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Abstract—Higher order Lp-derivative of Complex valued functions is defined. It is shown that this derivative is more general
than ordinary derivative. Also Lp-Continuity and Lp-boundedness is studied for these type of functions and it is proved that Lp-
continuity and Lp-boundedness are more general than the ordinary continuity and ordinary boundedness.
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l. INTRODUCTION

Let 22 be Lebesgue measure on real number space R and C be the set of all complex numbers. If f :R — C is measurable,

1
p
£, ={Jl f° dﬂ}
R

Let Lp denote the space of all such f for which | f ||p <. Let f eLp insome neighborhood of a point X € R . If there

define for 1< p< oo,

is a polynomial P(t) = P, (t) of degree at most kK whose coefficients are in Cand t € R such that

{%EI f(x+t)—P()[° dt}p =o(h*) ash—>0 O

. . . L O . . k. .
then f is said to have a k-th Lp-derivative at X of order K and if F is the coefficient of t"in P(t) then ¢, is called the

K -th Lp-derivative of f at X and is denoted by f(k)yp(X). Similar to the definition of Lp-derivative for real valued

functions. In [1] Calderon and Zygmund introduced Lp-derivative to study elliptic partial differential equation. In [2] Evans
studied the properties of Lp-derivative and the relation with Peano derivative for real valued functions. Recently

S.N.Mukhopadhyay presented Lp-derivative and its interrelations with other generalized derivative in his book "Higher Order
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Derivative" [3]. Here in this short article | have studied the generality of Lp-derivative for complex valued functions. Also Lp-

continuity and Lp-boundedness is presented in same line.

It can be shown that if f,, (X) exists then it is unique and that all the previous derivative f;, (X),0<i<k-1,

also exists. Also if the ordinary derivative f®)(X) exists at x then f ),p (X) exists at x and f(x)= fo.p (X) (It can

proved using the same technique as it is used in [3] for real valued function.

In this paper there are four sections in which Section-1 deal with the introduction of the total work, the definition of L-p
derivative of complex valued functions and some preliminary ideas. In Section-Il the generality of Lp-derivative of complex
valued function is shown. In Section-I11 we define the Ly-continuity and Le-boundedness of complex valued function and also
the generality is shown. In Section-1V we conclude about its future aspects.

Il. GENERALITY OF Lp-DERIVATIVE IN C
Here we are giving an example to show that Lp-derivative for complex valued function is more general than the ordinary

derivative.

Example 2.1 Let

3% s
F(x) = xX°e if, x0
0 if , x=0

Then f'(0)=0 and for x =0 f'(x) =3x%"" —2ie™" and so f'(X) exists everywhere. But f"(0) does not exists,

.2 . l -
forif X, = then € =e*" =landso f'(x,)— f'(0) ZSF':L_ZL]“ Hence,
P

1
\2enrx

f'(x,)—f'(0) _ 3 n_ 3 .
X, —0 _m(Znﬂ ZI)_\/Znﬁ 22z

does not tends to finite limitas N —>00,so f”(0) does not exists. But by taking P(t) =0.1—0.t —0.t* we get,

1 1 1

h - E h -, B h F

{lﬂtse” —0.1-0t-0¢*|" dt} ={Ef|t3e“ ° dt} gz{lj'lﬁl" dt}
hi ) ol

l h3p+l p
=2 E3p+l (taking h>0)
2 3 3
=———h=0(h")as h—0
@p+1)°

So f, ,(0) existsand f, (0)=0.
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I1l.  LP-CONTINUITY AND LP-BOUNDEDNESS:
Suppose f :R — C is measurable. Then f is said to be Lp-continuous at X if

{%Tlf(x+t)—f(x)|pdt}p=o(1) as h—0. @

Clearly if f is continuous at Xthen f is Lp-continuous at X and if f is Lp-continuous at X then f(x) = f (X). So if
Lp-derivative f, (X) exists then f  (X)exists and then f is Lp-continuous if f  (X)= f(X). In particular f is
L,-continuous at X if and only if X is a Lebesgue point of f . For real valued function f it is known that if f e Lp, p>0
then f is Lp-continuous almost everywhere [p-6 [4]].

Afunction f is said to be Lp-bounded of order k at X if 0(h*) in (1) is replaced by O(h*)as h —0.

Thatis f is said to be Lp-bounded of order k at X if ,

{%ﬂ f(x+t)- P’ dt}p =0(h*) as h—0 ©

where P(t) =P, (t) is a polynomial of degree at most k whose coefficients are in Cand t e R .

Clearly if f isLp-continuousat X, if K =0 then P(t) = P(0) = f, ,andso f isLp-bounded at x of order 0. It is easy

0)p

to verify that if f is Lp-bounded of order K at X then f exists and hence f is Lp-bounded of order kK —1at X.

-1.p
(The proof is similar as that of real valued function which is proved in [p-59[3]].

Theorem 3.1. If f isbounded in a neighborhood of X then f is Lp-bounded of order zero.

Proof. Suppose f is bounded at X, then there is M >0 and & >0 suchthat f(x+t) <M for |t]|< . So,

{%h fF(x+t)—f(x)]° dt}p <2M =0(1) =0O(h®) as h—0

and so f is Lp-bounded at x of order 0.

The following example shows that the converse of the above theorem is not true.

.1 1
Example 3.2. Let S = U(—,—) and let f be defined as,
n+1 n

n-1
x3e™” if, xe$S
f(x)=49 ni if,x=1,n:1,2,..
0 elsgwhere

Then f isnot bounded in any neighborhood of zero. But as in Example 2.1 we can show that
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h
%j| Fx+t)= FO) P dtt =O(h®) as h—>0.
0

So f is Lp-bounded of order 3 and hence it is Lp-bounded of order zero.

IV. CoONCLUSION and Future Scope

In this paper it is shown Lp-derivative, Lp-continuity and Lp-boundedness of complex valued function is a generalization of
the ordinary derivative, continuity and boundedness of complex valued function.
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