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Abstract—Gaussian Prime labeling is a bijection from the set of vertices of graph G of order N to the first *N’ Gaussian
integers in the spiral ordering such that images of adjacent vertices are relatively prime. A graph G is called Gaussian prime
graph if G admits Gaussian prime labeling. In this paper, we examine Gaussian prime labeling of some cycle related graphs

and union of some cycle graphs.
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l. INTRODUCTION

The concept of spiral ordering in Gaussian integers was
introduced by Hunter Lehmann and Andrew Park[1]. By
considering this ordering they defined Gaussian prime
labeling inspired by prime labeling on natural numbers. So
we can say that the Gaussian prime labeling is an extension
of prime labeling in some sense.

Entringer conjectured that trees are prime graph. However,
this conjecture has not been established up till now for all
trees. A remarkable result that any tree with <72 vertices is
Gaussian prime tree proved by Hunter Lehmann and Andrew
Park[1]. S. Klee, H. Lehmann and A. Park[2] also proved
that the path graph, star graph, N -centipede tree, (n,2)—
centipede tree, spider tree, (n,k,m) double star tree,

(n,3) firecracker tree are Gaussian prime graph. Let us start

with the some definitions and the basic results of Gaussian
integer before introducing the main results. We will use
spiral ordering of Gaussian integers and its properties given
by Steven Klee et al. [2].

The paper contains four sections in which Section | contains
the introduction of Gaussian prime labeling and recent
finding in Gaussian prime labeling. Section 1l contains
introduction of spiral ordering of Gaussian integers. In
Sections 111 Main results of this paper has been given. In
Section IV concluding remarks indicates future directions
and further scope of results.
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Il.  SPIRAL ORDERING OF GAUSSIAN INTEGERS

Gaussian integers are complex numbers of the form
¥ = X+1y where X and Y are integers and i°=—1. The
set of Gaussian integers is usually denoted by Z[i]. A
Gaussian integer y is called even if 1+1 divides y .
Otherwise, it is an odd Gaussian integer. The norm on Z[i]
is defined as d(X+iy)=X*+y?. £1,+i are the only
units of Z[1]. The associates of  are unit multiple of . In
Z[i], y and y" are relatively prime if the common divisors
of ¥ and y' are the only units of Z[i]. A y is said to be
prime Gaussian integer if and only if +1,=+i,+y, iy are
the only divisors of y .

In [2] Steven Klee et al. introduced the Spiral ordering of
the Gaussian integer. The recursion relation of Spiral

ordering of the Gaussian integers starting with »; =1is
defined as follows:
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v, +i ;if Re(y,)=1(mod 2), Re(y,)>Im(y,) +1

v, —1;ifIm(y,)=0(mod 2), Re(y,) <Im(y,) +1, Re(y,)>1
7, +1;ifIm(y,) =1(mod 2), Re(y,)<Im(y,) +1

v, +i;ifIm(y,) =0 (mod 2), Re(y,)=1

v, —i;if Re(y,)=0(mod 2), Re(y,) = Im(y,)+1, Im(y,)>0
y,—i;ifRe(y,)=0(mod 2), Im(y,)=0

7n+1:

The notation ¥, is used to denote the n" Gaussian integer
under the above ordering. We symbolically write first 'n’
Gaussian integers by [y,] .

X -1y in the spiral ordering is denoted by | (X+iy).

In [1] Steven Klee et al. had already established some

interesting basic properties about Gaussian integers with the

above ordering like :

» Any two consecutive Gaussian integer are relatively prime.

* Any two consecutive odd Gaussian integer are relatively
prime.

«y and y + u are relatively prime, if y is a Gaussian

integer and 4 is a unit.

Index of Gaussian integer

ey and 7+ 2(1+1)* are relatively prime, if 7 is an odd
Gaussian integer and £z is a unit. where K is a positive

integer.
«y and y + 7 are relatively prime if and only if 7z does

not divides y where y is Gaussian integer and 77 isa
prime Gaussian integer.

Now let us prove one simple lemma which we will use to
prove some of our results.

Lemma 2.1: Y on and ¥

are relatively prime to
2" 2" +1)+2 yp

any odd Gaussian integers.
Proof: We observe that prime factorizations of the Gaussian
integers of the form 2" and 2" +2"i are (1+i)*" and

(1+1)*" respectively.

By the definition of even and odd Gaussian integers, any
Gaussian integer whose prime factorization is of the form
(1+1)™ for some positive integer M s relatively prime to

any odd Gaussian integer.
Now from Theorem 2.7 in [6], we have

(2" +0i) = (2")* = 2*" and
1(2"+2")=(2"+1)*-2"+1=2"(2"+1)+2

Thus, 7 o, = 2" and y =2"+2"i Hence Y on

2" (2" +1)+2

and - ,are relatively prime to odd Gaussian integers.

(2n +1)+
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Definition 2.2: Let G be a graph having N vertices. A
bijective function g:V(G) —[y,] is called Gaussian

prime labeling, if the images of adjacent vertices are
relatively prime. A graph which admits Gaussian prime
labeling is known as Gaussian prime graph.

Definition 2.3: The N -sunlet graph of 2N vertices is
obtained by attaching N pendant edges to the cycle Cn and
is denoted by S, .

Definition 2.4: An Independent set of vertices in a graph
G is a set of mutually non-adjacent vertices.

Definition 2.5: The Independence number of a graph G is
the maximum cardinality of an independent set of vertices. It
is denoted by a(G).

Let G be a Gaussian prime graph of order N. It is easy to
see that the set of vertices which are labeled with even

Gaussian integers less or equal to 7, is an independent set.
Hence we have the following similar lemma as lemma 2.1 in

[3].
Lemma 2.6: If G is a Gaussian prime graph of order N
then the independence number ,(G) > {DJ .

2

Definition 2.7: The graph Cr(]k) (where K >2) is known as
the one point union of K copies of the cycle Cn obtained
from the K copies of the cycle Cn by identifying exactly

one vertex of each of these K copies of C, .

We can easily see that the graph C: contains k(n—1)+1

vertices and Kn edges. From past many years, the various
types of labeling techniques are used to study such types of
graphs, but in this paper we prove some results for union of

such graphs for Gaussian prime labeling. Just like Cn, it is
very simple to prove that C: is Gaussian prime graph for all

N and K. But thinking about union of C_ and C,:( is little
bit tricky.

In this paper, we considered all graphs are undirected, finite
and simple. We follow Gross and Yellen[4] for notations and
graph theoretic terminology and D. M. Burton[5] for number
theoretic results. Throughout this paper, we will understand
that the graph is Gaussian prime graph means to be a
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Gaussian prime graph with respect to the spiral ordering of
Gaussian integers.

I11.  RESULTS AND DISCUSSION

Theorem 3.1: C, UC_ is a Gaussian prime graph if and
only if either M or N is even.

Proof: Let G=C_ UC,, . If N and M both are odd, then

#(G) = <n+m:{|V(G)|

2 2

Lemma 2.6, G is not a Gaussian prime graph. However, if N

is even and {Vv,,V,,..,V.} and {u;,u,,..,u } are the

respectively then it is easy to see

n+m

J and so from

vertex sets of C and C,,

that

h:V(G) > [y,,,] defined by
h(u) =7

h(vi)) =7, 1<is<n,
h(u) =7.,; 2<i<m,

is a Gaussian prime labeling of G . Thus, G is a Gaussian
prime graph if and only if either N or M is even.

m
Theorem 3.2: UCn_ is not a Gaussian prime graph if
1
i=1
C,.'s areodd cycles, where m>1.
1

m
Proof: Let G = UCn_ . We know that if N is odd then
1
i=1

independence number «(C,) = nT—l
Case 1: M iseven
a@=""t o, Ml
2 2 2
_n 1on 1 on, 1
2 2 2 2 2 2
2 2 2 2
<My e
2 2 2
_nn+etn, V@) _|IVO)]
2 2 2

Case 2: M is odd
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a(G) = n12 ! n22 LE nm2—1
_n 1 n 1 n, 1
e e S
2 2 2 2 2 2
SELUALL I S
2 2 2 2
n n, n, 1
< —+=+.+—=
2 2 2
_NAm+e+n, 1_[V(G)| 1_|[V(G)]
2 2 2 2 | 2

Hence by Lemma 2.6, G is not a Gaussian prime graph.

Theorem3.3:

('\’22n72 UC3.22n UC3'22(n+1) UC3.22(n+2) V.. C

is a Gaussian prime graph for any positive mtegers n,m, Kk

and r.
Proof:Let

G= C22n_2

and |v (G)|= 2™ 1 2m4r—2. Let

2(n+k) Y CZm v Cr

uC ., uC uC U.. UC

320 22 (n+1) 2(n+2) 2(n+k) UCZm UCr

{ 2n ! V22n_1’V22n 1""V22(n+1)_2’V22(n+1)_1’V22(n+1) L

V22(n+2)_2""’ 22(n+k)_1’v22(n+k) ! ""V22(n+k+l)_2’V22(n+k+l)_1’V22(n+k+1) yre

V22(n+k+1)+2m72 ! V22(n+k+1)+2mfl’ V22(n+k+l)+2m L V22(n+k+l)+2m+r72}

be the set of vertices of graph G consisted by consecutive

vertices of cycle graphs C22ni2 , C3*22” ’C3*22(“+1) Cs*zz(m?) ,
s C3*22(n+k) Com Gy
Now define a bijection f :V(G) — [722(n+k+1)+2m+r_2] as
V,2n 4  X=V,
7 i) » X =V ooy 1<i<k+1
F(x) = Y2k 5y P XK= V22(n+k+l)_l
7 P X= V22(n+k+1)+2m71
Vi ; for remaining x = v,

The labels of all the adjacent vertices of G are consecutive
except the pairs V,V, &
for 1<i<k+1 and V a(nsk)

Gaussian  integers

Vv Vv

L2An+i-1) 1V 2(n+i-1)

. we can easily see that ged(f(v,), f(v,)) =

+2m-1’

\/22(n-¢—k)+2m
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ng (7/22n711 7/2) = 1 and ng ( f (V22(n+k)+2m_1)’
f (sz(”+k)+2m)) = ged (7, 7/22(n+k)+2m) =1.

Now in view of Lemma 2.1,
ged(f (V22(n+i)_1)! f (V22(n+i) )) = gcd(y, 722(n+k)+2m) =1
for 0<i<Kk.Hence G isa Gaussian prime graph.

By using Lemma 2.1 and the similar argument as in theorem
3.3 we can easily prove the following theorem.

Theorem3.4:

umu%ﬂ , UG, UG,

Y C3‘22(n+1)+2(n+1) n+k) ,o(n+k

uC
PP AT B PN

is a Gaussian prime graph for any positive integers n, m, k
and r.

Theorem 3.5: Two cycles C, and C, joined by path P, is

a Gaussian Prime Graph if and only if either M or N is
even.

Proof: Let G be the graph obtained by joining cycles C,
and C,, by patha P,.

We note that |V (G) |[=n+m+k—2

Let X, X,,... X, be the consecutive vertices of cycle C,
and Y, Y,,..., Y, be the consecutive vertices of cycle Crn
and Z,,Z,,..., Z, be the consecutive vertices of path P, with
X =Zand Yy, =Z.

Case 1: N and K are of opposite parity and M is even
Define a bijection f :V(G) > [7,.m.x_o] as

b P X=X

V2 P X=Y,
f(X)=9%: 1X=2z,2<i<k

Viiia 3 X=X,2<1<n

Vniksicz 2 X=Y;, 2<1<m

Observe that N(x,) ={z,,%,, X.} and N(y,)={z, ., ¥, Y.}
since (%) =7, ged(f (), f(2,)) = god(f (x), f (x,)) =
ged (f(x,), f(x;)) =1 and f(y) =7, and
Var Voskr Virkem—2 are odd Gaussian integers,

ged(f (y,), F(z.1)) =ged(f(y), (y,)) = ged(F(y), F(y,)) =1
The labels of all the remaining vertices are consecutive
Gaussian integers. So we are through.

Case 2: N and K are evenand M is odd

since
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In this case we interchange the labels of X; and Y; for each

I and reverse the labels of all z; except z; and Z, in the
labeling of case 1. This new bijection is a Gaussian prime
labeling of G and hence G is a Gaussian prime graph.
Case3: N, M and K are even

Define a bijection f :V(G) = [7,,m.x_»] as

7 P X=X

Vi yX=12,2<i<Kk
Viksio 3 X=X,2<1<n
7i+l
Observe that N(X,) ={z,,%,, X} and N(Y;) ={z, 1, Y, Y.}
since f(x) =7, ged(f(x), f(z,)) = ged(f(x), £ (x,)
=ged(f(x), f(x,))=1 and since f(y,)=y, and
Vs Yook s Voikem—p are odd Gaussian integers,

ged(f (o), f(z,1)) = ged (F(y,), F(y,)) = ged (F(y,), £ (y,)) =1

The labels of all the remaining vertices are consecutive
Gaussian integers. So we are done.

Case-4: M and K are odd and N is even
Define a bijection f :V(G) > [V, m.c_»] as

f(x) =

;X=Y,,1<i<m

71 P X=Y,
f(X)_ 7/n+i 1X:Z|,lslgk
B Vi ;X=X,2<i<n

Ytk ;X=yi,2§i£m—1

Observe that N(Y,.) ={Yy, Y1}
since f(y,) =7, and 7, ., is an odd Gaussian integer,

ged (f (Yp)s f(Yna)) =gcd(f(y,), f(y))=1 and
ged(f (%), f(x,)) =gcd(y,,1,7,) =1.

The labels of all the remaining vertices are consecutive
Gaussian integers. So we are through.

Case 5: N and K are odd and M is even
In the labeling of case 5, we interchange the labels of X; and

y, for each i and reverse the labels of all Z; except Z, and
Z, . This new bijection is a Gaussian prime labeling of G.

Hence G is a Gaussian prime graph if either M or N is
even.

Now we prove that G is not a Gaussian prime graph if both
M and N are odd. This leads to two cases

Case 1: N, k and m are odd
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In this case, the independence number
(G) = m—1+ n—1+ k—2 _ m-+n-+Kk _5
2 2 2 2

; m+n+k m+n+Kk V(G
and since it a(G)<LI (2)IJ

Case 2: N and M are odd and K is even

In this case, the independence number
~m-1 n-1 k-1 _m+n+k 3
a(G) = + + = _>
2 2 2 2 2
andsince M+N+k 3 _m+n+k . V(G)I
> 5 > a(G) < 5

Thus by Lemma 2.6, G is not a Gaussian prime graph if
both M and N are odd.

Theorem 3.6: If N and M both are odd, then C W C
is not a Gaussian prime graph.
Proof: Let G=C/ UCHY  since n and m are odd, the

independence numbers o (c ):”__1 and o (C_)= m-1,
" 2 " 2
Therefore, 4(G) = j(n_—1)+k(m_—1)_
2 2
But |[V(G)|= j(n—1)+k(m—1)+2 and so

LIV(G)IJ: i(-1)+km-1)
2 2

Thus, o(G) < {@J

Hence by Lemma 2.6, we can conclude that G is not a
Gaussian Prime Graph.

N M
Theorem 3.7: Let G = [| ICQ)]U@ |C(2)j , Where
nk mj
k=1 j=1

each N, is an odd integer and each m; is an even integer.

Then G is not a Gaussian prime graphif M < N —2.

Proof: We know that independence number of each Crfi)

and each Crf_) is N, —1 and m i respectively, therefore we
J

have

a@)=, (n-D+> " m=> "> m =N (D)

Also,

IV(G)|=(@2n -1)+(2n, -1)+...+(2n, -1)+(2m, —1)+
@2m,-1)+..+(2m,, —1)

=i2nk +i“2mj —(N+M).
so. | WS in, 4 5om, | Mot | @
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Since M<N-2,
a(G)ﬂlV(zG)'J'

Therefore, G is not a Gaussian prime graph due to Lemma
2.6.

it follows from (1) and (2) that,

Theorem 3.8: W, is a Gaussian Prime Graph if N is even.
Proof: Let V(W,) ={V,,V,,V,,,V,} where V, is the apex
vertex and remaining V; 'S are consecutive rim vertices of

w

n-

Now define a bijection
f(v,)=v,, 0<i<n
Here labels of all the adjacent pairs of vertices are either

consecutive Gaussian integers or one of the label is y;

except the pair v,V . But ged(f(v,), f(v,))=gcd

fFVW) = [ral  as

(#5,74.1) =1 because y,,., isan odd Gaussian integer.

Hence Wn is a Gaussian prime graph if N is even.

k
Theorem 3.9: UWn- is not a Gaussian prime graph if
1
i=1
NS are odd.

k
Proof: Let G = van_ . We know that,
i=1 !

IV(G)|=n+1+n,+1+...+n, +1

Kk
=n 4+ 40 +k=>n+k
i=1

Since a(W,) = {EJ ,

«(G) = {%H%P%%J

n n n
<1424 +k

2 2 2
_ NN, e,

2

2 2 2
Therefore, G is not a Gaussian Prime Graph by Lemma 2.6.

k -+ kK
RN JV(GHZ['V(G)'J

By Theorem 3.8 and Theorem 3.9 we can conclude that W,
is a Gaussian Prime Graph if and only if N is even.
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Theorem 3.10: The helm graph Hn is a Gaussian prime
graph.
Proof: Let V(H,) ={v,,v,,V,,...V,

Vg

v, V'Z,..., Vn} where
V, is the apex vertex and

E(H,) ={v,v;1<i<n}u{vv;1<i<n-1}u
{vv. ;1<i<n-1}u{vVv. }

Define a bijection f :V(H,) —>[7,,,.] as

7 P X=V,

72 » X=V,
fO)=17, ;X =V,

Voia 3 X=V;,2=<i<n

Vi P X=V, ,2<i<n

The labels of all the adjacent pairs of vertices are either
consecutive Gaussian integers or consecutive odd Gaussian

integers or one of the label is y, except the pair V|,V . But
ged (f (v,), f(v,)) = 9ed (7, 7200) =1 because 7.,
is odd gaussian integer.
Then f is a Gaussian prime labeling and hence H, is a
Gaussian prime graph.

Theorem 3.11: The sunlet graph S is a Gaussian prime
graph.
Proof: Let V (S,) ={V1,V2,...,Vn,vi,vlz,...,vrg} and

E(S,) ={vv;1<i<n}u{vyv, ;1<i<n-1}u{vv }

i+l

Now define a bijection f :V(G) —[y,,] as

F(x) = {72il

Vo ;Xx=V,,1<i<n
The labels of all the adjacent pair of vertices are either
consecutive Gaussian integers or consecutive odd Gaussian
integers or one of the label is 7, Then f is a Gaussian

;) X=V,,1<i<n

prime labeling and hence Sn is a Gaussian prime graph.

Theorem 3.12: The union of two sunlet graphs is a Gaussian
prime graph.

Proof: Let G =S, US,, and
V(G)={v,V,,...V

Vi

V;,Vyy oo Vo Uy Uy, oo U U, U,y U
and
EG)={vv;1<i<n}u{vv, ;1<i<n-1}u

[ ivi+l?

{uu;1<i<n}ufuu, ;1<i<n-1}u{vv,,uu}

© 2017, IISRMSS All Rights Reserved
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Here |V (G) |=4n
Now Define a bijection f :V(G) —[y,,] as

71  X=U;
V2 ; X=V,
73 P X=V,
f(x) = Van ;X=U1' .
Vain yX=V,,2<1<n
Vai ;X=V,,2<i<n
Vonsoia 2 X=U;, 2<1<m
Yomisia 3 X=U;, 2<i<m

The labels of all the adjacent pairs of vertices are either
consecutive Gaussian integers or consecutive odd Gaussian

integers or one of the label is y, except the pair V,,V,. But

ng(f (V1)7 f (Vn )) = ng (7/2’7/2n+1) = 1 because 7/2n+l
is odd gaussian integer.

Then f is a Gaussian prime labeling and hence G is aa
Gaussian prime graph.

Theorem 3.13: Two sunlet graph joined by path F’k is a
Gaussian prime graph.

Proof: Let G be a graph obtained by joining sunlet graphs
S,and S, byapath P,.

We note that |V (G) |= 2n+2m+k —2.

Let {u,,U,,...,u

n,ui,u'z,...,u;]} be the vertex set of S, and
{v, v,V

RRVERVIRVAN
g, w,

.V} be the vertex set of S and
.. W} be the vertex set of path P, with U, =W,
and V, = W, .

E(G) ={vyv;1<i<m}u{vy, ;1<i<m-1}u

{uu;;l<i<nju{uuy ;1<i<n-1}u
‘::Vvlvvwl':l'S I < k _1}U{V1Vm’ ulun}
Now if Kk is even, then we

f V(G) - [72n+2m+k—2] as

define a bijection
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71 P X=V,
V2  X=U,
Y an+k P X=V,
Vanu X=U,
f(X) =1 720023 S X=v,2<i<m
Y onsk+2i-2 ; X=Vi',2£i£m
Vaia ;X=U,2<i<n
Vi ;X=Ui',2SiSn
Vo x=w,2<i<k-1

and if K is odd integer, then we have to do only one change
in the above labeling that is to interchange labels of V; and

Vi' . So in both the cases, labels of all the adjacent pairs of
vertices are either consecutive Gaussian integers or
consecutive odd Gaussian integers or one of the label is 7,

except the pairs U,U, and u,,u, . But gcd(f(u), f(u,)) =

9Cd (7, 7504) =Land ged(f (u,), f(uy)) = ged (75, 750.4)
=1 because 7,,, and 7,,,, are odd gaussian integers.

Then f is a Gaussian prime labeling and hence G is a
Gaussian prime graph.

IV. CONCLUDING REMARKS

It may be interesting to find necessary and sufficient
conditions for which finite union of disjoint cycles of
arbitrary length are Gaussian prime graph. It may be
somewhat tricky but interesting to find solution of above
stated problem for infinite union of disjoint cycles. The same
problem can also be discussed for disjoint union of one point
union of cycles.
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