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Abstract: In this paper the fixed point theorems for commute c-fuzzy metric set satisfying the generalized Lipschitzconditions 

are obtained, without appealing to continuity formappings in the setting of fuzzy metric spaces over the Banach algebra. 

Furthermore, we notonly get the existence of the fixed point but also get the uniqueness.These results greatly improve and 

generalize several well-knowncomparable results in the literature.  

 

Key-words: Fixed point, c-fuzzy metric set, Fuzzy metric spaces, commuting, invertible,Lipschitzconditions. 

 

I. INTRODUCTION 
 

Fuzzy set theory was introduced by the Electrical Engineer L . A. Zadeh  in 1965. In 2002, Lii, introduced the concept of 

converse commuting functions and proved the fixed point theorems for converse commuting functions.  Various authors  have 

proved generalized fixed point theorems for multi valued converse commuting   mappings in the setting of metric spaces.  

Some related examples are also discussed. In this paper the fixed point theorems for commute c-fuzzy metric set satisfying the 

generalized Lipschitz conditions are proved, in the setting of fuzzy metric spaces over the Banach algebra. Furthermore, the  

uniqueness of the fixed point also proved . Our main results improve and generalize some importantknown results in the 

literature. In addition, we introduced c-fuzzy metric set and also proved the existence of the fixed point it,the main results are 

indeedreal improvements and generalizations of the correspondingresults in the literature. 

 

II. PRELIMINARIES 

 

Definition 1: A binary operation∗: [0,1] × [0.1] → [0,1] is continuous 𝑡 − 𝑛𝑜𝑟𝑚 if ∗  satisfies the following conditions: 

i. 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 , 𝑎 ∗ (𝑏 ∗ 𝑐) = (𝑎 ∗ 𝑏) ∗ 𝑐  for all 𝑎, 𝑏, 𝑐 ∈ [0,1] 
ii. ∗ is continuous 

iii. 𝑎 ∗ 1 = 𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ [0,1] 
  iv.      𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑 , 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟  𝑎 ≤ 𝑐 𝑎𝑛𝑑 𝑏 ≤ 𝑑, 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 
 

Definition 2: The triplet (𝑋,𝑀,∗) is said to be a fuzzy metric space if X is an arbitrary set, ∗ is a continuous  𝑡 − 𝑛𝑜𝑟𝑚and M 

is a fuzzy set on  𝑋2 × [0,∞) satisfying the following: 

(M1). 𝑀(𝑥, 𝑦, 𝑡) > 0 

(M2). 𝑀(𝑥, 𝑦, 𝑡) = 1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  𝑥 = 𝑦. 
(M3). 𝑀(𝑥, 𝑦, 𝑡) = 𝑀(𝑦, 𝑥, 𝑡). 
(M4). 𝑀(𝑥, 𝑧, 𝑡 + 𝑠) ≥ 𝑀(𝑥, 𝑦, 𝑡) ∗ 𝑀(𝑦, 𝑧, 𝑠). 
(M5).𝑀(𝑥, 𝑦,∙): [0,∞) → [0,1]is left continuous for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and 𝑠, 𝑡 > 0. 

 

Example 1.(Induced fuzzy metric space) Let (𝑋, 𝑑)be a metric space and  𝑎 ∗ 𝑏 = 𝑎𝑏 for all 𝑎, 𝑏 ∈ [0,1]𝑎𝑛𝑑 𝑙𝑒𝑡 𝑀𝑑 be 

fuzzy set on   𝑋2 × [0,∞)defined as follows:𝑀𝑑(𝑥, 𝑦, 𝑡) =
𝑡

𝑡+𝑑(𝑥,𝑦)
   then (𝑥,𝑀𝑑,∗) is a fuzzy metric space. We call this fuzzy 

metric induced by a metric d. 

Example 2: Let 𝑋 = 𝑁.  𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 ∗ 𝑏 = max{0, 𝑎 + 𝑏 − 1} 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ [0,1]and  let  M   be a fuzzy set on   𝑋2 × [0,∞)  
as follows: 

http://www.isroset.org/
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𝑀(𝑥, 𝑦, 𝑡) =  {

𝑥

𝑦
,         𝑖𝑓 𝑥 ≤ 𝑦

𝑦

𝑥
,          𝑖𝑓  𝑦 ≤ 𝑥

 

for all 𝑥, 𝑦 ∈ 𝑋. Then (𝑋,𝑀,∗)is a fuzzy metric space. 

 

Definition 3: Let (𝑋,𝑀,∗) be a fuzzy metric space. A sequence {𝑥𝑛}in X is said to be convergent to x if for each 𝜀 > 0 and 

each 𝑡 > 0 then there exists𝑛0 ∈ 𝑁 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑀(𝑥𝑛, 𝑥, 𝑡) > 1 − 𝜀  for all 𝑛 > 𝑛0. 
 

Definition 4: A sequence  {𝑥𝑛}  in X is said to be Cauchy if for each 𝜀 > 0 and 𝑡 > 0 then there 

exists𝑛0 ∈ 𝑁 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑀(𝑥𝑛 , 𝑥𝑚, 𝑡) > 1 − 𝜀  for all 𝑛,𝑚 > 𝑛0. 
 

Definition 5:A fuzzy metric space is said to be complete if in which every Cauchy sequence is convergent. 

Preposition1:In a fuzzy metric space(𝑋,𝑀,∗)  if𝑎 ∗ 𝑎 ≥ 𝑎  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ [0,1], then𝑎 ∗ 𝑏 = min{𝑎, 𝑏} 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈
[0,1].Let(𝑋,𝑀,∗)be a fuzzy metric space with the condition lim𝑡→∞𝑀(𝑥, 𝑦, 𝑡) = 1 for all 𝑥, 𝑦 ∈ 𝑋. 
 

Definition 6:Let 𝐴, 𝐵 ∶ 𝑋 → 𝑋 and 𝐴𝐵𝑥 =  𝐵𝐴𝑥  then  𝑥 ∈ 𝑋 is called a commuting point of A, B. 

 

Definition7:Let (𝑋,𝑀,∗)be a fuzzy metric space. Functions 𝐴, 𝐵 ∶ 𝑋 → 𝑋are said to be converse commuting if 𝐴𝐵𝑥 =
 𝐵𝐴𝑥implies  𝐴𝑥 =  𝐵𝑥. 

 

Definition 8 

Let A be a real Banach algebra; that is, Ais a real Banach space in which an operation of multiplication is defined, subject to 

the following properties: for all 𝑥, 𝑦, 𝑧∈A, 𝑎∈ R, 

(1) x(𝑦𝑧) = (𝑥𝑦)z; 

(2) x(𝑦 + 𝑧) = 𝑥𝑦 + 𝑥𝑧 and (𝑥 + 𝑦)z = 𝑥𝑧 + 𝑦𝑧; 
(3) a(𝑥𝑦) = (𝑎𝑥)y = x(𝑎𝑦); 

(4) ‖𝑥𝑦‖ ≤ ‖𝑥‖‖𝑦‖. 

In this paper, we shall assume that the Banach algebra A has a unit   such that 𝑒𝑥 = 𝑥𝑒 = 𝑥 for all 𝑥∈A. An element 

𝑥∈A is said to be invertible ifthere is an inverse element 𝑦∈A such that  

𝑥𝑦 = 𝑦𝑥 = 𝑒. The inverse of 𝑥 is denoted by 𝑥−1
.  

Proposition 2.Let A be a real Banach algebra with a unit e and 𝑥 ∈ 𝐴.If the spectral radius 𝑟(𝑥) of x is less than 1, that is 

𝑟(𝑥) = log𝑛→∞‖𝑥
𝑛‖
 
𝑛⁄ = inf‖𝑥𝑛‖

 
𝑛⁄  1 , then 𝑒 − 𝑥 is invertible. Actually  (𝑒 − 𝑥)  = ∑ 𝑥 ∞

  0  . 

 

Definition9. Let (𝑋, M, *) be a fuzzy metric space. Then M is called c- fuzzy set on  satisfying the following:   

(1)(
 

 (𝑥,𝑦,𝑡)
− 1) ≥ 0for all 𝑥, 𝑦∈𝑋. 

(2)(
 

 (𝑥,𝑦,𝑡)
− 1) ≤ (

 

 (𝑥, ,𝑡)
− 1) + (

 

 ( ,𝑦,𝑡)
− 1)for all 𝑥, 𝑦, 𝑧∈𝑋. 

(3) For each 𝑥∈𝑋 and 𝑛 ≥ 1, if (
 

 (𝑥,𝑦 ,𝑡)
− 1) ≤ 𝑢 for some𝑢 = 𝑢𝑥 ∈  𝑋, then  

(
 

 (𝑥,𝑦,𝑡)
− 1) ≤ 𝑢whenever{𝑦𝑛} is a sequence in 𝑋 converging to a point𝑦 ∈ 𝑋. 

(4) For all 𝑐 ∈A   with𝑐 ≥ 0 , there exists 𝑒 ∈A,such that 

(
 

 ( ,𝑥,𝑡)
− 1) ≤ 𝑒 𝑎𝑛𝑑  (

 

 ( ,𝑦,𝑡)
− 1) ≤ 𝑒imply(

 

 (𝑥,𝑦,𝑡)
− 1) ≤ 𝑐. 

M is also called a 𝑐-fuzzy metric on 𝑋. 

 

Lemma 1 [9]Let Abea Banach algebra with a unit 𝑒. If 𝑥, 𝑦∈A, and 𝑥 commutes with 𝑦, then  

𝑟 (𝑥 + 𝑦) ≤ 𝑟 (𝑥) + (𝑦) ,𝑟 (𝑥𝑦) ≤ 𝑟 (𝑥) 𝑟 (𝑦) …………………(4) 

Lemma 2[11]. Let A be a Banach algebra with a unit 𝑒 and let 𝑘 be a vector in A.If  0 ≤ r(𝑘) < 1, then we have  𝑟((𝑒 − 𝑘)
−1

) ≤ 

(1 − 𝑟(𝑘))
−1

. 

Lemma 3 [4].Let (𝑋, M, *) be a fuzzy metric space and Mbe a 𝑐-fuzzy metric on 𝑋. Let {x  } be a sequence in 𝑋. Suppose that 

{𝛼𝑛} and {𝛽𝑛} are two sequences in X converging to 0.  

If (
 

  (  , , )
− 1) ≤    an  (

 

 (  , , )
) ≤   ,  then 𝑦 = 𝑧. 

 2 0,X  
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Lemma 4[6].Let A be a Banach algebra with a unit 𝑒 and X  be a c-fuzzy metric space  in A.   𝑒𝑡 𝑢, 𝛼, 𝛽 ∈  𝑋 ℎ𝑜𝑙𝑑 𝛼 ≤
𝛽 𝑎𝑛𝑑   𝑢 ≤ 𝛼𝑢.   𝑓 𝑟(𝛽)    1, 𝑡ℎ𝑒𝑛 𝑢 =  0. 

 

III. MAIN RESULTS 

 

Theorem 1.Let (𝑋, M, *) be a complete fuzzy metric space over Banach algebra A. Let M be a  

𝑐-fuzzy metric on 𝑋. Suppose the mapping M satisfies generalized Lipschitz conditions: 

(
 

  (  ,  , )
− 1) ≤    (

 

 ( , , )
− 1) +   (

 

 ( ,  , )
− 1) +    (

 

 ( ,  , )
− 1) +   (

 

 (  , , )
− 1) …….…..(1) 

(
 

  (  ,  , )
− 1) ≤    (

 

 ( , , )
− 1) +   (

 

 (  , , )
− 1) +    (

 

 (  , ,, )
− 1) +   (

 

 ( ,  , )
− 1)    . . ( )  

for all 𝑥, 𝑦∈𝑋, where  ,  ,  ,  ∈     are generalized Lipschitz constants with 

r(  +    +   +    )   1 − 𝑟( ).   If    commutes with  +    +    +    ,  then 𝑓 has a unique fixed point. 

Proof.Suppose 𝑥0 is an arbitrary point in 𝑋and set 𝑥𝑛 = 𝑓𝑥𝑛−1 = 𝑓𝑛𝑥0.  

(
1

𝑀 (𝑥𝑛 ,  𝑥𝑛+ , 𝑡)
− 1)  =  (

1

𝑀(𝑓𝑥𝑛  , 𝑓𝑥𝑛 , 𝑡)
− 1) 

≤ 𝛼 (
1

 𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑓𝑥𝑛  , 𝑡)
− 1) +   (

1

𝑀 (𝑥𝑛  , 𝑓𝑥𝑛, 𝑡)
− 1)  +  (

1

𝑀(𝑓𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) 

≤  𝛼 (
1

 𝑀(𝑥𝑛  , 𝑥𝑛, 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +   (

1

𝑀 (𝑥𝑛  , 𝑥𝑛+ , 𝑡)
− 1)  +  (

1

𝑀(𝑥𝑛 , 𝑥𝑛 , 𝑡)
− 1) 

 ≤  𝛼 (
1

 𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +   {(

1

𝑀 (𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) + (

1

𝑀 (𝑥𝑛 , 𝑥𝑛+ , 𝑡)
− 1)} 

             + {(
1

𝑀(𝑥𝑛 , 𝑥𝑛  , 𝑡)
− 1) + (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1)} 

Whichimplies 

(1 −  ) (
 

  (𝑥 , 𝑥   ,𝑡)
− 1)  ≤  (𝛼 + 𝛽 +  +  ) (

 

 (𝑥   ,𝑥 ,𝑡)
− 1) +   (

 

 (𝑥   ,𝑥 ,𝑡)
− 1) …………………..(3) 

By (1) and (2)  we obtain                                           

(
1

𝑀 ( 𝑥𝑛+ ,    𝑥𝑛 ,   𝑡)
− 1)  =  (

1

𝑀( 𝑓𝑥𝑛 , 𝑓𝑥𝑛  , 𝑡)
− 1) 

≤ 𝛼 (
1

 𝑀(𝑥𝑛  , 𝑥𝑛, 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑓𝑥𝑛  , 𝑥𝑛  , 𝑡)
− 1) +   (

1

𝑀 ( 𝑓𝑥𝑛, 𝑥𝑛  , 𝑡)
− 1)  +  (

1

𝑀( 𝑥𝑛 , 𝑓𝑥𝑛  , 𝑡)
− 1) 

≤  𝛼 (
1

 𝑀(𝑥𝑛  , 𝑥𝑛, 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +   (

1

𝑀 (𝑥𝑛  , 𝑥𝑛+ , 𝑡)
− 1)  +  (

1

𝑀(𝑥𝑛 , 𝑥𝑛 , 𝑡)
− 1) 

 ≤  𝛼 (
1

 𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +   {(

1

𝑀 (𝑥𝑛 , 𝑥𝑛  , 𝑡)
− 1) + (

1

𝑀 (𝑥𝑛+ , 𝑥𝑛 , 𝑡)
− 1)} 

             + {(
1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) + (

1

𝑀(𝑥𝑛 , 𝑥𝑛  , 𝑡)
− 1)} 

Whichimplies 

(1 −  ) (
 

  ( 𝑥   ,𝑥 ,𝑡)
− 1)  ≤  (𝛼 + 𝛽 +  +  ) (

 

 (𝑥 ,𝑥   ,𝑡)
− 1) +   (

 

 ( 𝑥 ,𝑥   ,𝑡)
− 1)   ……………….(4) 

Thus, the sum of (3) and (4) gives follows 

(1 −  ) [(
1

𝑀 (𝑥𝑛,  𝑥𝑛+ , 𝑡)
− 1) + (

1

𝑀 ( 𝑥𝑛+ , 𝑥𝑛 , 𝑡)
− 1)]  

≤  (𝛼 + 𝛽 +  +   ) [(
1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1)  + (

1

𝑀( 𝑥𝑛 , 𝑥𝑛  , 𝑡)
− 1)] 

Now, we set 𝑢𝑛  = [(
 

  (𝑥 , 𝑥   ,𝑡)
− 1) + (

 

  ( 𝑥   ,𝑥 ,𝑡)
− 1)].  

Then, (1 −   )𝑢𝑛 ≥ (𝛼 + 𝛽 +  +   )𝑢𝑛                                         ( ) 
Since 𝑟( )    𝑟( )  +  𝑟(𝛼 + 𝛽 +  +   )    1, then, by Proposition 1,  

(1 −  )is invertible. Furthermore, (1 −   )  = ∑   ∞
  0  

Let  = (1 −  )  (𝛼 + 𝛽 +  +   ).   As  commutes with 𝛼 + 𝛽 +  +   ,  

it follows that(1 −   )   (𝛼 + 𝛽 +  +   )  =  (∑   ∞
  0 )(𝛼 + 𝛽 +  +   ) 

= (𝛼 + 𝛽 +  +   ) (∑  
∞

  0

) 
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=  (𝛼 + 𝛽 +  +   )(1 −   )     . ( ) 
that is to say (1 −   )  commutes with  (𝛼 + 𝛽 +  +   ).  
Then by Lemma 1 and Lemma 2, we obtain       

𝑟 ( )  = 𝑟( (1 −   )  (𝛼 + 𝛽 +  +   )) 
  ≤  𝑟((1 −   )  ) 𝑟(𝛼 + 𝛽 +  +   ) 

≤ (1 −  𝑟( ))
  
  𝑟(𝛼 + 𝛽 +  +   ) 

 =  (
1

1 −  𝑟( )
)  𝑟(𝛼 + 𝛽 +  +   )   1,                                                      ( ) 

Which means that (1 −  )  = (∑   ∞
  0 )and ‖ 𝑛‖  →  0 𝑎𝑠 𝑛 →  ∞.  

By multiplying in both sides of (5) by (1 −   )  , we get 

(
1

𝑀(𝑥𝑛 , 𝑥𝑛+ , 𝑡)
− 1) ≤ 𝑢𝑛 

    ≤ (1 −   )  (𝛼 + 𝛽 +  +   )𝑢𝑛   
=  𝑢𝑛  ≤    ≤  

𝑛𝑢0………………(8) 

Let 𝑚>𝑛 ≥ 1. We infer 

(
1

𝑀(𝑥𝑛 , 𝑥𝑚, 𝑡)
− 1) ≤ (

1

𝑀(𝑥𝑛 , 𝑥𝑛+ , 𝑡)
− 1) + (

1

𝑀 (𝑥𝑛+ , 𝑥𝑛+2, 𝑡)
− 1) +    + (

1

𝑀(𝑥𝑚  , 𝑥𝑚 , 𝑡)
− 1) 

  ≤  ( 𝑛 +  𝑛+ +    + 𝑚  ) 𝑢0 
≤ (1 +   +    + 𝑚 𝑛  )  𝑛𝑢0 

≤(∑   ∞
  0 ) 𝑛𝑢0 = (1 − R)

−1
R𝑛𝑢0 

Owing to ‖(1 −   )   𝑛𝑢0‖  →  0 (𝑛 → ∞), it leads to (1 − R)
−1

R𝑛
 𝑢0 → 0 (𝑛 → ∞).  

   {𝑥𝑛} is a Cauchy sequence in (𝑋, M, *). 

Since 𝑋 is complete, there exists 𝑢∈𝑋 such that 𝑥𝑛 = 𝑓𝑥𝑛−1 → 𝑢 as 𝑛 → ∞.  

By Definition, we obtain (
 

  (𝑥 , ,𝑡)
− 1)≤(1 − R)

−1
R𝑛

 𝑢0……………(9) 

Now, we show that 𝑓𝑢 = 𝑢. Substituting 𝑥 = 𝑥𝑛−1, 𝑦 = 𝑢 in (1), we get 

(
1

𝑀(𝑥𝑛 , 𝑓𝑢, 𝑡)
− 1)  = (

1

𝑀(𝑓𝑥𝑛  , 𝑓𝑢, 𝑡)
− 1) 

≤ 𝛼 (
1

 𝑀(𝑥𝑛  , 𝑢, 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑓𝑥𝑛  , 𝑡)
− 1) +   (

1

𝑀 ( 𝑥𝑛  , 𝑓𝑢, 𝑡)
− 1)  +  (

1

𝑀( 𝑓𝑥𝑛  , 𝑢, 𝑡)
− 1) 

    ≤ 𝛼 (
1

 𝑀(𝑥𝑛  , 𝑢, 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) +   (

1

𝑀 ( 𝑥𝑛  , 𝑓𝑢, 𝑡)
− 1)  +  (

1

𝑀( 𝑥𝑛 , 𝑢, 𝑡)
− 1) 

 ≤ 𝛼 [(
1

 𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) + (

1

 𝑀(𝑥𝑛 , 𝑢, 𝑡)
− 1)] +  𝛽 (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1)

+   [(
1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) + (

1

𝑀(𝑥𝑛, 𝑓𝑢, 𝑡)
− 1)] +  (

1

𝑀(𝑥𝑛 , 𝑢, 𝑡)
− 1) 

which implies that 

(1 −  ) (
1

𝑀(𝑥𝑛 , 𝑓𝑢, 𝑡)
− 1)   (𝛼 + 𝛽 +  ) (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) + (𝛼 +  ) (

1

𝑀(𝑥𝑛𝑢, 𝑡)
− 1) . 

Since r( )   1,   (1 −   ) is invertible. So, it follows immediately from (8) and (9) that 

(
1

𝑀(𝑥𝑛 , 𝑓𝑢, 𝑡)
− 1) ≤ (1 −   )  [(𝛼 + 𝛽 +  ) (

1

𝑀(𝑥𝑛  , 𝑥𝑛 , 𝑡)
− 1) + (𝛼 +  ) (

1

𝑀(𝑥𝑛𝑢, 𝑡)
− 1)] 

≤ (1 −   )   [(𝛼 + 𝛽 +  ) 𝑛  𝑢0  +  (𝛼 +  )(1 −   )
   𝑛𝑢0]  

≤ (1 −   )   [(𝛼 + 𝛽 +  )  +  (𝛼 +  )(1 −   )   ] 𝑛  𝑢0              ………..(10) 

Set 𝛼𝑛  = (1 −   )
   𝑛𝑢0and  

𝛽𝑛  =  (1 −   )
   [(𝛼 + 𝛽 +  )  + (𝛼 +  )(1 −   )   ] 𝑛  𝑢0 . 

As 𝑟( )    1 and  𝑛 → 0 (𝑛 →∞), we know 𝛼𝑛, 𝛽𝑛 → 0 (𝑛 → ∞).Thus, by (9), (10), and 

Lemma 3, we get that 𝑓𝑢 = 𝑢.In the following we shall show the fixed point is unique. 

Firstly, we have to prove (
 

 ( , ,𝑡)
− 1) =  0. Making full use of (1),we get 

(
1

𝑀(𝑢, 𝑢, 𝑡)
− 1)  =  (

1

𝑀(𝑓𝑢, 𝑓𝑢, 𝑡)
− 1) 

≤  𝛼 (
1

𝑀(𝑢, 𝑢, 𝑡)
− 1)  +  𝛽 (

1

𝑀(𝑢, 𝑓𝑢, 𝑡)
− 1)  +   (

1

𝑀(𝑢, 𝑓𝑢, 𝑡)
− 1) +   (

1

𝑀(𝑓𝑢, 𝑢, 𝑡)
− 1) 
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               = (𝛼 + 𝛽 +  +  ) (
 

 ( , ,𝑡)
− 1)………………..(11) 

In view of 𝛼 + 𝛽 +  +   𝛼 + 𝛽 +  +   ,r(𝛼 + 𝛽 +  +   ) < 1 − r( ) < 1, and  

Lemma 4, we have(
 

 ( , ,𝑡)
− 1)  =  0. Secondly, if there is another fixed point v. 

Then by (1), we get  

(
1

𝑀(𝑣, 𝑢, 𝑡)
− 1)  =  (

1

𝑀(𝑓𝑣, 𝑓𝑢, 𝑡)
− 1) 

   ≤  𝛼 (
1

𝑀(𝑣, 𝑢, 𝑡)
− 1) +  𝛽 (

1

𝑀(𝑣, 𝑓𝑣, 𝑡)
− 1) +   (

1

𝑀(𝑣, 𝑓𝑢, 𝑡)
− 1)  +   (

1

𝑀(𝑓𝑣, 𝑢, 𝑡)
− 1) 

≤  𝛼 (
1

𝑀(𝑣, 𝑢, 𝑡)
− 1)  +  𝛽 (

1

𝑀(𝑣, 𝑣, 𝑡)
− 1)  +   (

1

𝑀(𝑣, 𝑢, 𝑡)
− 1) +   (

1

𝑀(𝑣, 𝑢, 𝑡)
− 1) 

 

which establishes that 

(
 

 ( , ,𝑡)
− 1)   (𝛼 +  +  ) (

 

 ( , ,𝑡)
− 1)………. (12) 

Since 𝛼 +  +   𝛼 + 𝛽 +  +    𝑎𝑛𝑑  𝑟(𝛼 + 𝛽 +  +    )  1 − 𝑟(  )    1, it follows immediately from Lemma 1.4 

that(
 

 ( , ,𝑡)
− 1)   =  0. 

 Actually, by (2), we also have that  (
 

 ( , ,𝑡)
− 1) ≤  (𝛼 +  +  ) (

 

 ( , ,𝑡)
− 1) 

Similar to the above proof, it is not difficult to obtain that (
 

 ( , ,𝑡)
− 1) =  0.  

Thus, 𝑢 =  𝑣, this concludes the theorem. 

Corollary 1.Let (𝑋, M, *) be a complete fuzzy metric space over Banach algebra A. Let M be a 𝑐-fuzzy metric on 𝑋. Suppose 

the mapping  M satisfies generalized Lipchitz conditions: 

(
1

  (fx, f ,  )
− 1) ≤    (

1

 (x,  ,  )
− 1) +   (

1

 (x, fx,  )
− 1) +    (

1

 (x, f ,  )
− 1) +   (

1

 (fx,  ,  )
− 1) 

          ………………(1) 

(
1

  (f , fx,  )
− 1) ≤    (

1

 ( , x,  )
− 1) +   (

1

 (fx, x,  )
− 1) +    (

1

 (f , x, ,  )
− 1) +   (

1

 ( , fx,  )
− 1) 

          ………………(2) 

for all 𝑥, 𝑦∈𝑋, where  ,  ,  ,  ∈  +and satisfies  +  +  +   < 1. Then,  

𝑓 has a unique fixed point. 

Proof. By taking r( ) =    , r( ) =    , r( ) =    an  r( ) =    for each  ,  ,  ,  ∈  +in above theorem, we obtain the 

desired result. 
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