeling. 3 3 3

2
Thus P2 is a Centroidal, Logarithmic and Identric mean  Therefore [C(1,m)| = l?m

graph.
. Observation 4 : For m =6, C(1,m) — sz < %
Section 11
) ) c(1 _ 2(1+m+m?)
Centroidal mean labeling of K,, (1,m) = T30m)
Now we make some observations which will be useful in — 3(1 +m) — 2m
establishing the impossibility of Centroidal mean labeling of 3 3(m+1)
K, , in general. om 2 . 5
cam-2=21-2]=
. 3 3 m+1 3(m+1)
Observation 1 :
For m>2, 2%~ |2%| =0 if m=3k m=6=s>m+1>7
=0333 if m=3k—-1
=0.666 if m=3k—2 =>3(m+1) =21
. 2m . = 2 < i < i
Observation 2 : C(1,m) = — @ m grows larger. That is, 3ma) — 21 10
2m
c(1,m) approaches? . om 1
=>C(1,m) - =<—=
3 10
cm) - 2 =2 2 _
3 3 3(m+D Observation 5 : For m = 6,
1
M L 1as m— oo c@2m)— c,m) <15
m+1
. 2m] _ _ _ 2(4+2m+m?) _ 2(1+m+m?)
Hence lim,,_,, [C(1,m) -2 =0 cem - c(tm) = 22 P
Observation 3 : [C(1,m)] = |22 — 2 m
(1, m)] l 3 3 [1 (m+1)(m+2)]
2 2m
1 = = 1) — 1 2 2 1
C( 'm) 3(m+ ) 3(m+1) C(2,m)—C(1,m)<E<:) ;[1—m]<5
_m 21 _" 2
_3+3(1 m+1) & 1- —— <=
(m+1)(m+2) 20
_m, 2
T 3 T 3(m+1) _m v
(m+1)(m+2) 20
2
Note that for m = 1, D) 0.333 o 3m? —Slm—34> 0
Case (i) : Z?m isan integer = |C(1,m)| = lZTmJ & m>17.6 & m < 0.64

Case (i) : 2% = || + 0.333

Hence C(2,m)— C(1,m) < % vm>18

. 1
rvation 6 : For > — C(2 —
2?m<C(1,m) <2?m+0.333 _ lZTmJ+0.666 Observation 6 : For m > 30, C(3,m) — C(2,m) <%

_ _ 2(9+3m4m?)  2(4+2m+m?)
Therefore |C(1,m)] = lZTmJ CBm) - C2m)= 3(3+m) 3(2+m)

Case (i) : 2 = | 22| + 0.666
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m

2) 3(m+2)

_ z[ﬂ]

~ 3 lm+2)(m+3)

1 2 5m+6 1

Cm-CcAm< & z[m 10

5m+6 3

(m+2)(m+3) 20
©3m?—-85m—102>0

o m<—1.15 & m > 2948
Therefore, C(2,m) — C(1,m) < % vm =30

Result : All the above observations lead to the result that, for
m = 30,

lZm 2m
TJ <CLm)<C2m) <CBm < ITJ 1

Theorem 4 : For n > 4, K, is not a Centroidal mean graph.

Proof :
Let g = @ be the number of edges. To get 1 as an edge

label, some pair of vertices receive (1,2). Therefore 1 and 2 are
compulsory vertex labels. To get 2 as an edge label, some pair
of vertices must receive one of the following : (1,2), (2,3), (1,3).
Since (1,2) has already been used for the label 1, it is inevitable
that we go for (2,3) or (1,3). Either of the choices demand the
need for 3 as a vertex label. So it is mandatory that some triplet
receives 1,2,3 as vertex labels. Now to get g as an edge label,
one of the following must be given to some pair of vertices.

@-29,(a-1,9,(q-1,q+1),(qq+1), (g—2,q9+
1),(g-3q9+1)
Hence some vertex must receive either g or q + 1.

But for m > 30, [ZT”’] <C(1,m) < C(2,m) < C3m) <

201

It becomes impossible to give different labels to
L9, 29,639 o (Lg+1),(2q+1),36Bq+D.
Therefore, K, (n = 9) is not a Centroidal mean graph. It is easy
to see that K, , K5, K, are Centroidal mean graphs. Now we
give the argument for 5<n<8 For n=6,78, q=
15,21, 28 respectively. For K, , one of the vertices must receive
15 or 16. But all of €(1,15/16),C(2,15/16),€(3,15/16) lie
between 10 and 11. Labeling (1,15/16), (2,15/16), (3,15/16)
with different labels is impossible. As for K, , €(1,7/8),C(2,7/
8),C(3,7/8) all lie between 14 and 15 and hence different
labels for those three edges are out of question.

Similarly for Kg,

© 2019, IISRMSS All Rights Reserved
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18 < €(1,28) < €(2,28) < €(3,28) < 19 and

19 < €(1,29) < €(2,29) < €(3,29) < 20.

Now let us consider K. Since g = 10, some vertex must
receive 10 or 11 as a label. If some vertex is given 11, then the
inequality 7 < €(1,11) < €(2,11) < €(3,11) < 8 makes it
impossible in giving different labels to (1,11), (2,11), (3,11).
Suppose that 10 is given for some vertex. Then the possibilities
are (9,10) and (8,10).

But 6 <C(1,9)<C(2,9)<C(3,9)<7 and 5<C(1,8) <
€(2,8) < C(3,8) < 6.

Therefore, Kz is not a Centroidal mean graph.

Hence the theorem.

I1l. CONCLUSION

In [4] and [5], we have already investigated the Centroidal,
Logarithmic and Identric mean labelings for the following types of
graphs : Path, Cycle, Star, Triangular Snake, Quadrilateral Snake,
Crown, Ladder, Comb, Caterpillar and Dragon.

In this paper, we have investigated these three mean labelings for a
few more standard graphs like Alternate Triangular Snake,
Alternate Quadrilateral Snake, product graph P2 and Centroidal
mean for the Complete graph K,,. As a scope for future work,
further investigation with more graphs may be carried out;
moreover, as in other mean labelings, general characterization
results may be of interest.
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