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Abstract- In this paper we introduce a notion and define a contractive type mapping for digital metric spaces. We prove some
fixed point theorems in digital metric space by using contractive type mapping. We obtain Banach contraction principle in
digital metric space. The purpose of this paper is to associate fixed point theory and digital images. This shows an application

of fixed point theory in digital metric space.
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1. INTRODUCTION

Fixed point theory began from Banach contraction principle
of Banach [1] (1922) with complete metric space as a
background and went back to Brouwer fixed point theorem of
Brouwer [2, 3] (1910) with R, as background. The area of
fixed point theory is very active in many braches of
mathematics and other related disciplines such as image
processing, computer vision, applied mathematics, etc.
Digital topology is the study of the topological properties of
images arrays. The results provide a sound mathematical
basis for image processing operations such as image thinning,
border following, contour filling and object counting.

Kong [4] then introduced the digital fundamental group of a
discrete object. The digital version of the topological concept
was given by Boxer [5, 6, 7].

A. Rosenfeld [8] first studied the almost fixed point property
of digital images. Ege and Karaca [9, 10] gave relative and
reduced Lefschetz fixed point theorem for digital images.
They also calculated the degree of antipodal map for the
sphere like digital images using fixed point properties. Ege
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and Karaca [11] defined a digital metric space and proved the
famous Banach Contraction Principle for digital images.

In this paper, we introduce 6—contractions and 8-contractive
mappings on digital metric spaces. We prove the existence
and uniqueness of fixed points in digital metric space.

2. PRELIMINARIES

Let X be a subset of Z" for a positive integer n where Z" is
the set of lattice points in the n—dimensional Euclidean Space
and ¢ represent an adjacency relation for the members of X.
A digital image consists of (X, £).

Definition 2.1. (Boxer [6]): Let £, n be positive integers, 1 <
£ <nand p, q be two distinct points p = (p1,P2,5---»Pn),
4= (91,02---,qn) € Z"

p and q are ¢ adjacent if there are at most ¢ indices i such
that 1p; - gil <1 and for all other indices j such that Ip; — g;l
*1, P; = q;-

The following statements can be obtained from definition 2.1
For a given pe Z", the number of points g€ Z" which are ¢
adjacent to p is denoted by k = k(€, n). It may be noted that
k(€, n) is independent of p.
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2.1.1 If pe Z (i.e. n = 1) then £ can take only one value £=1.

In this case, k(1,1) = 2, since p-1 & p+1 are the only points 1-

adjacentto p in Z. Thus, k =k(1,1) =2 and q is 1-adjacent to

p if and only if Ip-ql = 1.
3 2 3

1 - adjacency

2.1.2  Ifpe Z?(i.e. n=2) then { can take values £ = 1, 2.
When £ = 1, the points 1-adjacent to p = (p1, po) are
(P1£1, p2), (P2, P2 £1)

Thus, the number of points 1-adjacentto p = (py, p2) is 4,
so that k = k(1,2) = 4. (fig. (a))

When € = 2, the points 2-adjacent to
(P1£1, p2), (p1, P2 £1), (P11, po£1)
Thus, the number of points 2-adjacentto p = (py,pz) is 8,
so that k = k(2, 2) = 8. (fig. (b))
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p = (p1, p2) are

3
(a) 1 -adjacency
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(b) 2 - adjacency

2.1.31f pe Z"(i.e. n=3) then ¢ can take values ¢ = 1, 2, 3.

When £ =1, the points 1-adjacent to
are

P = (P1, P2, P3)

(p1 £ 1, p2, P3), (P P2 £ 1, p3), (P1, P2, P3 = 1)
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Thus, the number of points 1-adjacent to p is 6, so that k =
k(1, 3) = 6. (fig. (a))

(a) 1 - adjacency

When £ = 2, the points 2-adjacent to p = (py, P2, p3) are

(pl t 1! P2, p3)l (pll pZi 1! p3)! (pl! P2, Ps t 1)! (pli 11 P2
+1,p3), (P11, p2pst 1), (pr, P2+ 1, pat 1)

Thus, number of points 2-adjacent to p is 18, so that k = k(2,
3) =18. (fig. (b))
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(b) 2 - adjacency

When £ = 3, the points 3-adjacent to p = (p1, P2, P3) are

(pl t 11 P2, p3)! (pll pZi 1! p3)l (plv P2, Ps3 T 1);(p1i 1, P2
+1,p3),(Pr£1, P2 ps£1), (P, P2 £ 1, P32 1),(p £14, P2
+1,psx1)

Thus, the number of points 3-adjacent to p is 26,

so that k = k(3, 3) =26. (fig. (¢))
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(c) 3 - adjacency

In general to study n-D digital image, if 1 <€ < nthenk =
k(¢, n) is given by the following formula [12].
k(t,n) = XI5, 2" ],
n!

where ¢* = i
Suppose X is a non-empty subset of Z",
1<e<n k=k(,n)

Then (X, t) is called a digital image with £-adjacency
(Rosenfeld [13]). We also say that (X, ) is called n-D digital
image [8].

Definition 2.2 (Han [14]): Let X c Z, d be the Euclidean
metric on Z". (X, d) is a metric space. Suppose (X, ) is a
digital image with {—adjacency, then (X, d, ) is called a
digital metric space.

Definition 2.3 (Han [14]): A sequence {x,} of points of the
digital metric space (X, d, £) is a Cauchy sequence if there is
M € N such that, d(x,, X,) <1 forall n,m> M.
Theorem 2.1 (Han [14]): For a digital metric space (X, d,
), if a sequence {x,} € X c Z"is a Cauchy sequence,
there is M € N such that for all n, m > M, we have X, = Xn.
Definition 2.4 (Han [14]): A sequence {x,} of points of a
digital metric space (X, d, £) converges to a limit L € X, if
forall € >0, there is Me& N such that d(x,, L) <€ forall n>
M
Proposition 2.1 (Han [14]): A sequence {x,} of points of a
digital metric space (X, d, £) converges to a limit L € X if
there is M € N such that x, = L, forall n > M.
(i.e. Xn= Xns1 = Xpap = =+ = |_)_

Definition 2.5 (Han [14]): A digital metric space (X, d, £) is
complete if any Cauchy sequence {x,} converges to a point L
of (X, d, 0).

Theorem 2.2 (Han [14]): A digital metric space (X, d, £) is
complete.

Definition 2.6 (Han [14]): Let (X, d, £) be a digital metric
space and T: (X, d, 8) — (X, d, £) be a self-
map. If there exists A € [0, 1) such that, d(Tx, Ty) < Ad(x, V),
forall x,y € X, then T is called a contraction map.
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Proposition 2.2 (Han [14]): Every digital contraction map T
1 (X, d, &) — (X, d, ) is L—continuous (Digital continuous).
Lemma 2.1 [15]: Let X € Z" and (X, d, €) be digital metric
space. Then there does not exist a sequence {x,} of distinct
elements in X, such that d(Xm+1, Xm) < d(Xm, Xm+1), for m =1,
2,3, ...

i.e. there exist a finite sequence {xn}

3. MAIN RESULT

First we introduce a notion.
Notion 3.1: Let ® = {0 : [0, o) — [0, o)} be such that 0 is
increasing, B(t) <Vt fort>0, 6(t)=0ifft=0
Definition 3.1: Suppose (X, d, 0) is a digital metric space, T :
X — Xand 0 € 0. Suppose
d(Tx, Ty) <0(d(x, y)), V X,y € X. Then T is called a digital
0-contraction.
Now we prove a fixed point theorem on 0-contraction.
Theorem 3.1
Suppose (X, d, 0) is a digital metric space, T : X — X and 0
€ 0. Suppose d(Tx, Ty) < 0(d(x,y)), vV
X, y € X. T is called a digital 6-contraction. Then T has
unique fixed point.
Proof: Let X, € X and suppose Xn+1 = TX,, forn=0, 1, 2,
We may suppose that X, # X1, forn=0,1, 2,.......
Otherwise X, is a fixed point.
Now, d(Xn+1, Xn) = d(TXn, TXn1)
< 0(d(Xn, Xn-1))
= 0(d(xp-1, Xn))
< \/ d(Xn-lv Xn)
< d(Xn-lx Xn)
Therefore d(Xp+1, Xn) < d(Xn-1, Xn), (" Xn # Xn.1)
Therefore d(x,+1, Xn) is strictly decreasing sequence.
Therefore X, = Xq+1 , for large n. By Lemma
(2.1)
Therefore x, is a fixed point of T, for large n.
Uniqueness of fixed point of T
Suppose u and v are fixed points of T.
Then, d(u, v) =d(Tu, Tv)
< 0(d(u, v))
<+d(u, v)
< d(u, V)
It is a contradiction, if u # v.
Therefore u =v.
Hence T has unique fixed point.
Corollary 3.1
(Banach Contraction Principle in Digital Metric Spaces)
Let (X, d, £) be a digital metric space and T : X—X be such
that d(Tx, Ty) <Ad(x, y) for all x, y € X and
for some A € [0, 1). Then, T has unique fixed point.
Proof: Take 6(t) = At in Theorem 3.1. Then we get the result.
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Theorem 3.2 Let (X, d, £) be a digital metric space and
T : X—Xsuch that d(Tx, Ty) < u(X, ¥), V X, Y € X, X£ Y

Where

B(X, ) e y)
1+d(x, Tx

maX{E[d(y' Ty) 1+d(x, y) +

d(Tx,Ty) + d(x, y)],

1+d(y, Ty)
d(X, TX) 1+d(Tx, Ty)}

Then T has unique fixed point.

Proof:
LetX,sy= TX, forn=0,1,2,......

SUppose X, # Xp+y forn=0, 1,2, ......

Otherwise X, is a fixed point.
Now,
d(xn, Xn+1)

= d(Xn-l, Xn)

< p(Xn.1, Xn)

1
= max{ -
2

1+d(Xn-1, Xn)

d(Xn, TXn) 1+d(Xp-1, T¥n-1) l
+d(TXn—1'TXn) + d(xn—l'xn) '

1+d(Xn, TXp) }
d(Xn_l'TXn_l) 14+d(TxXpn—1, TXn)

dx,, X
( n’ n+1) 1+d(Xp—1, Xn)

1+d(Xp—1, Xp)
:max{% ],
+d(Xn' Xn+1) + d(xn—1: Xn)

1+d(Xn, Xn+1)
d(xn—l ’Xn)
1+d(Xn, Xn+1)

< max 5 [d(xn, Xne1) + Ao, Xngs)],
d(Xn—lt Xn)}

< max {% [d(Xn_1, Xn)] d(Xn1, Xn)}

= d(Xn—lv Xn)
Hence,
d(Xn, Xn+1) < d(Xpy, Xy) forn=0,1,2,......

Hence by Lemma (2.1)
T has a fixed point.

Uniqueness of fixed point of T

Let u and v are two fixed points of T.
Therefore Tu=uand Tv=v
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Now,
d(u, v)
=d(Tu, Tv)
<pu(u, VZ o o
— 1+d(u, Tu
=Mmax {E[d(v, Tv)m‘l' d(Tu, TU) +
d(u, v)],
1+d(v, Tv) _ 1 1+d(u, u)
d(u'Tu)1+d(Tu, Tv) } =max {3([61 (;]' U) 1+d(u, v) T
1+d(v, v
d(u,v) + d(w, )|, d(u, v) e U)}

= max {%[d(u,v) + d(u,v)], 0}
= max {d(u, v), 0}
=d(u,v)
= d(u,v)<d(u,v), foruzv

which is contradiction.
Thereforeu=v

Hence there exists unique fixed point.
This completes the proof.

4. CONCLUSION

Our purpose is to give the digital version of Banach fixed
point theorem by introducing 6-contractive type mapping.
These results are the applications of fixed point theory in
digital metric space. It will be useful for digital topology and
fixed point theory. In the future, we will also use the fixed
point theory to solve some problems in digital images.
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