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Abstract—This paper explores the significance of solving physical problems in an infinite domain using mathematical
techniques. While physical problems are never truly infinite, discussing them in an infinite domain allows us to weaken the
influence of boundaries and obtain solutions that provide valuable insights. Among various analytic approaches to solve partial

differential equations, explicit solutions hold particular importance as they offer a clearer understanding of the problem.
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1. Introduction

In this study, we focus on finding explicit solutions for the
three-dimensional homogeneous wave equation in an infinite
domain. We employ two different methods: the Fourier
transform method and the Green's function method. Both
approaches demonstrate their elegance in providing explicit
representations of the solutions for the wave equation in three
dimensions. Furthermore, we apply these methods to address
a physical scenario involving electromagnetic radiation
traveling through an ideal gas and interacting with the
surrounding gas molecules' electrons, leading to energy loss
and continuous radiation production.

The three-dimensional homogeneous wave equation:[1]
The three-dimensional homogeneous wave equation in an
infinite space will satisfies the equation

8- u ..

Frel eV u (1)
In an infinite domain there are only initial conditions satisfied
by the equation (1).

Let 5
ulX,0) = f{k’].ﬂ—: (x, 0 = glx) (1-ab)
where =2y a_+a_ , X=(xy.2) and

Xy = (xg. Y. Zgl
Fourier transform:[2,6] Three
transform relationship is given as:

FYF)=f0) = JI[ Fu)e W¥qd3y
And

dimensional  Fourier
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Flu) = {2:{]3 J‘ﬂ FX)e“*d3y

where F{u) denotes the Fourier transform of piece-wise
continuous  function f(X) with u = (4,445} and
X =px 4 pay+ pgz

Green’s function: [1,5] The Green function, denoted by

. .3 —
G (X, £ X;. £, associated to the wave equation arf = Fu,

represents the reaction at X at time t of the source at X
acting at time £; and it satisfying the equation

8- G o

Yol + 86X — X)6(t — ) (2)

where &(X —X;) is the three-dimensional Dirac delta
function, which can be expressed as the product of one-
dimensional Dirac delta functions
50X = X,) = 6(x — x5)6(y — ¥9)8(z — o) [1]

2. Literature Review

As a part of my interest in partial differential equations and
its solution, | have reviewed many books written by Richard
haberman, Roach G F , Pinsky M A etc. In this review |
found that there are many analytical methods like Variable
separable method, Method of Eigen function expansion,
Fourier Transform method, Laplace transform method,
method of characteristics, Greens function method using
method of images to solve partial differential equations but
among all these methods Greens function method having its
own importance to solve physical problem modeled by partial
differential equations. So | thorough tried to understand about
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the Greens function explained by Roach G F , Pinsky M A
and Haberman R in their books.

Further literature of Pinsky M A and Muhlenbruch T. & Raji
W, enables me to cracked the physical scenario as discussed
in the paper

3. Experimental Method/Procedure/Design

Nowadays there is trend to solve problems using numerical
methods but the analytic approach to solve the problem has
always plays vital role and advisable as it provides the exact
solution. Moreover, the solution in its explicit form has its
own importance and beauty to understand the problem.

So First | have shown the detailed work to get explicit
solution of three dimensional wave equation in an infinite
domain using Fourier Transform method and Greens function
method to help the reader to understand it in a better way and
then applied both the method to encounter the physical
scenario modelled by three dimensional wave equation.

4. Results and Discussion

4.1. Fourier transforms method

To solve the initial value problem (1) using Fourier
transform, let U{u.t} be the Fourier transform of u(X.t}.
[2,6]

Then by definition

ulX,t) = fj Uly, tle ®¥d%y
Where

U, t) = WJ‘H u(X. t)e*d?x
We have

Frulk. t) JI[U{H tlul e~ ¥q?y

{X J_J‘ﬂn’ U(ut g3,

'iA
It follows from = £*F*u, we have

ae?

Iﬂ [d U{\u ! + e ut Uly, r] TGl =

d“Ulp.t} |
=‘T+c.u Ulu.t) =0 (3

Solving upon (3);

u, t) = €,(u) cos cut
+ Co(ulsin eut 4

At t=10, Let Ulu.0) = F(u) and U.(u.0) = G(u) be the
Fourier transform of u(X.0) = f(X) and u.(X.0) = g(X)
respectively.

Using (4) we get

€00 = FOo), €, = 28

£
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Substituting €, {(u) and C.{u) in (4), the Fourier transform of
ul(X. £} is
Ulu.t) = Flulcos cut

Gu)

sin cut (3

where F{ug) and G{.u'] are Fourier transforms of initial
position f{X} and initial velocity g{ X} respectively.
Thus, we have

ulX, &)

J]f Flu)cos eut

Gu
{ slncut] —lE g3y (6)

u':}(.t] = JI[ Flulcos cut + G:j]

It is to be observed that the volume integral and surface
integral on the sphere of radius R are related as [2,5]

JII rexrav =I ( Il f{X]dF)dr

sin cut ] e” ¥ 43y

x|zm Xl=mg
f F(X)dS
x|=ry
= %( fﬂ FX)dx dy n’z) (7)
Kl=R
Use F(X) = e™¥ in (7) one gets
J;f e ¥ds = E( J‘ﬂ e ¥dx dy n’z) (8)

To evaluate [[f .. e™*dx dydz, we consider the sphere

whose radius R and centre is at ¥ = 0. Also the angle @ =0
is to be taken in the direction of u.

So,wehave 0 =Ry <R 0=8f <2mr,0=0=mw,
LetRD |.3<'| thenu - X = |ullXlcos ® = uR, cos @ and
d*X =R, sin © d0dfdr

Hence

JI[ e®¥dx dy dz

X|SR

R T pi 14
= f f f g 8p Zoin @ dO df dr
Rp=0"g=0~8=0

) d (4w ssin uR R cos uR
— JI gl_u'}."dls'z_ _( '" _ : ]
dR\ u Jis H

Xl=R

J] SHE g = 4R_slnuR .
R —p (9)

X =R

Let B = ct yields

sin cut 1

ﬂ gt % g5

Xpl=ct

(10)

cu  4mctt
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_ fﬂ 60 sin .:'Iut
[few(g [ e

Interchanging the order of integration it will be

fleo=

=1-n'.::' t

—|'_u-}.’ diy

ln-X d !.U

N Ul et atas

— X;)d5 (11)
Differentiating equation (10) with respect to t, one obtains

a f[ o ﬁ)

cos cut = — -
’ n’t(%n’c-t
Xp l=¢t

Based on the similar argument provided earlier, it can be
deduced that

Fu) cos cut e~ % d%y

n’
Xy l=ct

By employing the integrals described in equations (11) and
(12) into the equation (6), the solution of the wave equation
(1) can be given in its explicit form as

ulX, t) glx — X, )d

:r“ =¢t
d
+dt(4m t}rﬂrf{}( XD]n’S') (13)

This explicit solution is in terms of the surface integration of
initial velocity and the derivative of the surface integration of
the initial position on the sphere of the radius ct.

4.2 Green’s function method

To implement the theory of Green’s function, using the
. . . 3t P
linear differential wave operator, L = —— ¢~ V- [1]

The equations (1) and (2) are reduces tgr
Lu) =0 (14)
LG) =6 (X — X, ) 6(t — t5) (15)

It follows from Green’s formula that

© 2024, IISRMSS All Rights Reserved
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J:-I _H [ul (v} — vL ()] d3x dt

- [ w3 -+3) i s

— ¢ J‘r" ﬁ{uvu - vFu].ﬁ‘dS]dt (16)
-

where [[I d?x represents the three dimensional integration on
the space and df d5 represents surface integration on its
boundary. Also it is to be noted that £; is the initial time and
t¢ is the final time. [1]

Consider the function v = G{X, t; X;.t,) with the reciprocity
of the Greens function G(X. ty; X,.t} = G(X,.t,: X.t). By
setting t; = 0 and t; = t;+, we can obtain the following
relationship:

J.Dtn- ﬂj[ﬂ{ﬂ(ﬁ'.tﬁ%.t]} — GX, ty: Xy, O L()] d%x dt

[
- f::j n_(ﬁ;(uf’ﬁ — GFu) - ﬁn‘j) dt

o
Using equations (14) and (15), together with the conditions
(1-a) and (1-b), the above expression simplifies to

J‘Dr“' J‘ﬂ ulX, 0060 — X)8(t — t)d*x dt =

[ (sp e o
- c* J‘D "_(ﬁ;{uva — GVul - ﬁn‘s] dt

At t = ty+, G = 0 andsince G is source varying function
— G = (. Thus we get the solution of the equation (1) in

terms of the Green’s function as

w0 = [[| [:—:{xn.n]r:{x.t:xn.n]

d
— 8, 0) 56U £ %50 0]z,

r
_C:J; (ﬁg(u%.rn]rc{x.t:%.rn]
— Gt Kyt WulX,, £,
A n’.S'D]n’tD] (17)

To find the Green’s function G{X.t:X,. t:) in an infinite
space, applying Fourier transform to equation (2) we have

G .
F E] =F{c*V*G)
+F(a(x — %050 — ¢5)) (18)
Using the characztceristic of Delta function [4]
[ str—xp0atx= £0%)

-

It can be observed that

L - in-X 3 gl
Flslx —x)) = {EH]!L: 5(X — Xy de™¥dix = T
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It follows from (18) that
G g't

52 F oG = {En]gﬁ{t—tn] (19)

Where Glu, t; X;.t,) is Fourier transform of the Green
functionand u* = - p.

As we know that G (X, t; X;. £, ) represents the response on X
at a time ¢ for the source at X at time £;.

Thismeans GUX.#: X,.t,0 =0 for £ = t,

It follows that Glu. t: X,.t,) =0 for t < £,

Hence foqr t = t; we have

wG=0 (&t —t,)=0)
Solving upon it we get
g'# o
Glu. t 1 Xy 1) = PO
It follows from the defini_tion of the Fourier transform that

GX. t: X, 8,) =Go J‘ﬂ Glu.t: X, to)e™™¥d3y

1 E—I_EIX—X“I
=GX.t X tp) = ) J?H — sin cult — t,) d ¥

Using the spherical coordinates, with center at = @ and
angle ©=10 in the direction of ¥ —X; , we have
Dmzpy=swmlosfd=2nl<D=m,

Let =X - X, .

Then w-(X—X)=lull¥ —Xlcos @ =prcos ©@ and
diu=p’ sin® d0dfdu.

sin clu{t - tn]

Hence
GUX, t AN
J‘ J‘ J‘ _m”musncu{t—tnj W sin @
{7”]! p=0g=0'p=n o

d@dd dy

After applying the integration on the variable @ and & and
using Euler’s formula one has

1
GX.t: Xy, t5) = Grer f {cus {r— cle — tn]}.u
o=
— cos {r‘ +elt — tn]}.u} du
To understand the above integral we need to refocus on the
definition of Fourier transform.
Note that the Fourier transform of Dirac delta function
(usually known as impulse function) &{x — x5 is given by

1 P -Xp
5 _ |_u Ty =

o J‘ (x —xg)e x o

So its inverse Fourier transform WI|| be given by

56— x) — J. g%

F{J{x — _r,,]]

g—l_u}.'dlu = 5 g—l_u [X=—Xg) n’lu

2 2

Let xy =0 we have

=

§(x) =— | e~ ™ dy
2n '

-
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S

17 1
= §x) = — J‘{cusu.r + isinux)dy =—J‘ cosux dy
T

By comparing this integral expression of & {.r] with

1
GUX. t: Xy, tp) = Gn)ier J‘ {cos (v — et —t,))u
p=0

— cos {r +elt — tn]}.ﬂ} du
1
GUX.t: Xy tp) = o [6(r — clt — t5)) —8(r + clt —£,)]]

Asr =0 and & —t; }U,E{r+c{t—tn]}= 0.
Hence
1
: - _ - 2
GX. £ Ko to) = — §(r—clt — t,)) (20)

This represents the Green’s function for the three dimensional
wave equation, is a spherical shell impulse spreading out
fromr = 0(i.e X = X;) at radial velocity ¢ with amplitude

diminishing proportional to f [1]
As there are no boundaries, the solution shown in equation
(17) is transformed into

utr.0 = [[f [;—:{xn.n]r:{x.t;xn.n]
—u(x,,0 ]—G{X £ %.0)] a%x,

Using the Green’s functlon shown in (20) we have

w(X, ) [ﬂ r:{x[, 56— K,

_ [ﬂ £(%,) E — J{r—c(t—tﬂ}]rn:nﬂ’!% (21)

This is the another form of explicit solution in terms of the
volume integral of the given problem (1) which reveals the
impact of the initial conditions f{X} and g( X} individually.
This illustrates the elegance and effectiveness of the Green's
function method. [1]

Now, we employ both theories to the following problem.

5. Implementation

Problem:
Let the gas molecules travels through an ideal gas. Then the
electromagnetic radiations of the gas molecules satisfies the
three-dimensional wave equation: [2,3]
a-u .
el c-F-u (22)
with initial conditions,

if a° > x° -|-_j‘: +:z°

du T
Ay=0—1X,0) = [
u(x,0) at (x,0) 0 otherwise

where ¢ is speed of electromagnetic radiation in free space.
The problem aims to study the behavior of the
electromagnetic radiation as it travels through an ideal gas,
interacting with the surrounding electrons of gas molecules,
resulting in energy loss and continuous radiation
production from the surrounding electrons.

Solution: To find the solution to this problem, one can use

the Fourier transform method and the theory of Green's
function described earlier to derive an expression that reveals

35



Int. J. Sci. Res. in Mathematical and Statistical Sciences

the effect of the initial conditions f(X) = ulX.0) and
glx) = %{X. 0} on the radiation's behavior.
Here we have the initial position f{X) = 0
And the initial velocity
g(x) = {T if o > 2 +y% 4 27
0 otherwise

(a) Fourier Transform method

As f(X) = 0, it follows from the solution in its explicit form
shown in the equation (13)

1
ull,t) = pr— H g(X —X;)ds (23)
X l=¢t
Where
gX—X%)=
(7@ > 0ol + (= + G —2)
0 otherwise

To find the surface integration of the function g{.X — X;J on
the sphere of radius ¢, we consider the sphere of radius ct
with centre at ¥ = (x.v.z) and if we let |[¥ — X,| = £, then
according to the definition of the function g{¥ — X },we have
the following cases to understand the effect of the initial
velocity of the source X; on the point X = (x, v, z).
Qoct=a—-—§ a—f<ct=a+f, ct=at+i

Casel: 0 =ct=a—E
In such case, the sphere of radius ¢t centred at X is entirely

covered in sphere of radius & centred at Xy shown in the
below figure 1.

S

Figure 1. Sphere of radius & containing the sphere of radius
et <a—§&

Hence, &~ =lx —x F + (y =y F + (2 — g ) < a”,
Hence the solution will be

wr.d = [[ o -xdas=— [[ ras

Xp =t Xp l=ct
Using polar coordinates, one has

1 T P g i
ulX, t) = — f J‘ T(ct) sin © dO do
dme-t g=0"8=0
2aTict)® ¥
:—_f sin @ d@
dmct Jap

© 2024, IISRMSS All Rights Reserved
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Tt _ Tt7
—?{— cos @) =52= Tt
=ul(X,t) =Tt (24)

Case2: a—f{=ct=a+{

The sphere of radius ¢t centred at X is intersecting the sphere
of radius @ centred at X, as shown in figure 2.

Py (("!)2 —a?

0 = cos™
cos™( ot

)

Figure 2 . Intersection of two sphere of radius @ and ct

The surface area of intersecting part of the sphere of radius ¢t
will be affected by g(X — X;}. On the required surface area,

the angle © varies from @ =0 to © = cos™* ('”'t—;“")
=g
with symmetry and & varies from 0 to 2.
Hence, using (23) the solution will be
1
u(X.£) = dmelt J‘j g(x —Xo)ds
Xp l=ct
= ulX.t)
1 rns"[%:;—c-:l 2 )
=1 2[ J‘ Tict)sin © d@df
e g=0 B=0
EJ?T{.:'H: rm—l[lrtlj-:rf';—czzl
s ul¥ t)=—— Ef sin @ dp
dmwc=t g=0
cos—1 |"rr':+5":—|:3~|
v Zetf !
=>ulX.t) =Tt J‘ sin @ d@
g=0
cos—t[Erri=aty
=ulX,t) =Tt (—cos ), =
R ..
= ulX t) =Tt (—cos [C‘DS_L (§E—HJ]
rm"l.f—h:tr..:_czml
+cos0), T
'E: + J": _ ﬂfj
= Hl=Ttll ———
uX. 1) ( 26 -
:u{}:'t]z‘jﬂf{ﬂ:_{&-_c‘t]:] {25]
Case3: ct=a+ §
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In this case, we have

Er=lx—xpF+(y — ) +(z —z)° = a* asshownin
the following figure.

(D

Figure 3 Sphere of radius ¢ = @ =+ 7" containing the sphere of
radius @

It follows from the definition of g, g(X — X;) = 0.
~The solution will be

glx —X)ds =0 (26)

ulX.t) = 2

Xn l=¢T

Hence the electromagnetic radiations u(X.t) of the gas
molecules at X at time £ is given by

Tt Oect<a-£
ulX,t) = ﬁ[n:—(f—ct]:] Deca—F<ctati
0 ct=a+f
Where |X — Xyl =& (27)

(b) Green’s function method

By utilizing the concept of Green's function G(X.t: X;.t5)
and the solution shown in the equation (21) in terms of
Green”s function, as f ':X] = 0. the solution will be

uld, )=l g (28)

where the integration has been taken with respect to all the
sources X' which effects on X at time & . Again let
£ =1X — X1, the distance between the source X; and X and
let ¥ = |¥ — X'| |, where X" influences on X at the distance
r=ct. Here X is the fixed source and X' is the varying
source.

To understand the effect of initial velocity at the source X; on
X at time £, we consider the sphere with radius r, centre at X.
Also, the angle @ =0 is to be taken in the direction of
X — X; and polar angle & is to be considered on the circle
with radius r - sing.

According to the distance r, again we have the same cases
discussed below in the figure 4 as

© 2024, IISRMSS All Rights Reserved
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Figure 4. Spheres of radius
Dzr=a—-fa—f=r=<atir=ati

Casel: If 0 =r=n—¢
In this case, the sphere of radius r centred at X is entirely

covered in sphere of radius @ centred at X; shown in Fig. 4.
Using spherical coordinates,

a-§f pm@ In 1
w(X, 1) :[ [ f G —— 60 —ct)r?
o g=048=0 dmer
sin @ d@dd dr

a—-§ pm In
o= [
o g=0tg=p 4mer
sin @ d@ de dr

5(r —ct)r®

8=+ Tr _
:J‘n Eﬂ{r—ct]{— cos @5 dr

ct
= f Eﬁ{r —ct) dr = riet)
o

c c

Case2: Ifa—f=r=a+¢

Then sphere of radius + centred at X is intersecting the sphere
of radius @ centred at X as shown in Figure 4.

In this case, one gets

m+f ro.s"[s.-:*._:i:_#:l 2w 1
w(X,6) = 2 f g (X —— &
a-i :=n- g-p drer
—ctlrisin © d0 df dr
cos ‘Iiﬁ—cml -
= ulX.t) = f f T-&(r
—ctisin® dO dr
a+3 -Iluﬁ
:J‘ — &y —ct) (—cos EI] 2T gy
a-f €
|:+.; T?" p + ?": _ ﬂ:
=~u{}u’.t]=f —('l—f—jﬁ{r—r:t] dr
a-f € 2Er
|:+$Tr ﬂ: _{ —J"]:
= J‘ (—Egr ]S{?" - Ct:] ar

:Hu:'X.r:l:L_P 2& — (=) )6 (r—ct) dt

Again using the property of Delta function[4] , we get

T
ulk. t) = T{n' (£ —et)?) (30)
Case3: Ifr=nao+ ¢

The influence of source X; at the position X is zero because.
In this case, X never effects on X,
Hence g{%,) =0 and
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ulX.t) = fﬂg(}f') %5(:’ —ct)d?*X =0 (31)

Thus, using the Green’s function also the electromagnetic

radiations wul(X.t} at X at time t will be
Tt D=ct=a—-1&
ulX,t) = ﬁ[n'—{f—ct]'] D=a—f=ct=a+i
0 ct=a+ &
Where | X — Xyl =& (32)

Hence using both the method one can see that how we are
elegantly getting the analytic solution of the given initial
value problem. The solution represents that the
electromagnetic radiation «(X.t) is depends upon the initial
radial velocity @ of the source X; as well as the distance
between source X from Xj.

This approach enables us to take into account the influence of
the initial velocity and the spatial distribution of the source X;
on the behavior of the electromagnetic radiation u(X,t) at
any point X and time t.

6. Conclusion

(@ Using the solution of the problem shown in (32),
analytically we can demonstrate the self-sustaining nature of
the electromagnetic wave front, as well as how the spherical
wave front of the electric field E influences the wave front of
the magnetic field E in accordance with Huygens ‘Principle.
This understanding is crucial in comprehending the
continuous propagation and energy conservation in
electromagnetic radiation as it travels through free space.

(b) In the Green's function method, the solution is expressed
as an integral involving the Green's function, which
represents the response of the system to a point source or
impulse. The Green's function takes into account the
influence of the initial position and velocity of the source on
the entire domain, and its integration provides a clearer
physical interpretation of how these initial conditions affect
the electromagnetic radiation at different points and times. On
the other hand, while the Fourier transform method can also
provide the solution to the wave equation, it may not offer a
direct physical interpretation of the effects of the initial
position and velocity.

(c) The effect of the initial position and velocity of the
source in the solution can be better understood and visualized
using the Green's function method compared to the Fourier
transform method.

Future Scope

(1) The explicit forms of the solutions obtained using Fourier
transform and Green's function methods not only reveal the
individual effects of initial position and initial velocity but
also make the solutions amenable to programming and
numerical analysis. This adds to the beauty and practicality of
these methods in understanding and simulating the behavior
of electromagnetic radiation and other wave phenomena in
different contexts.
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(2) The advantage of explicit representation of the solution is
that, in many cases one can solve the problem using bounded
continuous functions f and g for which Fourier transform is
undefined.
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