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Abstract- In this paper, we define one notion of regular and two notions of normal space in bitopological spaces. We find
some relationship from topological spaces and bitopological spaces of such notions. Then, we have shown that such
notions given satisfy hereditary, projective and productive properties. Furthermore, we have shown some of their features.
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I. INTRODUCTION

The definition of bitopological space, regular
bitopological space and normal bitopological space was
first defined by Kelly [1]. Again the definition of normal
property in topological space was first defined by Tietze
[2]. After then Aarts[3], Hyung [4], Lal [5], Lane [6],
Nour [7] turned their interest in this regard. Recently,
Arunmaran [8], Dorsett [9], Jasiml [10], J.M.H [11],
Mukharjee [12] introduced the generalizations of different
concepts of pairwise regularity, pairwise normality and
complete normality.

Section | in this paper presents the description of this
field. Section 1l defines some of the notations which are
used in the paper. Section Ill recalls some definitions
which are ready reference in our work. In section IV, we
establish some properties of separation axiom in
bitopological space and some of their features. Section V
is the conclusion of our research work.

Il. NOTATIONS

Through this paper X,Y will be a non empty set and
S,T, W, Z be the topology on X. (X,8,7) and (Y, W, 2)
be bitopological spaces. U,V are open sets and its
elements are x, y, x;, X3, V1, V-

I11. PRELIMINARIES

Definition 3.1 A bitopological space (X,S,7) is called
T, space if Vx,y € X with x # y then

JUEeSUT suchthatx e U,y ¢ Uorx ¢ U,y € U [13].
Definition 3.2 A bitopological space (X,S,T) is called
T, space if Vx,y € X with x # y then

AUeSand VeET such that xeU,y¢Uand x &
U,y € U[14].

Definition 3.3 Let x be a non empty set. A class T of
subsets of X is a topology on X iff T satisfies the
following axioms

© 2020, IJSRMSS All Rights Reserved

(&) X and ¢ belongto 7.

(b) The union of any number of sets in T belongs to T.
(c) The intersection of any two sets in T belongs to 7.
The members of T are then called T open sets or simply
open sets and X together with 7 .Hence the pair (X,T) is
called a topological space [15].

Definition 3.4 Let A be a non empty subset of a
topological space (X,T) .The class T, all intersections of
A with T open subsets of X is a topology on A4, it is called
the relative topology on A or the relativization of 7 to A,
and the topological space (4,7,) is called a subspace of
(X,7) [15].

Definition 3.5 Let, {(X; S, 7))} be a collection of
bitopology spaces and let X be the product of the sets X;
i.e X =[Ii X;. The coarsest topology § and T on X with
respect to which all the projections Ai:X — X; are
continuous is called the product topology. The product set
X with the product bitopology § and T i.e (X,S8,7) is
called the product topological space or simply product
space [15].

Definition 3.6 A space X on which are defined two
topologies S and 7 is called a bitopological space and
denoted by (X,s,7) [1].

Definition 3.7 A mapping f: (X,8,7) — (Y, W,2) is
called P-continuous (respectively P-open, P-closed) if the
induced mappings f: (X, §) = (Y, W)and f: (X ,T) —
(Y, Z) are continuous (respectively open, closed) [1].

Definition 3.8 A bitopological space (X,S,T) is called
T, space if Vx,y € X with x # y then
AU eS,VeTsuch that xeU,yeV and UNV =¢

[1].
Definition 3.9 In a space (X,S,7), S is said to be regular

with respect to T if, for each x in X, there is a §-
neighbourhood base of T'-closed set, or, as easily seen to
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be equivalent , if, for each point x in X and each S-closed
set S such that x ¢ S, there are a S-open set U and a T
open set such that

x€USCV,andUNV = ¢.

(X,8,T) is, or § and T are, pairwise regular if § is
regular with respectto 7" and vice versa [1].

Definition 3.10 A space (X,S,T) is said to be pairwise
normal if, givena § closed set F and a T closed set G
with F NG = ¢, then 3 a T open set U and a § open set
Vsuchthat F S U,G S VandUNV = ¢ [1].

Definition 3.11 A space (X, S, T) is said to be completely

normal space if F,G € X with F n ¢ F nG= ¢ then
3 a T-open set U and a §- open set V such that F <
UGcsVandUnV =¢[1]

IV. PROPERTIES OF REGULAR, NORMAL AND
COMPLETE NORMALITY IN
BITOPOLOGICAL SPACES

In this section, we define one notion of regular and two
notions of normal in bitopological space. We also find
some relations of them.

Definition 4.1. A space (X,S,T) is said to be regular if
for each x € X and a T closed set F such that x & F then
3 a T open set U and a § open set V such that
x€UFCSVandUNV = ¢.

Definition 4.2. A space (X,s,7) is said to be normal
space if a T closed set F and a § closed set G with
FNG=¢then3 aT opensetUandas opensetV such
that FC UGS VandUNV = ¢.

Definition 4.3. A space (X,s,7) is said to be completely
-5 =T

normal space if F,G S X with FNG ,F NG = ¢ then

3 a T-open set U and a S- open set V such that F €

UGeSVandUNV = ¢.

Theorem 4.1. If (X,S8) and (X,T) are both regular space
then (X, S, T) need not be regular space.

Proof. Let, X = {a, b, ¢}

s = {X,¢,{a},{b},{a,b}}

7 = {X,,{a, b}, {c}}

(X,8) and (X,T) are both regular space but (X,S,T) is
not a regular space since a € X and T closed set F = {c}
suchthata ¢ F = {c}then3 T openset U = {a,b}and §
openset V. ={b,c} suchthata e U F SV butunV =
{b} # ¢.

Theorem 4.2. If (X, S§,T) is a regular space then need not
be (X,8) and (X, T) be regular space.

Proof. Let, X = {a, b, ¢}

s ={X, ¢ {a}}

T ={X,¢,{b,c}}

A space (X, S,T) is regular space but (X, S) is not regular
because a € X and a closed set F = {b,c} such that
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a¢Fthen3U={a}and V=X suchthata e U,F
Vbutunv £ ¢.

Similarly, (X,7) is not regular because b € X and a
closed set F = {a} suchthat b ¢ F then3 U = {b,c},V =
Xsuchthatb e U,F S VbutUnV # ¢.

Theorem 4.3. If (X,8) and (X,T) are both normal space
then (X, S, T) need not be normal space.

Proof. Let, X = {a, b, ¢}

s = {X,,{a}, (b}, {a, b}}

T ={X,$,{a},{c},{a,c}}

(X,8) and (X,T) are both normal space but (X,S§,T) is
not a normal space since 7 closed set F = {a,b} and §
closed set G = {c} with FNG = ¢ then 3T open set
U={c} and S open set V=X such that FC U,G <V
butU nV = {c} + ¢.

Theorem 4.4. Show that every closed subspace of regular
space is also regular.

Proof. Suppose (X,S,7) is a regular space and A is a
closed subset of X with respect to § and 7.We shall
prove that (X, 84, T4) is regular.

Let x € A and F be a T-closed subset of A with x ¢ F.
Since A € X then x € X. Again since F is T-closed then
F = F. Further since F is T-closed subset of A then 3 T-
closed subset F; such that F NA=F = F, NA=F.
Nowwehavex ¢ F=F NA=x¢F,orx¢ A

= x & F, or x € A. From above we have x e AC X i.e
x €X and a T-closed subset F, with x € F;. Since
(X,S,T) is regular space then 3 T-open set U and S-open
set Vsuchthatx e U,F, S Vand UNV = ¢. Since U is
T -open then U N A is T,-open . Again V is §-open then
VNnAisS,-open. Nowwe havex e Aandx e U = x €
UNA.F,SV=FNASVNA=F=VnA and
UnV)=¢p=>UnV)NA=¢p=>UnA)Nn¥n
A) = ¢.

Hence (X, S,,7,) is a regular.

Theorem 4.5. Show that every closed subspace of
normal space is also normal.

Proof. Suppose (X,S,T) is a normal space and A is a
closed subset of X with respect to § and 77.We shall prove
that (X, 84, 7,) is normal.

Let, F be a T-closed subset of A and G be a S-closed
subset of A with F NG = ¢. Since F is T-closed subset
of A and G is S-closed subset of A then 3 7"-closed subset
F; and S-closed subset G, of X such that F;, N A = F and
G,NA=GNow we have FNG=¢= (FFNA)N
GNA=¢p=FNG)NA=dp=F, NG, = ¢.
From above we have , a T-closed subset F; and a §-
closed subset G; with (F; N G,) = ¢. Since (X,S,T) is a
normal space then 3 T-open set U and S-open set V such
that F; € U,G, SV and UNV = ¢. Since U is T-open
then UN A is T, open. Again since ,V is S-open then
VNnAisS,open.Nowwehave F; CcU=F, NAcCUnN
A=FcUnA. Similarly,G; €V =G, NnAcCVn
A=G<SVnA and UnV)=¢p=UNV)NA=
dp=UNANIVNA) = .
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Hence (X,S,,T,) is a normal.

Theorem 4.6. Show that regular space is a topological
property.

Proof. Let (X, 8,7) — (Y, W,2) be a
homeomorphism and (X, S,7) is regular space. We shall
prove that (Y, W, Z) is also regular space.

Consider, y € Y and F¢ € Z with y ¢ F. Since f is onto
then 3 x € X such that f(x) = y. Again since f is one
one then x is unique f(x) =y = f~1(y) = {x}. Also
we have, x & f~1(F) as f(x) ¢ F. Now we have
,f7Y(F) is closed set with x ¢ f~*(F) . Since (X,S,T)
is regular space then 3U €T and Ve€S§ with e U
JTYF) €V and UnV =¢. Now we have,f(x) €
fW) and F(fF~Y(F)) € f(V) i.e F € f(V) with f(UnNn
V)= f(¢p) = fU) N f(V) = ¢. Further since f is open
then f(U) € Z and f(V) € W. Now we get f(U) e Z
and f(V) e Wsuchthat f(x) =y € f(U)and F < f(V)
with f(U) N f(V) = ¢.

~ (Y, W, Z) is a regular space. i.e, every homeomorphic
image of a regular space is also a regular space. Hence,
regular space is a topological property.

Theorem 4.7. Show that normal space is a topological
property.

Proof. Let (X, 8,7) — Y\ W,2) be a
homeomorphism and (X, S,7) is normal space. We shall
prove that (Y, W, Z) is also normal space.

Consider, F¢ € Z and G¢ € W with F n G = ¢. Since f
is onto then fY(FNnG)=f1(¢p)=f1F)n
f~1(G) = ¢. Since f is continuous then f~1(F) is T-
closed and £~1(G) is S-closed with f~*(F) n f~1(G) =
¢ in X. Since (X,S,7) is normal then 3U € T and
Ves with f/Y(FYcU , fFAG)CSV and UNV =
¢.Now we have,f(f~1(F)) € f(U) and f(f~1(G)) €
f(V)ieF c f(U),Gc f(V)with f(UNV) =f(¢p) =
f(U)n f(V) = ¢. . Further since f is open then f(U) €
Z and f(V) € W. Now we get f(U) e Z and f(V) e W
such that F € f(U) and G < f(V) with f(U)n f(V) =
b.
~ (Y, W,2Z) is a normal space i.e, every homeomorphic
image of a normal space is also a normal space. Hence,
normal space is a topological property.

Theorem 4.8. A bitopological space (X,S,T) is normal if
and only if for every S-open set G and T-closed set F
with F € G, then 3 a S-open set V either a T-open set IV
suchthat FCV CcV cG.

Proof. Let ,(X,S,T) be a normal space. Consider, a T-
closed set F and S-open set G such that F < G. Since
FSG=FnG°=¢. Now we have ,T closed set F
and S closed set G¢ such that FnG¢ = ¢. Since
(X,8,T) is normal space then 3 a 7 open set H and a §
open set H; such that F € H,G¢ € H, and H N H; = ¢.
Since G¢ € H; = Hf € G. Againsince, HNH, = ¢ =
H < Hf and Hngandﬁgﬁf:oﬁng. Now we
get, FSHCHCH'CcG= FCHCHCG. Put
H=Vthenweget FSVCVcCq.
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Conversely, let F, be a T closed set and F, be a § closed
set with F;, N F, = ¢ = F, € Ff, where F, is T closed
and F{ is S open. Now by the assumption 3V € T or
VES such that FCVCVCF =FCcV and

— —C
V C Ff = (F,)¢ €V . Now we get, 7 open set VV and S

C
openset W =V suchthat F; €V and F, € W. We shall

—C
prove that VNW =¢. Now, VnW =V nV =Vn
(F§) = ¢.

Theorem 4.9. Show that every closed subspace of
completely normal space is also completely normal.
Proof. Suppose (X,S,T) is a completely normal space
and A is a closed subset of X with respectto § and 7. We
shall prove that (X,S,, 7,) is completely normal.

Let, F,GCAWithF nG=¢and FNG =¢ = Fn
G = ¢. Again let F and G be any two subset of A with

—TA —SA .
F nNnG=¢andFNG =¢,thenF,G isalso subset

—T )
of X with F NnG=¢and FNG = ¢. Since (X,S5,T)
is completely normal then 3 H, € T and H, € § such that

—T —S e
F € H and G S H,. Nowwe have ANF S H NA

_S —TA —SA
and ANG SANH,=>F c<cHNAandG <AnN
H, where HHNA€T,, AnH,€S,. Hence we get

—TA
HNAeT, and AnH, €S, such that F S H NA

—SA
andG < ANH,.
Hence (X, 8,4, ;) is a completely normal space.

Theorem 4.10. Show that completely normal space is a
topological property.

Proof. Let f:(X,8,7) — (Y,\W,2) be a
homeomorphism and (X,S8,7) is completely normal
space. We shall prove that (Y, W, Z) is also a completely
normal space.

Consider, F€ € Z and GE € W with F NG = ¢ and
Fn 55 = ¢. Since F is T-closed then F = fT and G is S

closed then G = Eg Again since f is onto then f~1(F n
G)=f7() and fF nG)=f(p)=
FYF)nf~Y(G) =¢. Since f is continuous then
f7Y(F) is T-closed and f~1(G) is S-closed with
fFYR)NnfY G =¢ in X. Since (X,57T) is
completely normal then 3U €T and V€S with
fFYFHcu , FFAG) SV and UNV =¢.Now we
have f(f'(F)) € f(U) and f(fY(G) S f(V) ie
F S f(U),G < f(V) with f(UNV)=f(¢) = f(U)N
f(V) = ¢. Further since f is open then f(U) € Z and
f(V) e W. Now we get f(U) € Z and f(V) € W such
that F € f(U) and G € f(V) with f(U) n f(V) = ¢.

~ (Y, W,Z) is a completely normal space . i.e, every
homeomorphic image of a completely normal space is
also a completely normal space. Hence, completely
normal space is a topological property.
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Theorem 4.11. If (X,,8,,71) and (X;,S,,7;) are both
regular space then (X; X X,,8; X 8,77 X T3) is regular.
Proof. Let (x;,x,) € X; X X, and F be a 7; X T, closed
subset of X; x X, with (x;,x,) € F. Since F is closed
subset of 7; x T, then 3 7; closed set F; and 7, closed set
F, such that F; xF,=F. Now (x;,x;,)¢F=
(x1,x,) @ F, XF,=x, ¢ F, or x,¢&F, or both.
Consider, x, € F;. Since (X;,8;,7;) is regular space then
37; open set U; and S; open set V; such that x; €
Uy, F; € V; with U; NV, = ¢. Again if x, € F,. Since
(X5, S,,75) is regular space then 3 7, open set U, and S,
open set V, such that x, € U,,F, €V, with U, NV, = ¢.
From above we have, x; € U;,x, € Uy, = (xq,x,) €
U xU,el; x7, and F,cV,,F,€V,=F XF,€
V,xV, eS8 xS, with UynV,=¢,U,NV,=¢ =
Uy X Up) x (Vo X V) = ¢.

Hence, regular space is productive.

Theorem 4.12. If (X; X X,,8; X 8,7, X T;) is regular
then (X,,8,,77) and (X,, S,, ;) are both regular space.
Proof. x; € X; and 77 closed set F; with x; & F;. Again
consider F, be any 7, closed subset of X, then (x,x,) ¢
Fi X F, = x; € F;. Since (X; X X,,8; X 8,3 XT,) is
regular then 3U €T3 X T, and V € §; X §, such that
(x1,x;) €U, F; X F, € V. Again since U € 7; X 7, then
U, €T, U, €T, with U=U; xU, and VE S XS,
then3 VvV, € §;,V, € S, withV =V, x V,. Now (x,x,) €
U= U, xXU,=>x,€ U, F[FxXF,ceV, XV, =F ¢
Vi with UnV=¢=U XU)XWVyXV)=¢p=
U, NV, =¢. For any x; € X; and 7; closed set F; with
x, € F; then 3 7] open set U; and §; open set V; such
that x, € Uy,F, €V, withU; NV, = ¢.

&~ (Xy,81,77) is regular. Similarly (X;,S,,7;)is also
regular. Hence, regular property is projective.

Theorem 4.13. If (X;,81,7;) and (X,,S,,7;) are both
normal space then (X; X X,,8; X 8,,7; X T3) is normal.
Proof. Let (x;,x,) € X; X X, and F be a 7; X T, closed
subset of X; X X, and G be a §; xS, closed subset of
X, X X, . Since F is closed subset of 7; x 7, then 3 7}
closed set F; and 7, closed set F, such that F; X F, = F.
Similarly, Since G is closed subset of §; X §, then 3 §;
closed set G, and S, closed set G, such that G; X G, = G.
Since, FNG = ¢ = (F;, X F,) X (G, X G,) = ¢. Since
(X4,81,77) is normal space then 3 7; open set U, and §;
open set V; such that F, € U,, G; € Vywith U; NV, = ¢.
Again Since (X,,S,,T;) is regular space then 3 T, open
set U, and S, open set V, such that F, < U,, G, < V, with
U, NV, = ¢. From above we have, F; € U;,F, € U, =
FEXF,eU xU,eTl; xT, and G, SV,,G, SV, =
G, XG, eV xV, €8 xS, with U nV,=¢,U,N
Vo =¢ = (U xUp) X (Vy X V) = ¢.

Hence, normal space is productive.

Theorem 4.14. If (X; X X5, 8, X 8, T3 X T3) is normal
then (X,,8,,77) and (X,, S,, 73) are both normal space.
Proof. Let, 77 closed set F; of X; and 7, closed set F, of
X, with F; N F, = ¢. Again let, §; closed set G, of X;
and S, closed set G, of X, with G; N G, = ¢. We have,
Fi N F, = ¢ and G; N G, = ¢ which implies that F; X F,
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is 73 x T, closed subset of X, XX, and G, X G, is
81 X 8, closed subset of X; x X, with (F; X F;) N (G, X
G,)=¢ such that ,F; XF,< UG, X G, <V with
UnV=¢ = U, xUy) XV, xV,) = ¢. Since
UeT; xT, then 3U;, € T},U, €T, with U=U; xU,
and VeS§ x8§, then 3V, €§,V, €8, with V=V, X
V,,Now F; XF,c U, xU, and G; XG, SV, XV, =
F,CU,F,cU, and G, SV,;,G, SV, with UnV =
¢=>U xU )XV xV,)=¢p= U nV,=¢ and
U, NV, =¢. Forany 7 closed set F; , 7, closed set F,
then 3 7; open set U;, 7, open set U, such that F, €
U,F, € U, and §; closed set G, S, closed set G, then
38, open setV;, S, open set V, such that G; € V,,G, <
V,withU, nV, =¢and U, NV, = ¢.

s~ (X,81,77) is normal. Similarly (X,,S,,7;)is also
normal. Hence, normal property is projective.

V. CONCLUSIONS

In this paper, we have studied some notations of regular,
normal, complete normality in bitopological space. We
have seen that our concept is different from classical
topological concept but these satisfied some properties of
topology.
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