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Abstract- In this paper we prove some common fixed point theorems for single-valued and multi-valued mappings, with the 

help of CLR property and OWC property in metric spaces. In this paper we prove our main theorems in two parts; in part (A) 

we use OWC property and in part (B) we use CLR property. We also give some examples, corollaries and remarks. These 

theorems generalize, extend and improve many existing results available in this literature.  
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I. Introduction 

 

Ahmed [2] has obtained a common fixed point theorem for 

multi-valued mappings which actually extends the result of 

Fisher [11]. Bouhadjera and Djoudi [4] have generalized 

the results of Ahmed [2] using D-mappings. 

 

In this paper, we prove some common fixed point 

theorems with the help of CLR property and OWC 

property which generalize, extend and improve the results 

of  Bouhadjera  and Djoudi [4]. 

 

Abdou [1] has introduced the notion of occasionally 

weakly compatible mappings (shortly, OWC property) and 

the Common limit in the range (shortly, CLR property) for 

two single-valued and two multi-valued mappings in 

metric spaces. 

 
II. Preliminaries 

 

 Let (X,d) be a metric space and B(X) be the family of all 

non-empty bounded subset of X. We define two function 

δ(A,B) and D(A,B) by 

       δ(A,B)= sup{d(a,b): a  A, b  B}, 

D(A,B)= inf{d(a,b): a A, b B } A, B  B(X).  

If A contains a single point a, then we will write                    

δ(A,B)= δ({a},B).  

If A={a} and B={b}, then we will write    δ(A,B)=d(a,b). 

It follows from the definition of δ that,  

                    δ(A,B)= δ(B,A)≥0; 

                δ(A,B)≤ δ(A,C)+ δ(C,B); 

              δ(A,B)=0  A=B={a}; 

      δ(A,A)= diam A,     A,B, C  B(X).  

Now, CB(X) means the class of all non-empty bounded 

closed subsets of X. 

 

III.  Definitions & Examples 

 

Definition: [4,14]:  The mappings F: X→B(X) and f: 

X→X are δ-compatible if   δ(Ffxn,fFxn)=0. 

Whenever {xn} is a sequence in X such that fFxn  B(X), 

Fxn→{t} and fxn →t for some t X. 

Jungck and Rhoades [13] generalized the above definition 

as follows:  

 

Definition[4,13]: The mappings F: X→B(X) and f: X→X 

are weakly compatible if they commute at coincidence 

points , that is  

       {t  X: Ft={ft}} { t  X: Fft=fFt}. 

 It can be easily proved that δ-compatible maps are weakly 

compatible but the converse is not true.[13] 

http://www.isroset.org/
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Definition[1]: Let, (X,d) be a metric space. Two mappings 

I, J: X→X are said to be occasionally weakly compatible 

(shortly OWC  property) if there exists a point 

        u X such that Iu=Ju and IJu=JIu. 

 

Definition[1]: A single-valued mappings I:X→X and a 

multi-valued mapping F:X→CB(X) are said to be 

occasionally weakly compatible (shortly OWC property) if  

    IFx  FIx for some x  X with Ix  Fx. 

 

Definition[1]: Let, I,J:X→X be single-valued mappings 

and F,G: X→CB(X) be multi-valued mappings. 

(a)  A point x  X is said to be a coincidence point 

of I and F if Ix  Fx. We denote by C(I,F) the set 

of all coincidence points of I and F. 

(b)  A point x  X is said to be a common fixed 

point of I,J,F and G 

if x=Ix Fx and x=Ix=Jx Gx. 

 

Definition[1]: Let, (X,d) be a metric space. Two mappings 

I,J: X→X are said to satisfy the common limit in the range 

of I with respect to J (shortly CLRI property with respect to 

J) if there exists a sequence {xn} in X such that  

    Ixn= Jxn= Iu   for some u  X. 

 

Example 1: Let, X=[0,∞) be a metric space with usual 

metric. Define two single-valued mappings I,J: X→X such 

that Ix=  and Jx=kx;  and k is any constant. 

Define the sequence {xn} in X by xn=  , for each n≥1.  

Then we get, Ixn = Jxn= I(0) 

So, the mappings I and J satisfy (CLRI) property with 

respect to J. 

 

Definition[1]: Let, (X,d) be a metric space. A single-

valued mapping I:X→X and a multi-valued mapping F: 

X→CB(X) are said to satisfy the common limit in the 

range of I with respect to F (shortly CLRI property with 

respect to F) if there exists a sequence {xn} in X and A  

CB(X)  such that  Ixn= Iu A= Sxn for some u 

 X. 

Now, we will give an example of CLRI property with 

respect to F. 

 

Example 2: Let, X=[0,∞) be metric space with usual 

metric. Define a single-valued mapping I: X→X and a 

multi-valued mapping F:X→CB(X)  such that Ix=x+k,  

Fx=[0,x+k];  and k is any constant. 

Define the sequence {xn} in X by xn=  , for each n≥1.  

Then we get,  

  Ixn =k = I(0) [0,k]= Fxn 

So, the mappings I and F satisfy (CLRI) property with 

respect to F. 

 

IV. Main Results 

 
(A). We prove this main result with the help of OWC 

property. 

Theorem 1:  

 Let, (X,d) be a metric space. Let, F,G: X→ B(X) be set 

valued mappings and I,J: X→X be single valued mappings 

and satisfy the following conditions: 

1. F(X)  J(X) and G(X) I(X). 

2. δ
p
(Fx,Gy)≤αmax{d

p
(Ix,Jy),δ

p
(Ix,Fx), 

         δ
p
(Jy,Gy)}+(1-α)[aD

p
(Ix,Gy)+ bD

p
(Jy,Fx)]                                      

for all x, y in X and p≥1, 0≤α<1, a,b≥0, and α+(1-

α)(a+b)<1 (1)                                                               The 

pairs (F,I) and (G,J) are OWC  property. 

Then, F,G,I,J have a unique common fixed point in X. 

Proof:   

Since  the  pairs (F,I) and (G,J) are OWC then there exist 

u, v in X such that Iu  Fu, IFu  FIu;  

Jv  Gv, JGv GJv 

So,IIu IFu FIu.                          (2)                                                                                                

and 

JJv JGv GJv.                                       (3) 

 Now, we will prove that Iu=Jv. 

 If popssible let, Iu ≠Jv, then using the equation (1) we 

have,  

δ
p
(Fu,Gv) ≤ α max{d

p
(Iu,Jv), δ

p
(Iu,Fu), δ

p
(Jv,Gv)}       + 

(1-α) [aD
p
(Iu,Gv) + bD

p
(Jv,Fu)]      

≤ α  δ
p
(Fu,Gv)  + (1-α) [a δ

p
(Fu,Gv) + b δ

p
(Gv,Fu)]    

Or,δ
p
(Fu,Gv)≤[α+(1-α)(a+b)]δ

p
(Fu,Gv)   <δ

p
(Fu,Gv) as 

α+(1-α)(a+b)<1 

 which is a contradiction. 

So,Iu=Jv.                                                (4) 

Now, we will prove that Iu is a fixed point of I. 

If possible let, IIu≠ Iu. 

Then, using (1) we get, 

δ
p
(IIu,Iu) = δ

p
(IIu,Jv) (by (2)) 

≤  δ
p
(FIu,Gv) 

≤ α max{d
p
(IIu,Jv), δ

p
(IIu,FIu), δ

p
(Jv,Gv)} + (1-α) 

[aD
p
(IIu,Gv) + bD

p
(Jv,FIu)]  
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≤ αδ
p
(IIu,Iu) + (1-α)(a+b) δ

p
(IIu,Iu)  

= [α+(1-α)(a+b)]δ
p
(IIu,Iu)  

<δ
p
(IIu,Iu)        (as α+(1-α)(a+b)<1) 

which is a contradiction. 

So,IIu=Iu.                                                 (5)                                                                

Now, we will prove Iu=JIu.Next,  

δ
p
(Iu,JIu) = δ

p
(Iu,JJv) (by (2)) 

≤  δ
p
(Fu,GJv)        

≤ α max{d
p
(Iu,JJv), δ

p
(Iu,Fu), δ

p
(JJv,GJv)} + (1-α) 

[aD
p
(Iu,GJv) + bD

p
(JJv,Fu)]  

≤ α δ
p
(Iu,JJv) + (1-α)(a+b) δ

p
(Iu,JJv)  

=[α+(1-α)(a+b)]δ
p
(Iu,JIu)  

<δ
p
(Iu,JIu)  (as α+(1-α)(a+b)<1) 

which is a contradiction. 

So,Iu=JIu.                                                (6)                                                              

Then from (3) and (4) we get,  

Iu= IIu= JIu,                                           (7)                                                                      

Therefore, Iu is a common fixed point of I and J.                                                      

(8)                                                           

 Now, from (2) and (5) we get, 

 Iu=IIu FIu. (9)                                                                   

And, from (4) and (6) we get,  

Iu=JIu=JJv GJv=GIu.                          (10)                

So, from (9) and (10) we get, 

Iu is a common fixed point of F and G.  (11)                                                                           

From (8) and (11) we conclude that Iu is a fixed point of 

F,G,I and J. 

Now, from (1) we have , 

δ
p
(FIu,GIu) ≤ α max{d

p
(IIu,JIu), δ

p
(IIu,FIu), δ

p
(JIu,GIu)} 

+ (1-α) [aD
p
(IIu,GIu) + bD

p
(JIu,FIu)] 

< α max{0,0,0} +(1-α)[a.0+b.0]=0. 

So, FIu=GIu={Iu}.                                 (12)                                                                                        

Let, Iu=z. 

And, we have to prove that z is a unique common fixed 

point of F,G,I and J. 

If possible let, there exist another fixed point w(≠z) of 

F,G,J and I. 

So, from (1) we have, 

δ
p
(z,w)= δ

p
(Fz,Gw) ≤ α max{d

p
(Iz,Jw), δ

p
(Iz,Fz), 

δ
p
(Jw,Gw)}+(1-α)[aD

p
(Iz,Gw) + bD

p
(Jw,Fz)] 

=α max{d
p
(z,w), δ

p
(z,z), δ

p
(w,w)} + (1-α) [aD

p
(z,w) + 

bD
p
(w,z)]         

 ≤[α+(1-α)(a+b)]δ
p
(z,w)  

 <δ
p
(z,w) as α+(1-α)(a+b)<1 

which is a contradiction.  

So, z=w i.e., the fixed point z is unique. 

Hence, z is a unique common fixed point of F, G, J and I. 

 

Corollary 1: Let, (X,d) be a metric space. Let, F,G: X→ 

B(X) be set-valued mappings and I,J: X→X be single 

valued mappings, and satisfy the following conditions: 

1. F(X)  J(X) and G(X) I(X). 

2. δ(Fx,Gy) ≤ α max{d(Ix,Jy), δ(Ix,Fx), δ(Jy,Gy)} + (1-

α) [aD(Ix,Gy) + bD(Jy,Fx)] for all x,y in X and 

p≥1,0≤α<1,a,b≥0, and  

         α+(1-α)(a+b)<1.                    (13) 

3. The pairs (F,I) and (G,J) are OWC property. 

Then, F,G,I,J have a unique common fixed point in X. 

Proof:  Put p=1 in theorem 1, and we will get the result. 

This corollary is the main theorem of Bouhadjera and  

Djoudi [4]. 

 

Corollary 2: Let, (X,d) be a metric space. Let, F: X→ 

B(X) be set valued mappings and I,J: X→X be single 

valued mappings, and satisfy the following conditions: 

1. F(X)  J(X) and F(X)  I(X) 

2. δ
p
(Fx,Fy) ≤ α max{d

p
(Ix,Jy), δ

p
(Ix,Fx), δ

p
(Jy,Fy)} 

+ (1-α) [aD
p
(Ix,Fy) + bD

p
(Jy,Fx)]. 

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1.            (14)                                                                                                        

The pair (F,I) OWC property. 

Then, F,I and J have a unique common fixed point in X. 

Proof: Put G=F in Theorem 1, and get the result. 

 

Corollary 3: Let, (X,d) be a metric space. Let, F,G: X→ 

B(X) be set valued mappings and I: X→X be single valued 

mappings, and satisfy the following conditions: 

1. F(X)  I(X) and G(X) I(X). 

2. δ
p
(Fx,Gy) ≤ α max{d

p
(Ix,Iy), δ

p
(Ix,Fx), 

δ
p
(Iy,Gy)} + (1-α) [a D

p
(Ix,Gy) + b D

p
(Iy,Fx)]          

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1.     (15)                                                                     

The pairs (F,I) and (G,I) OWC property. 

Then, F,G and I have a unique common fixed point in X. 

Proof: Put J=I in theorem 1, and get the results. 

Remark 3: If we put p=1 in corollary 3, we will get the 

Corollary 3.2 of Bouhadjera and  Djoudi [4]  

 

Corollary 4: Let, (X,d) be a metric space. Let, F: X→ 

B(X) be set valued mappings and I: X→X be single valued 

mappings, and satisfies the following conditions: 

1. F(X)  I(X)  

2. δ
p
(Fx,Fy) ≤ α max{d

p
(Ix,Iy), δ

p
(Ix,Fx), δ

p
(Iy,Fy)} 

+ (1-α) [a D
p
(Ix,Fy) + b D

p
(Iy,Fx)]                                      

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1.        (16)                                                            

3. (F,I) is OWC property. 

Then, F and I have a unique common fixed point in X. 

Proof: If we put G=F and J=I in our main theorem then, 

we will get the result. 

Remark 4: If we put p=1, in Corollary 4 , we will get the 

Corollary 3.1 of Bouhadjera and  Djoudi [4] 

 

Corollary 5: Let, (X,d) be a metric space. Let, Fi : X→ 

B(X),  i N be set valued mappings and I,J: X→X be 
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single valued mappings , and satisfies the following 

conditions: 

1. Fi(X)  J(X) and Fi+1(X) I(X). 

2. δ
p
(Fix,Fi+1y)≤ α 

max{d
p
(Ix,Jy),δ

p
(Ix,Fix),δ

p
(Jy,Fi+1y)}+(1-

α)[aD
p
(Ix,Fi+1y) + bD

p
(Jy,Fix)]                                     

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and  

α+(1-α)(a+b)<1.                     (17) 

     3.The pairs (Fi,I) and (Fi+1,J) OWC property. 

Then, Fi,I and J have a unique common fixed point in X, 

 i N. 

Remark 5: Corollary 5 is a generalization of Theorem 3.2 

and Theorem 3.3 of Bouhadjera and  Djoudi [4] 

  

(B) Common fixed point of mappings with the help of 

CLRI property. 

In this section, we prove common fixed point theorems for 

two single valued mappings and two multi-valued 

mappings by CLRI property. 

 

Definition[1]: Let, (X,d) be a metric space. Let I,J:X→X 

and F,G: X→CB(X). Then I,J,F and G are said to satisfy 

the common limit in the range of I (shortly, CLRI property) 

if there exists two sequences {xn} and {yn} in X and A, B 

in CB(X) such that                 Fxn=A, Gyn=B 

and 

     Ixn= Jyn=Iu  A  B. 

 

Theorem 2:  

Let, (X,d) be a metric space. Let, F,G: X→ B(X) be set 

valued mappings and I,J: X→X be single valued 

mappings, and satisfy the following conditions: 

(a) F(X)  J(X) and G(X) I(X). 

(b) δ
p
(Fx,Gy) ≤ α max{d

p
(Ix,Jy), δ

p
(Ix,Fx), 

δ
p
(Jy,Gy)} + (1-α) [a D

p
(Ix,Gy) + b D

p
(Jy,Fx)]                                     

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and  

α+(1-α)(a+b)<1.                    (1)            

The pairs (F,I) and (G,J) satisfy CLRI  property. 

If I(X) and J(X) are closed subsets of X, then the following 

holds: 

1. I and F have a coincidence point. 

2. J and G have a coincidence point. 

3. I and F have a common fixed point if I and F are 

weakly compatible at v and IIV=Iv for any v 

C(I,F). 

4. J and G have a common fixed point if J and G are 

weakly compatible at v and JJV=Jv for any v 

C(J,G). 

5.  F,G, I and J have a common fixed point in X if 

both (3) and (4)  hold. 

Proof: Since, the pairs (F,I) and (G,J)  satisfy CLRI  

property then there exists two sequences {xn} and {yn} in 

X and A,B in CB(X) such that 

      Fxn=A, Gyn=B and 

Ixn= Jyn=Iu  A  B   for some u in X . 

Also, as I(X) and J(X) are closed, we have Iu=Iv and 

Iu=Jw, for some v,w in X. 

Now, we will show that Jw  Gw.  

If possible let Jw  Gw. 

Then, put x=xn, y=w in equation (1) and get, 

δ
p
(Fxn,Gw) 

 ≤ α max{d
p
(Ixn,Jw), δ

p
(Ixn,Fxn), δ

p
(Jw,Gw)} + (1-α) 

[aD
p
(Ixn,Gw) + bD

p
(Jw,Fxn)] for all n  N. 

Taking in the above inequality we get, 

δ
p
(A,Gw) ≤ α max{d

p
(Iu,Jw), δ

p
(Iu,A), δ

p
(Jw,Gw)} + (1-α) 

[aD
p
(Iu,Gw) + bD

p
(Jw,A)]=0 

i.e., δ
p
(A,Gw)=0 

Now, δ
p
(Jw,Gw)≤ δ

p
(A,Gw)=0 

So,Jw Gw,                                      (2)                                                                              

i.e., w is a coincidence point of J and G. (3)                                                                            

Now, we will show that Iv  Fv.  

If possible, let Iv  Fv. 

Then, put x=v, y=yn in equation (1) and get, 

δ
p
(Fv,Gyn) ≤ α max{d

p
(Iv,Jyn), δ

p
(Iv,Fx), δ

p
(Jy,Gyn)} + (1-

α) [aD
p
(Iyn,Gyn) + bD

p
(Jy,Fyn)] 

Taking  in the above inequality we get, 

δ
p
(Fv,B) ≤ α max{d

p
(Iv,Jw), δ

p
(Iv,Fv), δ

p
(Jw,B)} + (1-α) 

[aD
p
(Iu,B) + bD

p
(Jw,B)]=0 

δ
p
(Fv,B) ≤ α δ

p
(Iv,Fv)  

≤ α δ
p
(B,Fv)<δ

p
(B,Fv) as 0≤α<1. 

which is a contradiction. 

So, δ
p
(Fv,B)=0 

Now, δ
p
(Iv,Fv)≤ δ

p
(B,Fv)=0 

So,Iv Fv.                           (4)                                                               

i.e., v is a coincidence point of I and F.   (5)                                                                              

As I and F are weakly compatible mapping, i.e., IFv=FIv.                                           

(6) 

And J and G are also weakly compatible 

mapping,i.e.,JGw=GJw.                          (7) 

Now, we will prove that FIv=Gw. 

From (1) we get, 

δ
p
(FIv,Gw) ≤ α max{d

p
(IIv,Jw), δ

p
(IIv,FIv), δ

p
(Jw,Gw)} + 

(1-α)[aD
p
(IIv,Gw) + bD

p
(Jw,FIv)]  

≤ [α+(1-α)(a+b)] δ
p
(FIv,Gw) <δ

p
(FIv,Gw) as α+(1-

α)(a+b)<1 
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i.e.,FIv=Gw.                                       (8)                                                                          

i.e., IIv  IFv=FIv=Gw. (by (6) and (8)).      (9)                                                                            

Now, we will prove Iv=IIv. 

From (1) we get,  

δ
p
(Fv,Gw) ≤ α max{d

p
(Iv,Jw), δ

p
(Iv,Fv), δ

p
(Jw,Gw)} + (1-

α) [aD
p
(Iv,Gw) + bD

p
(Jw,Fv)]  

≤ (1-α)(a+b) δ
p
(Fv,Gw)  

<δ
p
(Fv,Gw) as (1-α)(a+b)<1, 

i.e.,δ
p
(Fv,Gw)=0.                                (10)                                                              

Now, δ
p
(Iv,IIv) ≤ δ

p
(Fv,Gw) (by (4) and (9))  

=0 ( by (10)), 

i.e.,Iv=IIv.                                              (11)                                                                           

From (9) and (11) we get, Iv= IIv  IFv=FIv. 

Let, Iv=z 

i.e., z=Iz  Fz 

i.e., z=Iv is a common fixed point of I and F.  

Similarly we can prove that Jw=JJw  GJw 

i.e., Jw is a common fixed point of J and G 

 

Corollary 6:Let, (X,d) be a metric space. Let, F,G: X→ 

B(X) be set valued mappings and I,J: X→X be single 

valued mappings, and satisfy the following conditions: 

(a) F(X)  J(X) and G(X) I(X). 

(b) δ(Fx,Gy) ≤ α max{d(Ix,Jy), δ(Ix,Fx), δ(Jy,Gy)} + 

(1-α) [a D(Ix,Gy) + b D(Jy,Fx)]                                     

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1 

(c) The pairs (F,I) and (G,J) satisfy CLRI  property. 

If I(X) and J(X) are closed subsets of X, then the following 

holds: 

1. I and F have a coincidence point. 

2. J and G have a coincidence point. 

3. I and F have a common fixed point if  I and F are 

weakly compatible at v and IIV=Iv for any v 

C(I,F). 

4. J and G have a common fixed point if J and G are 

weakly compatible at v and JJV=Jv for any v 

C(J,G). 

5.  F,G,I and J have a  common fixed point in X if 

both (3) and (4)  hold. 

Proof:  If we put p=1 in Theorem 2, then we will get the 

results. This corollary is the main theorem of Bouhadjera 

and  Djoudi [4]. 

 

Corollary 7: Let, (X,d) be a metric space. Let, F: X→ 

B(X) be set valued mappings and I,J: X→X be single 

valued mappings , and satisfy the following conditions: 

(a) F(X)  J(X) and F(X) I(X). 

(b) δ
p
(Fx,Fy) ≤ α max{d

p
(Ix,Jy), δ

p
(Ix,Fx), δ

p
(Jy,Fy)} + 

(1-α) [a D
p
(Ix,Fy) + b D

p
(Jy,Fx)]                                     

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1. 

(c) The pairs (F,I) and (F,J) satisfy CLRI  property. 

If I(X) and J(X) are closed subsets of X, then the following 

holds: 

(1). I and F have a coincidence point. 

 (2) J and G have a coincidence point. 

 (3) I and F have a common fixed point if I and F are 

weakly compatible at v and IIV=Iv for any v C(I,F). 

 (4) J and G have a common fixed point if J and F are 

weakly compatible at v and JJV=Jv for any v C(J,F). 

 (5)  F,I and J have a  common fixed point in X if both (3) 

and (4) are true 

Proof: If we put G=F in theorem 2 then we will get the 

result. 

 

Corollary 8: Let, (X,d) be a metric space. Let, F,G: X→ 

B(X) be set valued mappings and I: X→X be single valued 

mapping, and satisfy the following conditions: 

(a).  F(X)  I(X) and G(X) I(X). 

 (b) δ
p
(Fx,Gy) ≤ α max{d

p
(Ix,Iy), δ

p
(Ix,Fx), δ

p
(Iy,Gy)} + 

(1-α) [a D
p
(Ix,Gy) + b D

p
(Iy,Fx)]                                      

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1                                    

( c) The pairs (F,I) and (G,I) satisfy CLRI  property. 

If I(X) and J(X) are closed subsets of X, then the following 

holds: 

1. I and Fhave a coincidence point. 

2. I and G have a coincidence point. 

3. I and F have a common fixed point if I and F are 

weakly compatible at v and IIV=Iv for any v 

C(I,F). 

4. J and G have a common fixed point if J and G are 

weakly compatible at v and IIv=Iv for any v 

C(I,G). 

5.  F,G and I have a  common fixed point in X if 

both (3) and (4) are true 

Proof: If we put J=I in our main Theorem 2, then we will 

get the result. 

 

Corollary 9: Let, (X,d) be a metric space. Let, F: X→ 

B(X) be set valued mapping and I: X→X be single valued 

mapping, and satisfy the following conditions: 

 (a).  F(X)  I(X)  

(b) δ
p
(Fx,Fy) ≤ α max{d

p
(Ix,Iy), δ

p
(Ix,Fx), δ

p
(Iy,Fy)}+(1-

α)[aD
p
(Ix,Fy)+bD

p
(Iy,Fx)]                                     for all 

x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-α)(a+b)<1. 

(c) The pair (F,I)  satisfies CLRI  property. 

If I(X) is a closed subsets of X, then the following holds: 

1. I and Fhave a coincidence point. 
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2.  I and F have a common fixed point if I and F are 

weakly compatible at v and IIV=Iv for any v 

C(I,F). 

3. F and I have a  common fixed point in X if both 

(3) and (4) are true 

Proof:  If we put G=F and J=I in our main theorem 2, then 

we will get the result. 

 

Corollary 10: Let, (X,d) be a metric space. Let, Fi : X→ 

B(X),  i N be set valued mappings and I,J: X→X be 

single valued mappings , and satisfy the following 

conditions: 

(a) Fi (X)  J(X) and Fi+1 (X) I(X) 

(b) δ
p
(Fix,Fi+1y) ≤ α max{d

p
(Ix,Jy), δ

p
 (Ix,Fix), 

δ
p
(Jy,Fi+1y)} + (1-α)[aD

p
(Ix,Fi+1y) + bD

p
(Jy,Fix)]     

for all x,y in X and p≥1, 0≤α<1, a,b≥0,  and α+(1-

α)(a+b)<1. 

(c) The pairs (Fi,I) and (Fi+1,J) satisfy CLRI  property. 

If I(X) and J(X) are closed subsets of X, then the following 

holds: 

1. I and Fi have a coincidence point. 

2. J and Fi+1 have a coincidence point. 

3. I and Fi have a common fixed point if I and Fi are 

weakly compatible at v and IIV=Iv for any v 

C(I,Fi). 

4. J and Fi+1 have a common fixed point if J and Fi+1 

are weakly compatible at v and JJV=Jv for any v 

C(J,Fi+1). 

5. Fi,I and J have a  common fixed point in X if both 

(3) and (4) are true,  i N. 

V.  Conclusion 

 

In this paper we prove some Common fixed point theorem 

of single-valued and multi-valued in metric spaces, and 

this is a generalization of many existing results in this 

literature. We gave examples, corollaries, remarks which 

illustrate our main result. There is a huge scope of further 

works in this topic. Particularly, one can study the 

common fixed point in metric space by Hausdorff metric 

in multi-valued mappings or taking more than four 

mappings in this space. In future, we will extended our 

work in this topic. 
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