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Abstract—In this paper, we proved the common fixed point theorems for sequence of mappings in Partial Metric Spaces. 
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I.  INTRODUCTION 

The study of fixed point theorems of maps satisfying contractive type conditions in partial metric spaces has been a very 

active field of research activity recently. Partial metric spaces were introduced by Mathews[15] in 1992, and proved common 

fixed point theorems for compatible maps in partial metric spaces. In fact, it is widely recognized that partial metric spaces play 

an important role in constructing models in the theory of computation. 

 

Definition 1.1: A partial metric on a nonempty set   is a function          such that for all        : 

         (p1)       (   )   (   )   (   )  
         (p2)   (   )   (   )  
         (p3)  (   )   (   )  
         (p4)  (   )   (   )   (   )   (   ) 
A partial metric space is a pair (   ) such that   is a nonempty set and   is a partial metric on  . 

Remark 1.2: It is clear that, if  (   )   , then from  (p1) and (p2),    . But if      (   ) may not be 0. A basic 

example of a partial metric space is the pair (    )  where  (   )     *   + for all       . Each partial metric   on 

           a   topology    on   which has a base the family of open    balls *  (   )        + where   (   )  
*     (   )   (   )   +for all     and    . 
If    is a partial metric on  , then the function            given by   (   )    (   )   (   )   (   ) is a metric 

on   . 

Definition1.3: let (   ) be a partial metric space and *  +be a sequence in  . Then  

(1) *  + converges to a point     if and only if  (   )          (    ) 
(2) *  + is called a Cauchy sequence if there exists (and is finite)           (     ). 

Definition1.4: A partial metric space (   ) is said to be complete if every Cauchy sequence *  + in   converges, with respect 

to   , to a point    , such that 

 (   )     
      

 (     ) 

Remark1.5: It is easy to see that every closed subset of a complete partial metric space is complete. 

Lemma 1.6: Let (   ) be a partial metric space. Then  

(1) *  + is a Cauchy sequence  in (   ) if and only if it is a Cauchy sequence in the metric space (    ), 
(2) (   ) is complete if and only if the metric space (    ) is complete. Further more         

 (    )    if and only 

if  (   )     
    
 (    )     

      
 (     ). 

Mathews[15] obtained the following Banach fixed point theorem on complete partial metric spaces. 

Theorem 1.7: Let   be a mapping of a complete partial metric space (   ) into itself such that there is a real number   with 

     , satisfying for all      ,  (     )    (   ). Then   has a unique fixed point. 

 

http://www.isroset.org/
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II. MAIN RESULT 

 

Definition 2.1: Let   be a non-empty set and           are given self maps on  . If           for some    , then 

  is called a coincidence point of    and    and   is called a point of coincidence of     and   . 
Definition 2.2: Let   be a non-empty set and           are given self maps on  . The pair *     + is said to be weakly 

compatible if            , whenever         for some   in  . 

Our main result is the following: 

Theorem 2.3: Suppose that *  + {  }(   )     are self maps of a complete partial metric space (   )  such that                                  

               (   )and for all      , where     

 (       )   (   { (     )  (      )  (      )})                                                                           (2.1) 

If one the ranges            and    is a closed subset of (   ), then  

(1)   and   have a coincidence point, (   ) 

(2)   and   have a coincidence point. Moreover, if the pairs *    +and {    }(   ) are weakly compatible, 

then      (   ),   and   have a unique common fixed point. 

Proof: let    be an arbitrary point in  . Since       , there exists      such that         . Since         , there 

exists      such that         (   ). Continuing this process, we can construct sequences *  + and *  + in   defined by  

                                                                                                                              (2.2) 

For every    (   ). 
We claim that *  + is a Cauchy sequence in the partial metric space (   ). 
We have : for (   ),  

 (         )   (             ) 

                          (   { (           )  (          )  (              )}) 

                          (   { (         )  (         )  (         )}) 

                          (   { (         )  (         )}) 

Now, we get 

 (         )   (   { (         )  (         )})                                                                                  (2.3) 

Similarly, we obtain 

 (           )   (   { (         )  (           )})                                                                           (2.4) 

Therefore, from (2.3) and (2.4),  

 (       )   (   * (       )  (       )+) for sufficiently large  . 

Suppose that there exists     such that   (         )   . Then we have           and from (2.3), we obtain 

 (         )   . (         )/. 

Since  ( )    for each    , the above inequality implies that  (         )    and then          .                                 

From (2.4), we get  (           )   . (           )/, which implies that            .  

Hence, we have                        . 

Then *  +  is a Cauchy sequence in (   ) . The same conclusion holds if we suppose that there exists     such that 

 (         )   . 

Now, we assume that 

 (       )   , for sufficiently large  .                                                                                                          (2.6) 

Then from (2.5), as  ( )    for each    , we have  

 (       )     * (       )  (       )+  
Hence we get  (       )   (       ). 
Therefore,    * (       )  (       )+   (       ) for sufficiently large  . 
Thus from (2.5), 

 (       )   ( (       )) for sufficiently large  .                                                                                     (2.7) 

Repeating this inequality   time we obtain 

 (       )   
 ( (     )).                                                                                                                            (2.8) 

By the properties (p2) and (p3) we have  

   * (     )  (         )+   (       ) . 
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Thus from (2.8), 

   * (     )  (         )+   
 ( (     )).                                                                                             (2.9) 

Therefore, 

  (       )    (       )   (     )   (         )    (       )   (     )   (         )    
 ( (     ))  

Now by triangle inequality for the metric    and (2.9) for any        we have 

  (       )   
 (       )   

 (         )     
 (           ) 

                          ( (     ))    
   ( (     ))      

     ( (     ))  

                           ( ∑   ( (     ))

     

   

) 

                           (∑  ( (     ))

 

   

) 

Hence and from the property (b) of   we conclude that for an arbitrary      there is a positive integer    such that  

  (       )    for every      and all    . 

Thus we proved that  *  + is a Cauchy sequence in the metric space (    ). Since (   )is complete, then from lemma (1.6) 

(    ) is a complete metric space. Therefore, the sequence *  + converges to some    , that is,         
 (    )     

From the properties (b) in above lemma, we have 

 (   )     
    
  (    )     

      
 (     )                                                                                                (2.10) 

Moreover, since *  + is a Cauchy sequence in the metric space (    ), then    
      

  (     )    and so from (2.9) and the 

property (b) of  lemma  (1.6) we have  

   
    
 (     )   .                                                                                                                                           (2.11) 

Thus from the definition of    and (2.11), we have  

   
      

 (     )   . 

Therefore, from (2.10), we have  

 (   )     
    
  (    )     

   
  (     )   .                                                                                               (2.12) 

This implies that 

   
    
  (     )     

    
  (       )                                                                                                            (2.13) 

Thus from (2.13) we have  

   
    
 (       )     

    
 (        )                                                                                                        (2.14) 

And    
    
 (         )     

    
 (      )                                                                                                (2.15) 

Now we can suppose, without loss of generality, that    is a closed subset of the partial metric space (   ). From (2.15), there 

exists     such that     . We claim that  (     )   . Suppose, to the contrary, that  (     )   . 

 (     )   (         )   (           )   (               ) for (   ) 

                   (         )   (           )  

                   (         )   (   * (     )  (     )  (         )+)  

Since   is continuous, from (2.12), and letting     we obtain 

 (     )     
    
, (        )   (   * (     )  (     )  (         )+)- 

                        
    
 (        )   .    

    
   * (     )  (     )  (         )+/ 

                      ( (     )) 

Hence, as we supposed that  (    )   and as  ( )    for    , 
We have  (     )   (     ) which is a contraction. 

Therefore,  

 (     )         .                                                                                                                                (2.16) 

Since     , then       , that is a coincidence point of    and  . Hence the proof of (i). Since        and (2.16), we 

have     . Therefore there exists     such that     . We claim that  (     )   . Suppose, to the contrary, that 

 (     )   . From (2.1) and here                

we have    (     )   (       ) 

                                   (   { (     )  (      )  (      )})  
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                                   (   { (   )  (   )  (     )})  

                                   . (     )/  

                                   (     )  

This is contradiction. Then, we deduce that  (     )    and  

        .                                                                                                                                                   (2.17) 

Therefore   is a coincidence point of    and  , then (ii) holds. Since the pair *    +is weakly compatible, from (2.16), we have 

                . We claim that  (     )   . Suppose, to the contrary, that  (     )   . We have 

 (     )   (         )   (       )  

                   (           )   (       )  

                   (   { (         )  (      )  (              )})   (       )  

                   (   * (       )  (       )  (         )+)   (       )  
                   (   * (     )  (       )  +)  

                   ( (     ))  

                   (     )                                                                                                                                      (2.18) 

Which is a contradiction. Then we deduce that  

 (     )    and                                                                                                                              (2.19) 

Since the pair {    } is weakly compatible, from (2.17), we have                 . We claim that  (     )   . 

Suppose, to the contrary, that  (     )   , then by (2.1) and (2.19), we have  

 (     )   (       )  

                   (   { (     )  (      )  (      )})  

                   (   { (     )  (   )  (       )})  

                   (     )  

This is a contradiction. We deduce that  

 (     )    and         .                                                                                                                    (2.20) 

Now, combining (2.19) and (2.20), we obtain  

                   . 

That is,    is a common fixed point of   ,   ,   and  . 

Uniqueness: 

 Let us suppose that     is a common fixed point of    ,   ,   and   with  (   )   . 

Using(2.1), we get  

 (   )   (       ) 

              (   { (       )  (       )  (       )}) 

              (   * (   )  (   )  (   )+) 

              ( (   ))   (   ) 

Which is contradiction. Then we deduce that    . Therefore , the uniqueness of the common fixed point is proved.  

Corollary 2.4: Suppose that       and   are self maps of a complete partial metric space (   ) such that             

and  

 (     )   (   * (     )  (     )  (     )+) 
For all       where     if one of the ranges          and    is a closed subset of (   ) , then (i)  and   have 

coincidence point. Moreover, if the pairs*   + and *   + are weakly compatible, then       and   have a unique common 

fixed point. 

Corollary 2.5: Suppose that   and   are self maps of a complete partial metric space (   ) such that       and for all 

      where     and 

 (     )   (   * (     ) 
( (     )   (     ))

 
 
( (     )   (     ))

 
+) 

if one of the ranges    and    is a closed subset of (   ), then (i)  and   have coincidence point. (ii) Moreover, if the 

pairs*   + is weakly compatible, then   and   have a unique common fixed point. 
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