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Abstract- The concept of  bitopological space was first introduced by J.C.Kelly in 1963 (i.e) a non-empty set   equipped with 

two arbitrary topologies    and   .The concept of generalized closed sets plays a significant role in general topology and these 

are the research topics of many Topologists worldwide.In 1970 Norman Levine introduced the concept of generalization of 

closed sets  in topological spaces and  he defined the semi-open sets and semi-continuity in bitopological spaces. In this paper 

we introduce a new class of generalized closed sets namely (i,j) -     -closed sets in bitopological spaces (   )a subset   of a 

bitopological space (       ) is called (   )-   -closed if   -  ( )   ,whenever    ,  is   - 
 -open in (       ) and 

some of the properties were discussed. The class of (i,j) -    -closed sets settled in between the class of  (i,j) -  - closed sets 

and the class of (i,j)- gs- closed sets.Some of the basic properties of (i,j)-   - closed sets are investigated.  
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I. INTRODUCTION 

A triple (         ) consisting of a non-empty set together 

with a pair of Topologies       on X,is defined to be a 

bitopological space by J.C.Kelley as introduced through the 

famous mathematical paper entitled as “Bitopological 

spaces”and published in proceeding of London 

Mathematical Society,1963.Such a space,equipped with two 

arbitrary  topologies,is beyond any doubt an original and 

fundamental work.As a recall,in 1963,a semi-open set A was 

defined as the subset A of a topological space(   )iff there 

exist     such that       ( ) and denoted by s-open 

or equivalently iff     (   ( )) .In 1970,generalized 

closed sets were introduced and studied by N.Levine.He 

conceptualized a generalized closed set as a subset A of a 

topological space (   )  for which      (  (   ( ))) 

and is denoted by           .In 1985,T.Fukutake 

projected  the concept of g-closed sets for bitopological 

spces through the mathematical paper  “On Generalized 

closed sets In Bitopological spaces”published in 

Bull.Fuscnoka Univ.Ed.Part III,1986.In this paper,we 

introduce a new class of generalized closed sets namely (i,j) 

-     -closed sets in bitopological spaces. The class of (i,j) - 

   -closed sets settled in between the class of  (i,j) -  - 

closed sets and the class of (i,j)- gs- closed sets.Some of the 

basic properties of (i,j)-   - closed sets are investigated. 

  

II. PRELIMINARIES 

Definition 2.1:A subset A of a topological space (   ) is 

called 

1. a semi-open set if     (   ( )) and semi-closed 

set if    (  ( ))   . 

2. an  -open set if      (  (   ( )))  and an  -

closed set if   (   (  ( )))   . 

3. a generalized closed set(briefly  -closed) if 

  ( )    whenever     and   is open in (   ). 
4. a generalized semi-closed set(briefly gs-closed)if 

   ( )    whenever     and   is open 

in  (   ). 
5. a generalized star closed set (briefly   -closed) if 

  ( )    whenever       is g-open in (   ). 
6.    -semi-closed if    ( )    whenever     

and   is   -open in (   ). 
7. a semi-generalized closed (briefly sg-closed) if 

   ( )    whenever      and   is semi-open 

in (   ). 

If A is a subset of X with the topology  ,then the closure of 

  is denoted by     ( )  or   ( ) .The interior of A is 

denoted by      ( )  and the complement of A in X 

denoted by   . 
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Definition:2.3 A subset A of a bitopological space 

(         ) is called 

1. a (   )-g-closed if    -  ( )    whenever     

and U is open in   . 
2. a (   )-  -closed if    -  ( )    whenever     

and U is g-open in   . 
3. a (   )-gs-closed if   -   ( )    whenever     

and U is open in   . 
4. a (   ) - -closed or s   -closed   -s   ( )    

whenever     and U is sg-open in   . 
5. a (   ) -sg-closed   -    ( )    whenever     

and U is semi- open in   . 
 

 

6. a (   ) -  -closed   -  ( )    whenever     

and U is   -open in   . 
7. a (   )-s   -closed   -s  ( )    whenever     

and U is s  -open in   . 
8. a (   ) -    -closed if    -   ( )    whenever 

    and U is   -open in   . 

9. a (   ) -strongly   -closed if    -  (   ( ))    

whenever     and U is g-open in   . 

10. a (   ) -strongly    -closed if    -  (   ( ))    

whenever     and U is   -open in   . 

III. RELATIONSHIPS OF (   )-   -CLOSED SETS 

WITH SOME OTHER CLOSED SETS 

We introduce the following definition: 

Definition 3.1: A subset   of a bitopological space 

(       )  is called (   ) -    -closed if   -   ( )  

 ,whenever    ,  is   - 
 -open in (       ). 

Example 3.2: Let X= {     }  be a bitopological space 

with topologies 

  ={  { } { } {   }  } 

  ={  { } {   }  }. 

  -   -open sets are  {  { } { } {   }  } 

Then (   )-   -closed sets are  {  { } {   } {   }  } 

Proposition 3.3:  Every   -closed set A is (   ) -     -

closed but not conversely. 

Proof: Assume that   is   -closed ,     and U is   -

open in   . 

Since   is   -closed,cl( )=   

There fore    -  ( )   .Hence A is (   )-   -closed. 

Remark 3.4:  Converse of the above theorem need not be 

true as seen from the following example. 

Example 3.5:  Let X={     } be a bitopological space 

with topologies 

  ={  { } { } {   }  } 

  ={  { } {   }  }.Then the set {   } is (   )-   -closed 

but not   -closed. 

Proposition 3.6:  Every (   )-  -closed is (   )-   -closed 

but not conversely. 

Proof: Assume that    is (   )-   -closed.Let     and   

is   -g-open. 

since every   -g-open is   -  -open. 

Hence   is (   )-   -closed. 

Remark 3.7:  Converse of the above theorem need not be 

true as seen from the following example. 

Example 3.8:  Let  X={     } be a bitopological space 

with topologies 

  ={  { }  } 

  ={  { }  }.Then the set {   } is (   )-   -closed but 

not (   )-   -closed. 

Proposition 3.9:  Every  (   )-  -closed sets are (   )-   -

closed but not conversely. 

Proof: Assume that   is (   )-  -closed,     and   is 

  -  -open. 

Hence    is (   )-   -closed. 

Remark  3.10:  Converse of the above proposition need 

not be true as seen from the following example 

Example 3.11:  Let  X={     } be a bitopological space 

with topologies 

  ={  { }  } 

  ={  { }  }.Then the set { } is (   )-   -closed but not 

(   )-   -closed. 

Proposition 3.12:  If   is (   )-    -closed then   is (   )-
   -closed. 
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Proof:Assume that   is    -closed,     and   is   - 
 -

open. 

Since every   - 
 -open set is   - 

 -open. 

Hence    is (   )-   -closed. 

Conversely suppose that   is (   ) -   -closed,whenever 

    and   is   - 
 -open. 

Since every   - 
 -open is   - 

 -open. 

Hence   is (   )-    -closed. 

Proposition 3.13:  If    is (   )-strongly    -closed then   

is (   )-    -closed. 

Proof:Assume that   is (   )-strongly    -closed,whenever 

    and   is   - 
 -open. 

Since every  (   )-   -closed is (   )-strongly-   -closed. 

By previous theorem,   is (   )-    -closed. 

Conversely suppose that    (   )-    -closed. 

Obviously by the previous theorem we get the required 

result. 

Proposition 3.14:  Every (   )-    -closed set is (   )-gs-

closed. 

Proof: Assume that   is (   )-   -closed,    and   is 

  - 
 -open. 

Since every   - 
 -open is   -open. 

Hence   is (   )-gs-closed. 

Remark 3.15:  Converse of  the  above  proposition need 

not be true from the following example. 

Example 3.16:  Let  X={     } be a bitopological space 

with topologies 

  ={  { } {   }  }, 

  = {  { } { } {   }  }  then the set  = { }  is (   ) -gs-

closed but not (   )-  closed. 

Remark 3.17:  (   )-sg-closedness is independent of  (   )-
   -closed. 

Example 3.18:  Let   ={     } be a bitopological space 

with topologies 

  ={  { } {   }  } 

  ={  { } { } {   } } .Then the set  ={ }  is (   )-sg -

closed but not (   )-     closed. 

Also  the set  ={   } is (   )-    -closed but not (   )-sg -

closed. 

Hence  (   ) -sg-closedness is independent of  (   )-    -

closed. 

Remark 3.19:   (   )  -strongly-   -closedness is 

independent of  (   )-    -closed. 

Example 3.20:  Let  X={     } be a bitopological space 

with topologies 

  ={  { }  } 

  ={  { }  } .Then the set  = {   }  is (   )-   -closed 

but not (   )-strongly-  -closed. 

Also  the set  ={ }  is (   ) -strongly-  -closed but not 

(   )-   -closed. 

Hence  (   )  -strongly-   -closedness is independent of  

(   )-    -closed. 

Remark 3.21:  (   ) -   -closedness is independent of  

(   )-  -closed. 

Example 3.22: Let  X={     } be a bitopological space 

with topologies 

  ={  { } { } {   }  } 

  = {  { } {   }  } .Then the set  = {   }  is (   ) -

     closed but not (   )-  -closed.Also the set  ={ } is 

(   )-  -closed but not  (   )-   -closed. 

Hence (   )-   -closedness is independent of  (   ) -  -

closed. 

Remark 3.23:  (   ) -   -closedness is independent of  

(   )-s   -closed. 

Example 3.24:  Let   ={     } be a bitopological space 

with topologies 

  ={  { }  } 

  ={  { }  }.Then the set  = { } is (   )-   -closed but 

not (   )-strongly-s   -closed. 

Also  the set  ={ } is (   )-strongly-s   -closed but not 

(   )-   -closed. 
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The above results can be represented in the following figure: 

  (i,j)-gs-closed(                        

 

 

 

 

 

 

 

 

 

Where A⟶ B  represents A implies B  and  B need not imply A 

A             B  represents A  and  B  are  independent. 

IV. BASIC PROPERTIES OF (i,j)-   -CLOSED 

SETS 

Proposition 4.1: Union of any two (   )-   -closed sets is 

again (   )-   -closed sets. 

Proof:Let A and B be (   )-   -closed sets. 

Then     and     where U is   - 
 -open. 

This implies   -  ( )    and   -  ( )   . 

Now   -  (   )    -cl(A)   -cl(B)   

Hence    -  (   )   ,whenever       and U is 

  -open in   . 

Therefore  A B is (   )-   -closed sets. 

Remark 4.2: The intersection of two (   )-   -closed sets 

need not be (   )-   -closed sets. 

Example 4.3: Let   ={     }  be a bitopological space 

with topologies 

  ={  { }  }         ={  { } {   } }. 

Here  ={   }  and  ={   }  are (   )-   -closed sets,but 

A B={ } is not a (   )-   -closed sets. 

Remark 4.4: (   )-   -closed  is generally not equal to 

(   )-   -closed  as seen from  the  following  example. 

Example 4.5:  Let  X={     } be a bitopological space 

with topologies 

  ={  { } { } {   } {   }  } 

  ={  { } {   }  }. 

Here  ={   }   (j,i)-   -closed,  

but  ={   }   (i,j)-   -closed set. 

Therefore  (i,j)-   -closed ≠ (j,i)-   -closed. 

IV. CONCLUSIONS 

Through the above findings,this paper has 

attempted to compare (   ) -    closed sets with other 

closed sets in bitopological spaces And also in terms of a 

grill.An attempt of this paper is to state that the definitions 

and result in obtaining several characterizations and enable 

to study various properties as well. 
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