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I. INTRODUCTION 

  

It is well known that R+ is not complete according to the 

usual  metric. To over come this problem, in 2008, Bashirov 

et al. [ 5] introduced the notion of multiplicative metric 

spaces and studied the concept of multiplicative calculus and 

proved  the elementary theorem of multiplicative calculus. 

In  Özavşar and Çevikel [16] investigate multiplicative 

metric spaces by remarking its topological properties, and 

introduced concept of multiplicative contraction mapping 

and proved some fixed point theorems of multiplicative 

contraction mappings  on multiplicative spaces. Recently, 

He et al. [21] proved common fixed point theorems for four 

self-mappings in multiplicative metric space. Very recently, 

Abbas et ai. [2] Proved some common fixed point results of 

quasi-weak commutative mappings on a closed ball in the 

framework of multiplicative metric space. Kang et al. [10] 

introduced the notions of compatible mappings and its 

variants in multiplicative metric spaces, and proved some 

common fixed point theorems for these mappings. In the 

present paper, we established the fixed point results in the 

multiplicative metric spaces using compatibility and 

conditionally reciprocal continuity (CRC) of self-mappings. 

 

Definition 2.1. Let X be a nonempty set. Multiplicative 

metric is a mapping 

d : XX   R
+
 satisfying the following conditions: 

(i) d(x, y)  1 for all x,y   X and d(x,y) = 1 if and only if x 

= y, 

(ii) d(x, y) = d(y, x) for all x,y   X, 

(iii) d(x, y)   d(x, z) . d(z, y) for all x, y, z   X 

(multiplicative triangle 

inequality). 

Example 2.2. Let 
nR  be the collection of all n-tuples of 

positive real numbers. Let d : 
nR  

nR R be defined as 

d(x,y) =














n

n

y

x

y

x

y

x
,.........,

2

2

1

1
, where x=(x1,x2,……,xn) , 

y=(y1,y2,……,yn)  
nR . 

And |.|: R+ R+ is defined by 
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Then it is obvious that all conditions of multiplicative metric 

are satisfied. 

 

Example 2.3. Let d : RR   [1, ) be defined by d(x, y) 

= a
|x-y|

 where x, y   R and a > 1.Then d is multiplicative 

metric. 

 

Example 2.4. Let (X,d) be a metric space, then the mapping 

da defined on X as follows is multiplicative metric, da(x,y) = 

a
d(x,y)

 where a>1 is a real number. For discrete metric d the 

corresponding mapping da called discrete multiplicative 

metric is defined as: 

da( x, y) = a
d(x,y)

 = 









yifxa

yifx1
 

Remark2.5. Neither every metric is multiplicative metric 

nor every multiplicativemetric is metric.The mapping d 

defined in example 1.2 is multiplicative metric but not 

metric as it doesn’t satisfy triangular inequality. Consider d ( 

2

1
,

3

1
) + d( 3,

2

1
)=7.5<9 = d( 3,

3

1
). On the the other hand 
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the usual metric on R is not multiplicative metric as it 

doesn’t satisfy multiplicative triangular inequality. As 

d(2,3).d(3,6)=3<d(2,6). 

 

Definition 2.6. Let (X, d) be a multiplicative metric space. 

Then a sequence 

{xn} in X said to be 

(1) a multiplicative convergent to x if for every 

multiplicative open ball 

 B (x) = {y ; d(x, y) <  }, >1; there exists a natural 

number N such that 

n   N; then xn   B (x), that is, d(xn,x)   1 as n  . 

(2) a multiplicative Cauchy sequence if for all   > 1; there 

exists a natural number N such that d(xn ,xm) <   for all m, 

n > N, that is, d(xn, xm)   1 as n  . 

(3) We call a multiplicative metric space complete if every 

multiplicative 

Cauchy sequence in it is multiplicative convergent to x   

X, 

 

Definition2.7:Let f and  g map from a multiplicative metric 

space ( X, d ) into itself. The maps f and g are said to be 

compatible ,if for all t>0,  

 
n

lim (d (fgxn,gfxn)=1 

Whenever {xn} is a sequence in X such that 
n

lim fxn = 
n

lim

g xn =t for some tX. 

From this definition it is inferred that f and g are 

noncompatible maps from a multiplicative metric space  (X, 

d ) ito itself if 
n

lim fxn = 
n

lim g xn =t for some tX but 

either 
n

lim (d (fgxn,gfxn)  1or the limit does not exist. 

Definition2.8 . Let f and g be two mappings of a 

multiplicative metric space (X,d) into itself. Then f and g are 

said to be  

(i) R-weakly commuting if there exists some R>0 

such that d(fgx, gfx)   d
R
(fx, gx) for all x 

X. 

(ii) R-weakly commuting  of type (Ag) if there 

exists some R>0 such that d(fgx, ggx)   

d
R
(fx, gx) for all x X. 

(iii) R-weakly commuting  of type (Af) if there 

exists some R>0 such that d(ffx, gfx)   d
R
(fx, 

gx) for all x X. 

Definition2.9 . A pair of self mappings (f, g) of a 

multiplicative metric space (X,d) is said to be Conditionally 

reciprocally continuous(CRC) if whenever set of sequences 

{xn} satisfying 
n

lim f xn = 
n

lim gxn is non-empty, there exist 

a sequence {yn} satisfying 
n

lim f yn = 
n

lim g yn =u (say) 

such that 
n

lim fgyn = fu , 
n

lim gfyn =gu. 

 

II. MAIN RESULTS 

 

Theorem 3.1. Let f and g be conditionally reciprocally 

continuous self-mappings of a complete multiplicative 

metric  space (X,d) satisfying the conditions : 

(1) f(X)  g(X) 

(2) for any x,y X, t>0 and  [0,1) such that 

d(fx,fy) d(gx,gy)


 

 

if f and g are either compatible or g-compatible or f-

compatible then f and g have a unique common fixed point. 

Proof. Let x0 be any point in X . Then as f(X)  g(X) there 

exist a sequence of points {xn} in X such that fxn =gxn+1. 

Also, define a sequence yn in X as  

yn=fxn=gxn+1 

Now we show that {yn} is a Cauchy sequence in X.  

Consider 

d(yn,yn+1)=d(fxn,fxn+1)  d(gxn,gxn+1)


= d(yn-1,yn)


 

d(yn-2,yn-1)
2 ………..……..  d(y1,y0)

n  

Let m, n N such that m>n, then we get 

d(ym,yn)   d(ym, ym-1) . d (ym-1,ym-2)………d(xn+1,xn) 
nm

yyd  ..........

01

1

),( 
  

 



1
01 ),(

m

yyd  

As m,n  implies d(ym,yn)1. Hence {yn} is a Cauchy 

sequence in X. But X is complete multiplicative metric 

space, there is z X such that 
n

lim yn =z. Moreover  

n
lim yn =

n
lim fxn =

n
lim gn+1 = z. 

Since f and g are Conditionally reciprocally 

continuous(CRC) and 
n

lim fxn =
n

lim gxn+1 = z, there exist a 

sequence {zn} satisfies 
n

lim fzn =
n

lim gzn = z such that 
n

lim

fgzn=fz and  
n

lim gfzn=gz. 

Since f(X) g(X), for each zn there exist sn X such that 

f(zn )= g(sn) Thus 
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n
lim fzn =

n
lim gsn =

n
lim gzn = z, d(f(sn), f(zn))  d(gsn ,gzn)


. Taking limit n  , we have 

d(
n

lim  f(sn),z)   d(z,z)


=1 

Thus z= 
n

lim fsn  

Since f and g are compatible mapping. Then 
n

lim d (fg zn, 

gfzn)=1 i.e  

n
lim fgzn =

n
lim gfzn thus fz=gz. Also, fgz=ffz=fgz=gfz. 

Now 

d(fz,ffz) 
),( gfzgzd ),( ffzfzd ),( ffzfzd  

that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g. 

Now, suppose that f and g are g-compatible mappings . then 

1),,(lim 


tgfsffsd nn
n

 that is, 

gzgfsffs n
n

n
n




limlim . Now, we get d(fz,ffsn) 

),( ngfsgzd taking limit as n  , we get d(fz,gz) 

),( gzgzd  =1 

This gives , fz=gz. Also, fgz=ffz=fgz=gfz. Thus 

d(fz,ffz) 
),( gfzgzd ),( ffzfzd ),( ffzfzd  

that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g.  

Finally, suppose that f and g are f-compatible mappings. 

then 1),,(lim 


tggsfgsd nn
n

 that is, 

gzggsfgs n
n

n
n




limlim . Now, we get d(fz,fgsn) 

),( nggsgzd taking limit as n  , we get d(fz,gz) 

),( gzgzd  =1 

This gives fz=gz. Hence fgz=ffz=gfz=fgz . Thus 

d(fz,ffz) 
),( gfzgzd ),( ffzfzd ),( ffzfzd  

that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g.  

Uniqueness of common fixed point theorem follows easily 

in each cases. 

Theorem 3.2. Let f and g be conditionally reciprocally 

continuous self-mappings of a complete multiplicative 

metric  space (X,d) satisfying the conditions : 

(1) f(X)  g(X) 

(2) for any x,y X and  [0,1) such that d(fx,fy)

d(gx,gy)


 

(3) for any xX and  [0,1) d(fx,ffx)  d(gx,ggx)


 whenever gx  ggx 

 

if f and g are non- compatible but either g-compatible or f-

compatible then f and g have a common fixed point. 

 

Proof.Since f and g are non-compatible maps, there exists a 

sequence {xn} in X such that fxn  z and fxnz for some 

z X as n  but either 
n

lim d(fgxn,gfxn) 1 or the limit 

does not exist. Also since f and g are Conditionally 

reciprocally continuous(CRC) and 
n

lim fxn =
n

lim gxn= z, 

there exist a sequence {zn} satisfies 
n

lim fzn =
n

lim gzn = z 

such that 
n

lim fgzn=fz and  
n

lim gfzn=gz. 

Since f(X) g(X), for each zn there exist sn X such that 

f(zn )= g(sn) Thus 

n
lim fzn =

n
lim gsn =

n
lim gzn = z, Also, d(f(sn), f(zn))  d(gsn 

,gzn)


. Taking limit n  , we have 

d(
n

lim  f(sn),z)   d(z,z)


=1 

Thus z= 
n

lim fsn . Therefore we have  
n

lim fzn = 
n

lim gzn = 

n
lim gsn =

n
lim fsn =z.  

Now, suppose that f and g are g-compatible mappings . then 

1),,(lim 


tgfsffsd nn
n

 that is, 

gzgfsffs n
n

n
n




limlim . Now, we get d(fz,ffsn) 

),( ngfsgzd taking limit as n  , we get d(fz,gz) 

),( gzgzd  =1 

This gives , fz=gz. Also, fgz=ffz=fgz=gfz. Thus 

d(fz,ffz) 
),( gfzgzd ),( ffzfzd ),( ffzfzd  
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that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g.  

Finally, suppose that f and g are f-compatible mappings . 

then 1),,(lim 


tggsfgsd nn
n

 that is, 

gzggsfgs n
n

n
n




limlim . Now, we get d(fz,fgsn) 

),( nggsgzd taking limit as n  , we get d(fz,gz) 

),( gzgzd  =1 

This gives fz=gz. Hence fgz=ffz=gfz=fgz . Thus 

d(fz,ffz) 
),( gfzgzd ),( ffzfzd ),( ffzfzd  

that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g.  

Theorem 3.3. . Let f and g be conditionally reciprocally 

continuous self-mappings of a complete multiplicative 

metric  space (X,d) satisfying the conditions : 

(1) f(X)  g(X) 

(2) for any x,y X such that d(fx,fy) d(gx,gy)  

(3) for any xX  d(fx,ffx)   d(gx, ggx)  whenever gx 

 ggx 

if f and g are non- compatible but either g-compatible or f-

compatible then f and g have a common fixed point. 

Proof.Since f and g are non-compatible maps, there exists a 

sequence {xn} in X such that fxn  z and fxnz for some 

z X as n  but either 
n

lim d(fgxn,gfxn) 1 or the limit 

does not exist. Also since f and g are Conditionally 

reciprocally continuous(CRC) and 
n

lim fxn =
n

lim gxn= z, 

there exist a sequence {zn} satisfies 
n

lim fzn =
n

lim gzn = z 

such that 
n

lim fgzn=fz and  
n

lim gfzn=gz. 

Since f(X) g(X), for each zn there exist sn X such that 

f(zn )= g(sn) Thus 

n
lim fzn =

n
lim gsn =

n
lim gzn = z, Also, d(f(sn), f(zn))  d(gsn 

,gzn). Taking limit n  , we have 

d(
n

lim  f(sn),z)   d(z,z) =1 

Thus z= 
n

lim fsn . Therefore we have  
n

lim fzn = 
n

lim gzn = 

n
lim gsn =

n
lim fsn =z.  

Now, suppose that f and g are g-compatible mappings . then 

1),,(lim 


tgfsffsd nn
n

 that is, 

gzgfsffs n
n

n
n




limlim . Now, we get d(fz,ffsn) 

),( ngfsgzd taking limit as n  , we get d(fz,gz) 

),( gzgzd  =1 

This gives , fz=gz. Also, fgz=ffz=fgz=gfz. Thus 

d(fz,ffz) ),( gfzgzd ),( ffzfzd ),( ffzfzd  

that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g.  

Finally, suppose that f and g are f-compatible mappings . 

then 1),,(lim 


tggsfgsd nn
n

 that is, 

gzggsfgs n
n

n
n




limlim . Now, we get d(fz,fgsn) 

),( nggsgzd taking limit as n  , we get d(fz,gz) 

),( gzgzd  =1 

This gives fz=gz. Hence fgz=ffz=gfz=fgz . Thus 

d(fz,ffz) ),( gfzgzd ),( ffzfzd ),( ffzfzd  

that is fz=ffz. Hence fz=ffz=gfz and fz is a common fixed 

point of f and g.  

III. CONCLUSION 

 

As an application of CRC, we proved common fixed point 

theorems that extend the scope of study of common fixed 

point theorems from the class of compatible continuous 

mappings to a wider class of mappings which also includes 

non-compatible. 
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