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Abstract—In this paper, we proved the common fixed point theorems for sequence of mappings in Partial Metric Spaces.
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. INTRODUCTION

The study of fixed point theorems of maps satisfying contractive type conditions in partial metric spaces has been a very
active field of research activity recently. Partial metric spaces were introduced by Mathews[15] in 1992, and proved common
fixed point theorems for compatible maps in partial metric spaces. In fact, it is widely recognized that partial metric spaces play
an important role in constructing models in the theory of computation.

Definition 1.1: A partial metric on a nonempty set X is a function p: X X X — R, such that for all x,y,z € X:
(Pl) x =y @ p(x,x) =plx,y) =pW,y),
(P2) p(x,x) < p(x,y),
(P3) p(x,y) = p(y,x),
(p4) p(x,y) < p(x,2) + p(z,¥) — p(2,2)
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
Remark 1.2: It is clear that, if p(x,y) = 0, then from (pl) and (p2), x = y. But if x = y, p(x, y) may not be 0. A basic
example of a partial metric space is the pair (R,,p), where p(x, y) = max{x, y} for all x,y € R*. Each partial metric p on
Xgenerates a Tytopology 7, on X which has a base the family of open p — balls {BP(x, ¢),x € X, & > 0} where BP(x,¢) =
{yeX:plx,y) <plx,x)+e}forall x € Xand e > 0.
If pis a partial metric on X, then the function ps : X x X - R™ given by p*(x,v) = 2p(x,y) — p(x,x) — p(y,y) is a metric
on X.
Definition1.3: let (X, p) be a partial metric space and {x,,}be a sequence in X. Then
(1) {x,} convergesto a point x € X if and only if p(x, x) = lim,,_, . p(x, x;,)
(2) {x,} is called a Cauchy sequence if there exists (and is finite) limy, ;4.0 P(Xp, Xpm).

Definition1.4: A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,,} in X converges, with respect
to T : to a point x€X , such that
p(x: x) = n rlll—rg—oo p(xn: xm)

Remark1.5: It is easy to see that every closed subset of a complete partial metric space is complete.
Lemma 1.6: Let (X, p) be a partial metric space. Then
(1) {x,}isa Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, p*),
(2) (X,p) is complete if and only if the metric space (X, p*) is complete. Further more lim,,_, ., p*(x,, x) = 0 if and only
if p(x,x) = lirP p(xy, x) = 1irr3r (X, Xm)-
n-+oo n,m-+oo

Mathews[15] obtained the following Banach fixed point theorem on complete partial metric spaces.

Theorem 1.7: Let f be a mapping of a complete partial metric space (X, p) into itself such that there is a real number ¢ with
0 < ¢ < 1, satisfying for all x,y € X, p(fx, fy) < cp(x,y). Then f has a unique fixed point.
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II. MAINRESULT

Definition 2.1: Let X be a non-empty set and Ty, T,: X — X are given self maps on X. If w = Ty x = T, x for some x € X, then
x is called a coincidence point of T; and T, and w is called a point of coincidence of T; and T,.
Definition 2.2: Let X be a non-empty set and T;, T,: X — X are given self maps on X. The pair {T,, T,} is said to be weakly
compatible if T, T,t = T, T, t, whenever T;t = T,t for some t in X.
Our main result is the following:
Theorem 2.3: Suppose that {4;}, {Aj}(i # j).S,T are self maps of a complete partial metric space (X,p) such that
A X CTX,A;X €SX (i #j)and forall x,y € X, where ¢ € ¢
p(Aix,Ajy) < ¢ (max{p(Sx,Ty),p(4;x, Sx),p(Ajy, Ty)}) (2.1)
If one the ranges A;X, A;X, TX and SX is a closed subset of (X, p), then

(1) A;and S have a coincidence point, (i # j)

(2) Ajand T have a coincidence point. Moreover, if the pairs {4;, S}and {A]-,T}(i # j) are weakly compatible,

then A;, A;(i # j), T and S have a unique common fixed point.

Proof: let x, be an arbitrary point in X. Since A;X € TX, there exists x; € X such that Tx; = A;x,. Since A;X € SX , there
exists x, € X such that Sx, = A;x,; (i # j). Continuing this process, we can construct sequences {x,, } and {y,,} in X defined by
Yon = TXons1 = AiXon, Yone1 = SXonsz2 = 4jXons1 (2.2)
Foreveryn € N(i # j).
We claim that {y,,} is a Cauchy sequence in the partial metric space (X, p).
We have : for (i # j),
p(yZpﬂy2p+1) = p(Aipr'ij2p+1)
< ¢(max{P(5x2p' Tx2p+1)' p(AiXZp' Spr)' p(ij2p+1' Tx2p+1)})
< ¢p(max{p(yap-1,Y2p) P(Vaps Yap-1), P(Vap+1, Y2p) })
= ¢(max{p(y2p—1!y2p)vp(y2p+1!y2p)})

Now, we get

p(yZp'y2p+1) < ¢(maX{P()’2p—1’3’2p):P(}’Zp+1:}’2p)}) (2.3)
Similarly, we obtain

P()’2p+1'3’2p+2) < ¢(maX{P(J’2p’3’2p+1):P()’2p+1:}’2p+2)}) (2.4)

Therefore, from (2.3) and (2.4),

PVn Yn+1) < ¢(maX{P()’n—1. V) D, Yn+1)}) for sufficiently large n.
Suppose that there exists p € N such that p(yzp_l,yzp) =0. Then we have y,, 1 =y,, and from (2.3), we obtain

p(yZp'y2p+1) <¢ (p(yZp'y2p+1))'
Since ¢(t) <t for each t>0, the above inequality implies that p(yap, ¥2p+1) =0 and then y,, =y, .

From (2.4), we get p(¥ap 41, Yapsz) < ¢ (p(y2p+1,y2p+2)), which implies that y,,+1 = Yap+a-

Hence, we have y,, 1 = Y2p = Yop41 = Yopsz = =

Then {y,,} is a Cauchy sequence in (X,p). The same conclusion holds if we suppose that there exists p € N such that
P(Vap) Vap+1) = 0.

Now, we assume that

PV, Y1) > 0, for sufficiently large n. (2.6)

Then from (2.5), as ¢(t) < t for each t > 0, we have

P Yn+1) < max{pVn-1, ¥n)» P Ons Yn+1)}

Hence we get p(yn, Yn+1) < P(Vn-1, Yn)-

Therefore, max{p (Vy—1, V), PV Vs 1)} = D n—1, ¥) for sufficiently large n.
Thus from (2.5),

PV Yns1) < ¢(P()’n_1.yn)) for sufficiently large n. (2.7)
Repeating this inequality n time we obtain
PO Yns1) < 0™ (o, ¥1))- (2.8)

By the properties (p2) and (p3) we have
max{p (Vu, ¥n), P On+1, Yn+1)} < PO Ve -
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Thus from (2.8),
max{p Vo, ), D Wn+1, Yni1)} < 0™ (0o, 1)) (2.9)
Therefore,
P Vo Ynt1) = 20 Yns1) = POns Vi) = POnass Yis1) < 20, Ynsr) + PO ) + DO Ynrr) < 40™(p(vo, 31))
Now by triangle inequality for the metric p* and (2.9) for any k,n € N* we have
D° O Ynrk) < 0° O Y1) + 0° Unats Ynaz) + 0 + 0 Vnsk—10 Vo)
<4¢™(p(o, y1)) + 4™ (p (o, ¥1)) + - + 4™ (p(y0, 31))

n+k—1
= 4( Z ¢i(P(}’o:)’1))>

L=n

<4 (2 ¢i(P(3’o'Y1))>

Hence and from tﬁe property (b) of ¢ we conclude that for an arbitrary € > 0 there is a positive integer n, such that
P° WV Vnar) < € foreveryn >nyandall k € N.
Thus we proved that {y,} is a Cauchy sequence in the metric space (X, p*). Since (X, p)is complete, then from lemma (1.6)
(X, p®) is a complete metric space. Therefore, the sequence {y,,} converges to some y € X, that is, lim,,_,, o, p*(,,, ¥) = 0.
From the properties (b) in above lemma, we have
p,y) = lim p(py) = lim >0 Ym) (2.10)
Moreover, since {y,} is a Cauchy sequence in the metric space (X, p*), then m}li_rawps(yn, ¥m) = 0and so from (2.9) and the
property (b) of lemma (1.6) we have ’
Jim p(n, ya) = 0. (2.11)
Thus from the definition of p* and (2.11), we have

lim  p(yn, ym) = 0.

?ﬁgg‘gre, from (2.10), we have

p(,y) = lim p(y,y) = lim p(yp, ym) = 0. (2.12)

This implies that

Nm p(yzn,y) = lim p(yzn—y,y) =0 (2.13)

Thus from (2.13) we have

Nm p(Aixzn, y) = lim p(Txzp41,y) =0 (2.14)

And lim p(ijZn_l,y) = lim p(Sxy,,y) =0 (2.15)
n-+oo n-+oo

Now we can suppose, without loss of generality, that SX is a closed subset of the partial metric space (X, p). From (2.15), there
exists u € X such that y = Su. We claim that p(4;u, y) = 0. Suppose, to the contrary, that p(4;u,y) > 0.
P, Aiu) < p(y, AjXaner) + P(A AjXansa) — P(AjXans1, AjXanss) for (i # )
< P(y' ij2n+1) + p(Al-u, ij2n+1)
< p(y, Ajxans1) + GMax{p(y, y2n), p(Aitt, ¥), D Y2ns1 Y2n) )
Since ¢ is continuous, from (2.12), and letting n — oo we obtain
p(, A) < lim [p(Yn, Yon+1) + GMax{p(y, yzn), p(Aith, ¥), P W2ns1, Y2n)})]

im p(yn, yania) + ¢ (nljrpmmax{p(y, Vo), DAL Y), P Vamer, Y2n)})

¢(p(Aiu' }’))

Hence, as we supposed that p(Au, y) > O0and as ¢(t) < t fort > 0,

We have p(y, 4;u) < p(y, A;u) which is a contraction.

Therefore,

p(4u,y) =0=y = Au. (2.16)

Since y = Su, then A;u = Su, that is a coincidence point of 4; and S. Hence the proof of (i). Since A;x S TX and (2.16), we
have y € TX. Therefore there exists v € X such that y = Tv. We claim that p(Ajv, y) = 0. Suppose, to the contrary, that
p(A;v,y) > 0. From (2.1) and here y = Su = Aju = Tv

we have p(y, 4;v) = p(4;u, A;v)

< ¢(max{p(5u, Tv), p(4;u, Su),p(Ajv, Tv)})
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< ¢p(max{p(y,),p(v,y), p(4v,7)})

<¢ (p(Ajv,y))
< p(A]-v, y)
This is contradiction. Then, we deduce that p(4;v,y) = 0 and
y = Ajv =Tv. (217)

Therefore v is a coincidence point of A; and T, then (ii) holds. Since the pair {4;, S}is weakly compatible, from (2.16), we have
A;y = A;Su = SA;u = Sy. We claim that p(4;y,y) = 0. Suppose, to the contrary, that p(4;y,y) > 0. We have
P(Ay,y) < p(Aiy, Yan+1) + PVzn+1,Y)

= p(Aiy, AiXans1) + PO2ns1,¥)

< ¢(max{p(Sy, Txzn+1), DAY, SY), D(AjXons1, Txne1)}) + PVansr )

< ¢(max{p(4:y, ¥20), P(4i, Ai¥), P Vz2n+1, Y2r)}) + P(V2n+1,Y)

< ¢(max{p(4;y,¥), p(4;y, 4;y),0})

< ¢(p(4y, 7))

<p(4y,y) (2.18)
Which is a contradiction. Then we deduce that
p(4;y,y) =0and 4;y =Sy =y (2.19)

Since the pair {A]-,T} is weakly compatible, from (2.17), we have A;y = A;Tv = TA;v = Ty. We claimthat p(4;y,y) = 0.
Suppose, to the contrary, that p(4;y,y) > 0, then by (2.1) and (2.19), we have
p(v,4;y) = p(Aiy, Ajy)

< ¢(max{p(Sy, Ty), p(4;y, Sy), p(4;y,Ty)})

< ¢(max{p(y, 4;¥), p, ), p(4;7, 4;¥)})

<p(4;y,y)
This is a contradiction. We deduce that
p(4;y,y) =0and 4;y =Ty =y. (2.20)

Now, combining (2.19) and (2.20), we obtain
y=Ay=Ay=8Sy=Ty i #]
That is, y is a common fixed point of 4;, A;, Sand T.
Uniqueness:
Let us suppose that z € X is a common fixed point of 4;, 4;, S and T with p(z,y) > 0.
Using(2.1), we get
p(v,2) = p(Ay, 4;z)
< ¢p(max{p(Ay, 4;2),p(Aiy, 4;7), p(4;2,4;2)})
= ¢(max{p(y,2),p(y,y),p(z,2)})
=o(r(1,2) <p(,2)
Which is contradiction. Then we deduce that z = y. Therefore , the uniqueness of the common fixed point is proved.
Corollary 2.4: Suppose that 4, B, S and T are self maps of a complete partial metric space (X, p) such that AX € TX,BX < SX
and
p(Ax, By) < ¢p(max{p(Sx, Ty), p(Ax, Sx),p(By, Ty)})
For all x,y € X where ¢ € ® if one of the ranges AX,BX,TX and SX is a closed subset of (X,p), then (i) Aand S have
coincidence point. Moreover, if the pairs{4,S} and {B, T} are weakly compatible, then 4, B,S and T have a unique common
fixed point.
Corollary 2.5: Suppose that S and T are self maps of a complete partial metric space (X,p) such that TX < SX and for all
x,yEX where peED and

o(Tx.Ty) < ¢<max [p(Sx’ Sy)’(p(Tx.Spr(Ty,Sy)) +(p(Ty,5x)+p(Tx.5y))]>

2 2
if one of the ranges TX and SX is a closed subset of (X,p), then (i) Sand T have coincidence point. (ii) Moreover, if the
pairs{S, T} is weakly compatible, then S and T have a unique common fixed point.
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