Mathematical and Statistical Sciences
Vol.6, Issue.5, pp.34-39, October (2019)

International Journal of Scientific Research in

Research Paper

E-ISSN: 2348-4519

Wgmyseak.  DOI: https://doi.org/10.26438/ijsrmss/v6i5.3439

Double-Framed Created Retrenchment N-Fuzzy Soft Ideal Lattice
Structures

G. Rethnarexlin®, G. Subbiah®", V. Nagarajan®

'Reg.No: 18123152092017,Department of Mathematics, S.T.Hindu College, Nagercoil-629 002, Tamil Nadu, India
“Dept. of Mathematics, Sri K.G.S. Arts College, Srivaikuntam-628 619, Tamil Nadu, India
®Dept. of Mathematics, S.T. Hindu College, Nagercoil-629 002, Tamil Nadu, India

(Affiliated to Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli, Tamil Nadu, India)

*Corresponding author:subbiahkgs@gmail.com

Available online at: www.isroset.org

Received: 05/0ct/2019, Accepted: 16/0ct/2019, Online: 31/0Oct/2019
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negative-valued function. Using this double-framed negative-valued structure, we have applied in a B-algebra and hence
introduced the notion of a double-framed negative- valued B-algebra, double-framed N-fuzzy soft structures. Also the
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I. INTRODUCTION

The algebraic structure of soft set theory dealing with
uncertainties has also been studied in more detail. Aktas
and Cagman [1] in traduced a definition of soft groups and
derived their basic properties. Park et. al [15] worked on
the notion of soft WS-algebras, soft sub algebras and soft
deductive systems. Jun [4] dealt with the algebraic
structure of BCK/BCl-algebras by applying soft set
theory. Park [5] presented the notion of soft ideals,
idealistic soft ideal and idealistic soft BCK/BClI-algebras.
Jun et. al [6] applied soft set theory to commutative ideals
in BCK-algebras. Jun et. al [10] initiated to introduce
double framed soft sets and presented its applications in
BCK/BCI algebras. Jun and Park [7] make application of
soft sets in Hilbert algebras. Jun et .al [8, 9] presented
Pseudo d-algebras and applied soft set theory to ideals in
d-algebras. Roy and Maji [11] gave some application soft
fuzzy sets. Aktas and Cagman [1] compared soft sets with
the related concepts of fuzzy sets and rough sets.
Molodtsov [14] introduced the concept of soft sets that
can be seen as a new mathematical theory for dealing
with uncertainty. Molodtsov applied this theory to several
directions [14] and then formulated the notions of soft
number, soft derivative, soft integral, etc. in [11,12,13].
The soft set theory has been applied to many different
fields with great success. [2] introduced the notion of
ideals in  subtraction algebras and  discussed
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characterization of ideals. In [3], Y. B. Jun et. al
established the ideal generated by a set, and discussed
related results. To solve complicated problems in
economics, engineering and environment, we can’t
successfully use classical methods because of various
uncertainties typical for those problems. There are three
theories: theory of probability, theory of fuzzy sets and the
interval mathematics which we can consider as
mathematical tools for dealing with uncertainties. But all
these theories have their own difficulties. Uncertainties
can’t be handled using traditional mathematical tools but
may be dealt with using a wide range of existing theories
such as probability theory, theory of (intuitionistic) fuzzy
sets, theory of vague sets, theory of interval mathematics
and theory of rough sets. The fundamental concept of
fuzzy set is a mapping from non-empty set S to unit
closed interval was published by Zadeh in his paper [16]
in 1965, was applied to generalize some of the basic
concepts of algebra. The fuzzy algebraic structures play a
prominent role in mathematics with wide applications in
many other branches such as theoretical physics,
computer science, control engineering, information
sciences, coding theory, topological spaces, logic, set
theory, group theory, groupoids, real analysis, measure
theory, etc. The fuzzification of ideal theory in
subtraction algebras were discussed detail in [10].In this
paper, we introduce a created double-framed
retrenchment structure which is the generalization of
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negative-valued function. Using this double-framed
negative-valued structure, we have applied in a B-algebra
and hence introduced the notion of a double-framed
negative-valued B-algebra, double-framed N-fuzzy soft
structures. Also the characterization of double-framed N-
fuzzy soft ideal lattice is presented.

1. PRELIMINARIES

In this section, we cite the fundamental definitions that
will be used in the sequel.
Definition 2.1. A non empty set X together with a binary
operations “+ , “-” is said to be a
B-algebra if it satisfies the following

(By) a—-0=0

(B2) (0-a)+a=0

(Bs) (@—b)—-c=a—(c+bh), forallab,ce X
+ (0 1 2 3

00 1 2 3
1({1 0 3 2
212 3 0 1
313 2 1 0

Example 2.2. Let A = {0, 1, 2, 3} be a set. Then (A, +, —)
is a B-algebra.

w N - ©

w N P, OO
N WO |-
, O W NN
O P N Wlw

The ordered set (X : <) is a semi-boolean-algebra in the
sense of [ J.C.ABBOTT], that is, it is a meet semi-lattice
with zero in which every interval [0, a] is a Boolean algebra
with respect to the induced order. Herea A b = a — (a + b),
the complement of an element b € [0, a] isa + band if b, ¢
€ [0, a], then

bv c:(bj/\ cj):af((afb)/\ (a
—¢)
=a—((a—-b)-
((a=b)+(a—o).
Therefore (A, +, - ) is a B-algebra.

Definition 2.3. [Y.B. Jun et.al] A non empty subset A of
a B-algebra X is called an ideal of X; denoted by A of X;
if it satisfies

(I)a—x€ Aforallae Aandx € X.

(1) for all a, b € A, whenever a v b exists in X,

thenav b e A
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Proposition 2.4. [Y.B.Jun et.al] A non empty subset A of
a B-algebra X is an ideal of X if and only if it satisfies

(i) 0eA

(i) x—ye A=xe Aforall x,y € A

Proposition 2.5. [Y.B.Jun et.al] Let X be a B-algebra and let
X,y € X. If p € X is an upper bound for x and y, then the
element xv y =p — ((p —y) — X) is a least upper bound for x
andy.

Definition 2.6. [Y.Ceven et.al] Let X be a B-algebra and
Y be a non-empty subset of X. Then Y is called a sub
algebraof X if x + y € Y, whenever x,y € Y.

Definition 2.7. [Zadeh] Let X be any set. A mapping A :
X — [0, 1] is fuzzy set in X.
Example 2.8. Let X = {1, 2, 3}. Then the fuzzy set is

X 1 2 3
PX) | 07| 08| 09

Definition 2.9. [Molodtsov] A soft set is a parameterized
family of collection of all subsets.

Denote by F (X, [—1, 1]), the collection of functions from a
set X to [—1, 0] (briefly, N-fuzzy function on X).

By an N-structure we mean an ordered pair (X, 8) of X
and an N-function 6 on X. For any N-function 6 on X and
t € [-1,0], the set C(8",t) is 8 (x) > m and & (X) < n is
called closed (8(m,n))-cut of (X,d).

Definition 2.10. [Y.B.Jun etal] By an ideal (resp.,sub
algebra) of X based on N-fuzzy function (briefly N-
fuzzy ideal) (resp.,N-fuzzy sub algebra), we mean on N-
fuzzy structure (X, 8) in which every non empty closed (3,
t) - cut of (X, &) is an ideal (resp.,sub algebra) of X, for all t
€ [-1, 0].

Example 2.11. Let A = {0, 1, 2} be a B-algebra and define
the set (A, -) is given in the following table

Theorem 2.12. Let (X, 8) be an N-fuzzy structure of X.
Then (X, 8) is called a N-fuzzy sub algebra of X if and
only if it satisfies

(NFS) 8(x — y) <max {8(X), d(y)}, whenever X,y € X.
Proof. The proof is straightforward from the definition
(2.10).

Theorem 2.13. An N-fuzzy structure (X, ) is an N-fuzzy
soft ideal of X if and only if it satisfies the following
assertions:

(NFSI;): 8(x—y) < 8(x)

(N F Sl,): 8(x V y) < max {d(x), d(y)}, for all x, y € X and
there exists of x v y.

Theorem 2.14. Let (X,8) be an N-fuzzy structure of X.
Then the following conditions hold:

(i) (Vx,a, b€ X), (a—x)<b=5(x) <max {5(a), 5(b)},
then (X, 8) is an N-fuzzy sub algebra.

(i)Any N-fuzzy ideal (X,5) of X is an N-fuzzy sub
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algebra of X.

Proof. (i)Let X, y € X be such that x — (x — y) <y. Thus
d(x—y) < max{d(x),d(y)}, Hence & is an N-fuzzy sub algebra
of X.

(ii) Assume that (X, 8) is an N-fuzzy ideal of X. Then,
there exist x, y € X such that
x—y<x<p-(p-y)—x)=xVyforalxy,pe X
Thus NFSI,

iS3(x —y) <8(x V y) <max {3(x), 8(y)} .

Hence (X, 9) is N-fuzzy sub algebra of X.

-10]11|2
00|00
111]0]1
212|12|0

Example 2.15. Let X = {0, 1, 2} be a B-algebra with the
Cayley table which is given in example (2.11). Let (X, d)
be a N -fuzzy structure defined by 8(0) = —0.2 ,6(1) =
-0.4,8(2)=-0.9.

0

O = O

N = Of!
N O O

0
1
2

It is easy to check that (X, &) is both an N-fuzzy sub
algebra and an N-fuzzy ideal of X.

However, the following example 2.16 shows that the

converse of theorem (2.14) of (ii) is not true.

Example 2.16. Let X = {0, 1, 2, 3} be a B-algebra with
the Cayley table which is given in example (2.15). Let
(X, 8) be a N-fuzzy structure defined by
8(0) = —0.7, 3(1) = —0.4, 3(2) =
—0.5, 8(3) = —0.6.
It is easy to check that (X, &) is an N-fuzzy sub algebra, but
not an N-fuzzy ideal of X. Since
d2 v 2)=8(1 — (1 —2) +2)) =560) =—-0.7 not
belongs to —0.5 = max {3(2), 8(2)}.

11l. DOUBLE-FRAMED N-FUZZY SOFT IDEALS OF
B-ALGEBRA

Let X be a non-empty fixed set. A double-framed N-
fuzzy structure (DFNFS in short) is an object of the
form N={(x,0n,Fn)IX¢ X}where 8y and Fy are
negative valued functions from X to [—1, 0] with —1 <
Oy (X)+ Fy (x) < 0 for all x € X. For the sake of
simplicity, we use the symbol (X, 6y, Fy ) for the
DFNFS ={(x,0n,Fn)IXe  X3}.In what follows, let X
denote B-algebra and &y, Fy are N-fuzzy functions on X
unless otherwise specified.
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For any N-fuzzy functions &y and Fy on X and te
[—1,0], the set C=C(8n,Fn;T) ={x € X]
n(x) <t and Fy(x) >t} is called level set of (X, 6y, Fn).
Definition 3.1. A double-framed N-fuzzy structure (X,
on, Fn ) is called a double-framed N-fuzzy soft ideal
lattice of X, if it satisfies
(DENFSIy) @ n(x — y) < dn(x) and dy(X V YY) < S
{On(x), on(Y)}
(DENFSI,) @ Fy(x — y) < Fn(x) and Fy(x v y) >
T {Fn(x), Fn(Y)}
forall x, y € X and existing of x v y.

Example 3.2. Let X = {0, 1, 2, 3} be a B-algebra with the
Cayley table which is given in example (2.2). Let (X, éy ,
Fn ) be a double-framed N-fuzzy structure defined by
SN(O) =04 SN(l) =-0.7 SN(Z) =-0.6 SN(3) =-0.5
FN(O) =—0.3 FN(l) =—0.5 FN(Z) =—0.2 FN(3 ) =-0.9
By routine calculations, we can prove that (X, oy, Fy) is
a double-framed N-fuzzy soft ideal.
The following theorems provide the relation between the
double-framed N-fuzzy soft ideal and an ideal on C(dy,
Fn; 1).
Theorem 3.3. Let ‘N’ be a double-framed N-fuzzy
structure of X and C be a level set of X. Then ‘N’ is a
double-framed N-fuzzy soft ideal of X if and only if C is
an ideal of X for all
te [-1,0].
Proof. Necessary Part:

Let ‘N’ be a double-framed N-fuzzy soft ideal of X and C
be a level set in X.

()Forall x,y € C,V t € [-1,0], then dpn(x—Yy) < Sy(X) <t
and Fy(x —y) = Fy(x) > t.

This implies x —y € C. This satisfies the condition
(DFNFSI,).

(iForall x,ye CV te [-1,0], then
On(X VYY) =S {On(X), dn(Y)} <t,
Fn(xvy) =T {Fn(X), Fn(y)} > t.

This implies that there exists x v .y € C. Thus ‘C’ is an
ideal of N.

Suppose that N is a double-framed N-fuzzy soft ideal
of X, that is, every non-empty C of N is an ideal of X
forall t € [-1, 0]. If there are a, b € X such that 5y (a —

b) > 6y(a) and Fy(a—b) < Fn(a), then dy(a—b) > tg > dn(a).

Thus a€ C, but a-b¢ C. This is a contradiction and so
dn(x—y) <dn(x) and

Fn(x —y) = Fy(x), forall x, y € X.

Thus ‘C’ satisfies (DFNFSI; — DFNFSI,).
Sufficient Part:
Assume that there exist a,b € X such that av b exists.
Here 8y (aVv b) > S{dn(a), dn(b)}and Fy(avb) <
S{Fx(a),Fn(b)}. Then
on(av b) >ty < S{dn(a),dn(b)}
Fn(av b) <t =T{Fn(a),Fn(b)},
for some t,e [-1, 0]. It follows that abh € C and av bt C
which is a contradiction. Thus C satisfies (DFNFSI;—
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DFNFSI,).
Hence N is a double-framed N-fuzzy soft ideal of X.
Theorem 3.4. If a double-framed N-fuzzy structure N in
X is double-frgmed N-fuzzy soft ideal of X, then so is &
n Of X where 8, = 1-y.
Proof. It is sufficient to show that 6 satisfies condition
DFNFSI,;.

B (i) For all x, y € X, we have B

NOY) = 1-0n(X-Y) 21-0n(X) = 8, (X) and there exists x

VyeX
such that

n(XV Y)=1-3n(XV Y)

> 1-T {3n(x), n(Y)}

= T{1-3n(x),1-6n(Y)}
=T {3,(0), 3,09 -

Hence dy, is a double-framed N-fuzzy soft ideal of X.
Theorem 3.5. A double-framed N-fuzzy structure ‘N’ is a
double-framed N-fuzzy sgft ideal of X if and only if the
N-fuzzy functions oy and F are N-fuzzy soft ideals of X.
Proof. Let ‘N’ be a double-framed N-fuzzy soft ideal of
X. Clearly, 8y is N-fuzzy soft ideal of X.
~ Forall x, y € X, we have B
n(XY)=1-Fr(X-y)<1-Fn(X)=Fy(X),
B and there exists x v y € X such that
Fuxv y)=1-Fn(xvy) < 1 — S {FuX),

S{1-Fn(x),1-Fn()} = S Ry (9, Ry}
Hence F is a N-fuzzy soft ideal of X.

Fv)} =

Conversely, suppose that 3y and EN are N-fuzzy soft
ideals of X. Let x,ye X. Then
I-Fn(x-y) = Fy(x-y) < Ry(X) =1-Fn(X)
and there exists x vV y € X such that

I-Ru(xvy) = Rxvy) < S{RG).ROI=
S{1-Fn(x),1-Fn(y)} = 1-S{Fn(x),Fn(Y)}-
Which implies that Fy(x—y) > Fy(X) and Fy(xvy) >
T{Fn(X),Fn(Y)}. This completes the proof.
Corollary 3.6. A double-framed N-fuzzy structure ‘N’ is
a double-framed N-fuzzy soft ideal of X if and only if the
N-fuzzy functions &y and Fy are N-fuzzy soft ideals of X.
Proof. The proof is straightforward.
Definition 3.7. A N-fuzzy function ® on B is called a N-
fuzzy characteristic function if

lifxeB
0 otherwise

D(X) =

Corollary 3.8. Let ®, be the N-fuzzy characteristic
function of an ideal A of X. Then the

A= (X,®,) is a double-framed N-fuzzy soft ideal of X.
Proof. The proof is straightforward.
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Theorem 3.9. Every double-framed N-fuzzy structure
‘N’ of X is double-framed N-fuzzy soft ideal if and only
if it satisfies
() Sn(x — ((x —a) + b)) < S {dn(a), 3n(b)}
(i)Fy(x—((x—a)+b)) >T{Fn(a),Fn(b)},foralla, b € X.
Proof. Let ‘N’ be a double-framed N-fuzzy structure of X
satisfying (i) and (ii).We have
X—y=(x-y)— (x—y)—x)+x),forall x,y € X. From
(i) and (ii) , we have
58?())( —Y) = Sn((x—Y)—((x~y)—x)+x)) = S{Fn(X),Fn(y)}=
N(X),
EN((X)— y) = Fn((x=y)=((x~y)—x)+x))= T{Fn(X),Fn(y)}=
N(X).
Suppose x € X is an upper bound for a and b, for a,b € X
that is x = a v b, then by proposition(2.5), we have avb =
x—((x —a)+h).
dn(aVvb) =dn(x — ((x —a) + b)) <S {dn(a), 5n(b)}
and Fy(a v b) = Fy(x — ((x —a) + b)) > T {Fn(a), Fn(b)}

Thus (DFNFSI,), (DFNFSI,) are valid. Hence double-
framed N-fuzzy structure is double-framed N-fuzzy soft
ideal of X.

Thus 8y(a vV b) = dny(x — ((x — a) + b)) < S {dn(a), Sn(b)}
and

Fn(@ Vv b) = Fn(x = ((x —a) + b)) = T {Fn(a), Fn(b)}

.Hence (i) and (ii) are valid. This completes the proof.

Proposition 3.10. Every double-framed N-fuzzy soft
ideal of X satisfies the following inequalities (i)dn(0) <
Sn(x) and (ii)Fn(0) > Fy(x), for all x e X.

Proof. By taking y = x in (DFNFSI;) — (DFNFSI,); we
have

On(0) = dn(x — x) < On(X),Fn(0) = Fn(x — x) = Fn(X).

Corollary 3.11. Every double-framed N-fuzzy soft ideal ‘N’
satisfies x <y = 8y (x) > oy (Y),
and Fy(x) < Fy(y) forall x,y € X.
Proof. Let X, y € X be such that x <y. Then x —y =0 and
o)
On(X) = On(x—0) = Sn(x—((x~Yy)ty)) <
On(Y)}= dn(Y)
and Fy(X) = Fn(x—0) = Fn(x—((x—y)+Y))
>T {Fn (¥), Fn(Y)}
= Fn(y).
by using previous proposition (3.10). This completes
the proof.

S {on(y),

Theorem 3.12. A double-framed N-fuzzy structure ‘N’
is a double-framed N-fuzzy soft ideal of X if and only if
it satisfies

(i) On(X) < S {dn(x —Y), on(Y)}

(i) Fnx) =T {Fn(x —y), Fn(y), forall x, y € X.
Proof. Assume that ‘N’ is a double-framed N-fuzzy
soft ideal of X. Then by proposition (3.10) and the
conditions (i) and (ii) of theorem (3.12) are valid by
taking z = 0 in corollary (3.11) respectively.
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Conversely, ‘N’ satisfying proposition (3.10) and
theorem (3.12).Then

(x—((x-aytb)-b = (x-b) -
x-b)—((x—a)tb)< x—(x—a)< a.
That is (x—((x—a)+b)) —b)—a = 0, for all x,a,be X, it
follows from proposition(3.10) that

n(x = ((x —a) + b)) =S {dn((x — ((x —a) + b)) —b),
dn(b)}

<S{S {3n(((x — ((x —a) + b)) —b) —a), 5n(a), on(D)}}
=S{S{n(0),0n(a),0n(0)}} = S {Sn(a),dn (D)}

and Fy(x — (x —a) + b)) > T {Fn((x — (x —a) + b)) —
b), Fn(b)}
=T {T {Fn(((x = ((x — a) + b)) = b) — a), Fn(a), Fn(b)}}
= T{T{Fn(0),Fn(a).Fn(b)}} =
T{Fn(a),Fn(0)}.

By theorem (3.5), ‘N’ is a double-framed N-fuzzy soft
ideal of X. This completes the proof.
Definition3.13. Let (X,0n, Fn) and (X,pn, 'n) be double-
framed N-fuzzy structures. Then
(X,3n,Fn) is said to be a double-framed retrenchment of
(X,0n,Fn) 1 3n(X) < pn(X)
and FN(X) > I'N(X).
Definition 3.14. Let (X, 3y, Fn) be a double-framed N-
fuzzy structure. A double-framed N-fuzzy structure
(X,pn,fn) is called a double-framed retrenchment N-
fuzzy soft ideal of (X,dn,Fy) if it satisfies
(1) (X,pn,Tn) is a double-framed retrenchment of
(X,0n,Fn)-
(i) If (X,3y,Fn) is a double-framed N-fuzzy soft
ideal of X, then (X, pn, In) is a double-framed
ON((x=2)~(y=2)) = n(((x—(y=2))+2)-2Z) < dn(((x — (¥

-2))+2)-2)
<dn((x—y)+2)
and Fn((x—2)—(y=2)) = Fn(((x—(y—2))+2)-2) =
Fn((x—(y—2)) +2) —2)

Fn((x—y) +2).
Conversely,

ON(X —Y) =0n((x—Yy) +0) =dn((x—Y) —(y—Y)) <

Sn((x —y) +Y)

and Fy(x —y) = Fn((x —y) +0) = Fp((x —y) — (v —
Since (X, dn, Fn) is a double-framed N-fuzzy soft ideal
of X, we have

IN(X) < S {Sn(x —Y), On(y)} < Sn(W),

and Fny(X) > T{Fn(x—Y),Fn(Y)} = Fn(w), so that x € X,,.

Hence X,, is an ideal of X.

(x=a)tb)=b) =

>

IV. CONCLUSION

A soft set is a mapping from parameter to the crisp subset
of universe. However, the situation may be more
complicated in real world because of the fuzzy characters
of the parameters. Using this double-framed negative-
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N-fuzzy soft ideal of X.
Definition 3.15. Let (X,dy,Fn) be a double-framed N-
fuzzy structure. A double-framed N-fuzzy structure
(X,pn,rn) is called a created double-framed N-fuzzy soft
ideal of (X,0n,Fy) if it satisfies
(1) (X,pn.ry) is a double-framed N-fuzzy soft ideal
of X.

(i) (X,pn.ry) is a double-framed retrenchment of (X
;0N Fn)-
(ii1) For any double-framed N-fuzzy soft ideal
(IV) (X,dn,Ln) of X, if(X,dn,Ly) is a double-framed
retrenchment of (X,dy,Fn), then (X,Jn,Ly) is a
double-framed retrenchment of (X,pn,In)-
Note 3.16. The created double-framed N-fuzzy soft ideal
of (X, 8y, Fn) of X will be denoted by (X,|6n|,|Fnl). Also
it is the greatest double-framed N-fuzzy soft ideal in X
which is a retrenchment of (X,dn,Fn).
Proposition 3.17. Every double-framed N-fuzzy soft ideal
‘N’ of X satisfies the following assertations;
(1) dn(x —y) Sdn((x —y) +Y) @dn((x—2) — (y — 2))
<dn((x—y) +2z), for all
X, ¥,z2€ X.
(i) Fn(xy) = Fu((x-y)ty)e Fn((x-2)—-(y-2)) =
Fn((x—y)+2), forall x,y, ze X.
Proof. Assume that dy(x — Y) < dn((x — Y) + y)and
Fnx—y) > Fy((x —y) +y), forall x, y € X. Also,
(x-(y-2D+2)—z=(x-2)~(y-2) ~z<(x -
y) + z, by corollary-3.11.
Thus,
On((x = (y —2)) +2) <dn((x —Yy) +2)
Fn((x—(y—2)) +2) 2 Fn((x —Y) + 2).

y)) = Fn((x —y) +Y).
This completes the proof.
Theorem 3.18. Let w be an element of X. If (X, 3y, Fn)
is a double-framed N-fuzzy soft ideal of X, then X,, is
an ideal of X.
Proof. Let 0 € X,,. Letx € X and y € X,, be such that x
—y € Xy. Then
On(x —Y) < dn(w) and Sn(x) < Sn(W)
and Fy(x —y) = Fy(w) and Fy(x) = Fy(w).

valued structure, we have applied in a B-algebra and
hence derived double-framed negative -valued B-algebra
with double-framed N-fuzzy soft lattice.
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