Mathematical and Statistical Sciences
Vol.6, Issue.4, pp.44-48, August (2019)

International Journal of Scientific Research in

Research Paper

E-ISSN: 2348-4519

Hgwnymaik.  DOI: https://doi.org/10.26438/ijsrmss/v6i4.4448

Certain Structures of Q-Fuzzy Soft Ideals of Near-Ring

T. Portia Samathanam?, G. Subbiah?’, M. Navaneethakrishnan®

!Dept. of Mathematics, Kamaraj College, Thoothukudi-628 003, (Reg.No: 17232102092002) Tamil Nadu, India
2 Dept. of Mathematics, Sri K.G.S. Arts College, Srivaikuntam-628 619, Tamil Nadu, India
*Dept. of Mathematics, Kamaraj College, Thoothukudi-628 003, Tamil Nadu, India

Affiliated to Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli-627 012, Tamil Nadu, India

Corresponding author: subbiahkgs@gmail.com

Available online at: www.isroset.org

Received: 19/Jul/2019, Accepted: 16/Aug/2019, Online: 31/Aug/2019

Abstract: In this paper, we introduce and study Q-fuzzy soft sub near-ring and Q-fuzzy

soft ideals of near-rings by

Molodtsov’s definition of the soft set. Some related properties are investigated and illustrated by a great ideal of example.
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I. INTRODUCTION

The concept of gamma in algebra was introduced and
studied first by N.Nobusawa [7] in 1964 and further
established I'-ring. Infact, there have been a few slightly
different definition on a I'-ring. In 1995M.K.Rao [6]
introduced the notion I'-semi ring as a generalization of T'-
ring as well as semi ring and studied the concepts of I'-semi
ring and its sub I"-semi ring with a left(right) unity. Later on
much has been developed and this concepts by different
researchers. Fuzzy sets introduced by L.A.Zadeh[9] and
there after several researchers developed algebraic
structures and applied it on different branches of pure and
applied mathematics. Further on I'-semi rings ,the
properties of fuzzy ideals, fuzzy prime ideals ,fuzzy semi
prime ideal and their generalizations play an important role
in their structure theory. However the properties of a fuzzy
ideal in semi rings and I"-semi rings are some what different
from the properties of the usual ring ideals.In 1992, Jun and
Lee [4] introduced the notion of fuzzy ideal in I'-ring and
studied few properties. In 2005,Dutta and Chanda[2]
studied the structures of fuzzy ideals in I'-ring via operation
rings of I'-ring.

I1. BASIC DEFINITIONS AND RESULTS
In this section, some basic definitions and results on soft
sets with suitable examples, much of which were
introduced in (Molodtsov 1999, Maji et. al 2003, Pie and
Miao 2005, Ali et .al 2009).

Definition 2.1. Let U be a common universe, E be a set of
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parameters and AS E. Then a pair fa is called a fuzzy soft
set over U, where F is a mapping givenby F : A —»F (U),
when F (U ) is the family of all fuzzy subsets of U.

Definition 2.2. For two fuzzy soft sets fa and gg over a
common universe U , we say that fn is a fuzzy soft
subset of gg if

(i)AcB

(ii)fy < g, for all a €A, In this case, we write fa S gs.

Definition 2.3. The relative complement of a fuzzy soft
set fa is denoteddby fA° : A — f (U ) is a mapping
given by f(a) = 1 — f(a) for all a € A.

Definition 2.4. (i) A fuzzy soft set f is said to be the
absolute fuzzy soft set over U, denoted by V if f(a) =
LU forall a € A.

(i) A fuzzy soft set f is said to be the null fuzzy soft
set over U, denoted by =, if f(a) = OU for all a € A.

Definition 2.5. A Q-fuzzy set v in a near-ring N is called Q-
fuzzy sub near ring of N, if

Q) V(x—y,q) = min{v(x,q),v(y.q)}
(i) v(xy,q) = min{v(x,q), v(y,q)}, forall x, y €
N and q €Q.

Definition 2.6. (Molodtsov 1999)
Let U be a initial universe set and E be a set of parameters
with respect to U . Let P (U ) denote the power set of U
and A € E. A pair (F,A) is called a soft set over U, where
F is a mapping given by F:A — P(U).
Example 2.7. Suppose a universe U is the set of six
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houses under construction given by
U={hy,h;,h3,h4,hs,he}, the parameters set E = {e1, €;, €3,
€4, €5} Where each parameter e;, i = 1, 2, 3, 4, 5 stands
for expensive, beautiful, cheap, modern, wooden
respectively, and A = {e;, e,, €3} < E.Now consider the
mapping F, where F : A — P (U ) is given by F (e}) =
{hz, hs}, F (e2) = {hy, hs, hs},  F (e3) = {hy, hs, he}.
Then the soft set (F, A) is a parameterized family {F (e;),
i = 1, 2, 3} of subsets of the universe U given by

(F.A)={{h2,hs},{h1,hs,hs},{h1,h3,he}}.

Table 1

zU Choice

h; 2

h,

hy

| Ol R, O P —

|
0
1
hs | O
1
0

hs

|
1
0 1
1 2
0 1
0 1
1 1

he | 0 0

Tabular representation of (F, A)

Definition 2.8. Soft subset defined (Pie and Miao 2005),
for two soft sets (F, A) and (G, B) over a universe U ,(F,
A) c (G,B)if,(() Ac B, (ii)vee A, F (e) € G(e).
Example 2.9. Let U = {u;, Uy, Us, U4 Us, Ug} be a
universe set and E = {e;, e,, €3, €4 €5} be a set of
parameters. Let A = {eq, €,, es} € E and B = {e, e, €3,
95} cE.

Suppose (F, A) and (G, B) are two soft sets over U ,
where F (e;) = {uz, Us}, F (e2) = {us, Ug,Us}, F(es) =
{u:} and G(e)) = {uxus}, G(ez) = {ug,us,Us,Us},
G(es)= {us,usus}, then (F,A) < (F,B), since A € B
and F(e)c G(e),ve € A, but (G,B)f < (F,A). Hence
(F.A)f=(G,B).

Definition 2.10. (Feng. F etal).The bi-intersection of
two soft sets (F,A) and (F,B) over a common
universe U is defined to be the soft set (H,C), where
C=ANB and H:C—P(U) is mapping given by
H(X)=F(x) N G(x) for all xe C. This is denoted by
(F,A) N (G, B) = (H,C) and also Cartesian product
is defined as (F,A) x (G, B) = (H,C).

By a near-ring, we shall mean on algebraic system (N,+,.),
where

(i) (N,+) forms a group (not necessary abelian)

(if) (N, .) forms a semi group and

(iii) (a + b)c = ac + bc va, b, c € N (i.e we study on right
near-rings)

Throughout this paper, N will always denoted a right
near-ring. A subgroup H of N with M, M € M is
called a sub near-ring of N. A normal subgroup | of N
is called a right ideal if IN < | denoted by IVN. It is
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called a left ideal if n(s+i)—ns € | ¥n, s€ N and i€ |
and denoted by IV,N. If such a normal subgroup | is
both left and right ideal in N. A subgroup H of N is
called a left N-subgroup of N if NH € H and H is
called a right N-subgroup of N if HNE H.

1. Q-FUZZY SOFT SUB NORMAL RINGS

In the sequel, let N be a near-ring and A be non-
empty set. o will refer to an arbitrary binary relation
between an element of A and an element of N, that is
o is a subset of AxN without otherwise specified. A
set valued function F:A—P(N) can be defined as
F(X)={ye N/(x,y)€ a}Vvxe A. Then the pair (F,A) is a
soft set over N, which is derived from the relation a.
Definition 3.1. Let M be a sub near-ring of N and let (F, M
) be a Q-fuzzy soft set over N . If for all x,ye M

(QFSNR - 1): F(x —y,q)>F (x,q) N F (y, q) and

(QFSNR —2): F (xy, q) > F (x, Q) N F (y, q). Then the
Q-fuzzy soft set (F, M) is called a Q-fuzzy soft sub near-
ring of N and denoted by O(F, M) <~Nor FyV N.

Example 3.2. Let the additive group (Zs, +) under a
multiplication given in the following, (Z, +, .) is a (right)
near-ring. Let the Q-fuzzy soft (F, N ) over N = Zj,
when F : N x Q — P(Zg) is a set-valued function
defined by

F (X)={y € Zg¢/xay <>xye {0, 3}} for all xe N. Then
F(0) = F(3) = Z¢ and

FQLQ=F@)=F @) =F(5)={0, 3}. Hence, it is

seen that FyV N.

Let the sub near-ring M ={0,2,4} of N and left Q-fuzzy
soft set (G,M) over N, where G:MxQ— P(N) is defined
by G(x) = {y € M/xay <> xy € {0, 1, 2}} VX e M.
Then G(0) = {0,2,4}, G(2) = {0, 4} and G(4)={0,2}.
Since G(0—-4)=G(2)={0,4}f 2 G((0) N G(4)={0,2}.
(G,M) is not a sub near-ring of N. For a near-ring N, the
zero-symmetric part of N denoted by N is defined by Ng
= {n eN/n, = 0} and the constant part of N denoted
by N, is defined by N = {n €N/ng = n}. It is well
known that Ny and N, are sub near- rings of N [Pilz].
For a near- ring N, we can obtain at least two Q-fuzzy
soft sub near-rings of N using Ngand N..

Example 3.3. Let N be a near-ring and let Fy : Np x Q — P
(N ) be a wset wvalued function defined by
Fo(X)={yENy/XyeENy}VXEN,. Then (Fo,Ng) is a Q-
fuzzy soft sub near-ring of N. Infact, for all X, yENg
assume that a € Fo(x, q) N Fo(y, g). Then xa € Ny and ya
€ Ng. Since Ny is a sub near- ring of N , then xa — ya =
(x —y)a € No.

Hence F (x —y, @) = Fo(x, @) N Fo(y, q), (i.e) the
condition (QFSNR — 1) is satisfied.
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Since X € Ng and ya € Ny, then ((xy)a) 0 = x((ya)0) =
Xo = 0, (i.e) (Xy)a € No. Hence a € Fo(xy,q). (i.e)
Fo(xy,q) = Fo(x,q) N Fo(y,q) and this shows us that
the condition QFSNR-2 is satisfied. Therefore
(Fo,No)~N.

Let F.: NexQ — P(N) be a set valued function defined
by F.(x)={yeN/(xy,q)eN}vxeN.. Then (F.,, N.) is a
Q-fuzzy soft sub near- ring of N .

Infact, for all x,yeN. assume that a €F.(x,q) N
F.(y,q). Then x,€ N and y,€ N.. Since N, is a sub
near-ring of N, then xa—ya=(x—y)a€EN.. Hence
Fc(x—y,q) > F«(x,q) N F(y,q), (i.e) the condition
(QFSNR-1) is satisfied. Since yaeN, then (((xy)a)0) =
(X((ya)o)) = x(ya) = (xy)a. (i.e) (xy)a € N.. Hence a €

Fe(xy,q), (i.e) Fe(xy,q) = F(x,q)NFc(y,q) and this
shows us (QFSNR-2) is satisfied. Therefore
(FCINC)~N'

Theorem 3.4. If Fy~ N and Gk~ N, then Fy N
Gk~N.

Proof: By definition 2.10, Let Fy N Gk = (F, M ) N
(G, K)=(H,M N K),

where H(X, q) = F (X, 9) N G(X, q) YXx € M and q €
Q.thenforallxyeMNK,qeQ,

(QFSNR-1):Hx —y,q)=Fx—-y,q N G(x —y,
q=(F (x, 9 NF(y, q) NG q NGy, q)=(F (x,
Q) NG (x, )N EF(y, NGy, 9))=H(x, q N H(y,
q) and

(QFSNR — 2) :H(x —y, 9 = F (xy, @ N G (xy, q)
= (F(x,a) N F (y,q)) N (G(x,q) N G (y,q)).
= (F(x,q) N G(x,a)) N (Fy,a)N G (y,q))
=H(x, 9 N H(y, q@)

Therefore Fyy N Gk~N or Hynk~ N.

Definition 3.5. Let Ny and N, be near -rings and let Fy~
N1, Gk~ N,. The product of Q-fuzzy soft sub near -rings
(F, M) and (G, K) is defined as (F, M) x (G, K) = (H, M
x K) where H(X, y)q = F (x, @) x G(y, 0) ¥ (X, y) € M x
Kand g€ Q.
Theorem 3.6. If Fy~ N; and G~ N, then Fyy x G~
N; x N,.
Proof: Since M and K are sub near-rings of Ny and N,
respectively, then MxK is a sub nearsring of N;xN,.
By definition-35, Let FuyxGx=(F,M)x(G,K) =
(H,MxK), where H(X,y)q=F(X,q)xG(y,q) V (X)y) €
MxK and q € Q. Then V (X1,y1), (X2,Y2) € MxK,
(QFSNR — 1) : H((X1, Y1)q — (X2, Y2)q) = H((X1 — x2),
(Y1 = y2))q= F (X1 = X2)q X (Y1~ ¥2)q)
>(F(x1,0) N F(x2,0))*x(G(x1,q) N G(x2,0))
=(F(x1,0)xG(y1,a)) N (F(X2,0)*G(y2,q))

= H(X1, Y1)q N H(x2, ¥2))q.

(QFSNR — 2) : H((x1, Y1)q(X2, ¥2)q) = H((X1X2), (Y1,
y2))g = F (X1, X2, @) x G (Y1, Y2, d) = (F(X1,0) N
G(x2,4))*(G(y1,a) N G(y2,q))
=(F(x1,0)xG(y1,d)) N (F(X2,q)*G(y2,q))
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= H(X1, Y1)q N H(x2, ¥2))q

Hence Fy X Gk = Hyxk~ N1 X Ny,

Lemma 3.7. If Fyy ~ N, then F (0, q) > F (x,q) VX EM
and q € Q.

Proof: Since (F, M) is a Q-fuzzy soft sub near-ring of N
JFO,0)=F(X—x¢)>F(Xq) NF(xq)=F(XqVvxe
Mandq € Q.

Proposition 3.8. If Fyy ~ N ,then M= {X € Mg(X, q) = F
(0, q)} is a sub near- ring of N .

Proof: We need to show that x—y € Mg and xy € Mg V
X,y € Mg and then to show that F(x—y,q) = F(0,q) and
F(xy,q)=F(0,q) VX,y € Mg and q € Q.

Since X,y € Mg, then F(x,q) = F(y,q) = 0. By lemma -
3.7, F(0,9) > F(x—y,q) and F(0,q) > F(xy,q) V X,y € M.
Since (F, M) is a Q-fuzzy soft sub near -ring of N, then

Fx-y,99=Fx, q NF(y,q :F(01 q) and

F(Xy,q)zF(X,q) N F(ya q):F(an)VXIyE MF-

Hence F (x —y, q) = F (0, q) and (xy, q) = F (0, qQ)VX, ¥
€ MF .

Therefore Mg is a sub near-ring of N.

4. Q-FUZZY SOFT IDEALS OF NEAR-RINGS

Definition 4.1. Let | ~ N and let (F, 1) be a Q-fuzzy soft
set over N . If for all x,ye I and for all t,se N,

(QFSI) :F(x—y, @) >F (x,q) N F (y, q)

(QFSI,) : F(t+x—t, q)>F (x, q)

(QFSly) : F (xt, q) > F (x, q)

(QFSly) : F (t(s +x) —ns, q) > F (x, q),

then (F, 1) is called a Q-fuzzy soft ideal of N and
denoted by (F, I) ~ N or simply Fj~ N .

If 1 ~ N, (F, I) is a Q-fuzzy soft set over N and if the
condition QFSI;,QFSI, and QFSI, are satisfied. Then (F,
1) is called Q-fuzzy soft left ideal of N and denoted by
(F, 1) ~y N orsimply F; ~; N of I ~,N ,(F,) is called Q-
fuzzy soft set over N and if the conditions QFSI, QFSI,
and QFSI; are satisfied. Then Q-fuzzy soft right ideal of
N and denoted by (F, I)~, N or simply

F| ~r N .

Example 4.2. Let N = (Zg, +, .) be the near-ring given in
Example- 3.2 and let the ideal I = {0, 2, 4} of N. Then
(F, 1) is a Q-fuzzy soft set over N, where F : 1 x Q —»P
(N) is a set valued function defined by F (x,q) = {y €
I/xy= 0}, vx €, thenF (0,q) ={0,2,4}and F(2,0q)
= F (4, q) = {0}. Hence it is such that F; ~ N . Let the
ideal J ={0, 3} of N and let Q-fuzzy soft set (G, J)
over N , where G: J — P (N ) is a set valued function
defined by G(x,q)={y € J/xy € {0,2,4}vx € J. Then we
have G(0,q)={0,3}and G(3, q) = ¢. It is rarely such that
G,~N.

Example 4.3. Let N ={0,1,2,3,4,5} be a near-ring with two
binary operations + and . . Let Q-fuzzy soft set (G, N
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) over N, where G: N x Q — P (N ) is a set valued
function defined by G(x, q) = {y € N/xay <>xy € {0,
1}}, vxe N.Then G(0,q) = G(1,q) =Nand G(2,q) =
G(3,0) = G(4,9) = G(5,9) = {0,1}.

Since G(4+1-4,9) = G(3,9) = {0,1} = G(1,9) = N,
then (G,N) is a Q-fuzzy soft ideal of N.

Theorem 4.4. If Fj~ N and G;~ N, then F; N G;~ N.
Proof: We give the proof for Q-fuzzy soft ideals, the
same proof can be seen for Q-fuzzy soft left ideals and
Q- fuzzy soft right ideals. Since I, J ~ N, then I N J ~ N.
By definition - 2.10, F,N ~ G;=(F, ) N (G, J) = (H, |
N J), where H (x, ) =F (x, Q) N G(X, q) Yx €1 NJ.
Thenvx,yelNJandVvVtseN

(QFSI) tH(x -y, q) =F(x-y,@ NG(x~y,0q)
> (F(x,q) N F(y,a)) N (G(x,q) N G(y.a))

= (F(x,a) N G(x,a)) N (F(y,a) N G(y,q))
= H(x, ) N G(y, a)

(QFSL) :H(t+x—t,q)=F (t+x—1t,q) N G(t+ X
—tq

=F (x,q) N G(x, q)

=H(x, q)

(QFSly) : H(xt, q) = F (xt, q) N G(xt, q)

> F (x,q) N G(x, q)
=H(x, q)

(QFSIy) : H(t(s + x) —ts, q) =F (t(s + x) —ts, q) N
G(t(s +x) —ts, @)= F (x, Q) N G(X, Q)

= H(X, q).Therefore F, N Gy =Hj;~ N.

Definition 4.5. Let N; and N, be two near -rings and let
F\~F; ; Gy~ N,. The product of Q-fuzzy soft ideals
(F,1) and (G,J) is defined as (F,1)x(G,I)=(H,1xJ),
where H(X,y)=F(X,q)xXG(x,q) V (X,y) € IxJ.

Theorem 4.6. If F, ~ N; and G; ~ N,, then F, xG; ~
N1xN; (resp., Fi XGj ~ N1 XNy, FixG; ~; Ny x Ny).
Proof: We give the proof for Q-fuzzy soft ideals, the
same proof can be seen for Q-fuzzy soft left ideals and
Q- fuzzy soft right ideals. Since | ~ Ny and J ~N, | x J
~ Ny x N,. By definition - 4.5,
FixG=(F, 1) x (G, J)=(H, I xJ), where H(x, y)q = F
(Xv q) X G(y, q) VX, y €l x J,qe Q! thenv (le yl)l (X2|
y2) € (1,J)and V (ty, tp), (S1, S2) € Ny X Ny,
(QFSIy) 1 H((X1, X2) = (y1, ¥2), Q)
= H((X1 — x2, Y1~ y2), @)
=F (X1 = X2)q X G(Y1 ~ y2)q
(= (F (X1, @ NF (x2, @) N (G(y1, @) N G(y2, 9)))
=F (x1, 0) X G(y1, @) N F (x2, q) x G(y2, 0)
= H(X1, Y1)q N H(x2, Y2)q
(QFSIy) t H((ty, to) + (X1, Y1) — (t1, 1), Q)
SH((t + X —tg, b+ Yy — 1), Q)
=F ((t + X1 = ny), q) x G((t2 + y1 — ny), Q)
>F (x1, ) X G(y1, 9)
= H(X1, Y1)
(QFSIs) : H((X1, y1)(11, t2), Q)
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= H(X1ty, yito)q
= F(XLQ)XG(YLQ)
2 F(Xl-Q)XG(YLQ)
= H(X1, Y1)q
(QFS1y) :H((t1,t2)((s182)+(X1y1))—(t1t2)(8182).0)
= H(t1(s1 +X1)—t181,t(S2 +y1)—1252,0)
=F (ta(s1 + X1) — 1181, Q) X G(to(S2 + Y1) — 1252, Q)
= F (Xl! Q) x G(yl: q)
= H(X1, Y1)q
Therefore F; x G; = H,x ;~ N x Ns.

Proposition 4.7. If Fi~N , then I = {x € I/F(x, q) = F (0,
g)} isan ideal of N .

Proof: We need to show that

(x-yele

(i) t+x—te I¢

(iii) xt € Irand

(iv) t(s+tx)—ts € I, V X,y € Irand t, s € N.

Ifx,y€lg,thenF (x,q) =F(y,q) =0. By Lemma- 3.7,

FO,9=F(x-y,q

FO,9=F(t—x—t,q)

F (0, q) > F (xt, q) and

FO,q9>F(t(stx)—ts)VX,yeland Vvt seN

Since (F, I) is Q-fuzzy soft ideal, then vV X, y € Iz and V
tSEN

() F(x—y,q) = F(x,q) N F(y,q) = F(0.q)

(i) F(t+x—t,q) > F(x,q) = F(0.9)

(iii) F(xt,q) > F(x,q) = F(0.q) and

(iv) F(t(s+x) — ts,q) = F(x,q) = F(0.9)

Hence F(x—y,qQ)=F (0,q), F(t+x—t,q) =F (0,
a,

F (xt,q)=F (0, q) and F (t(s + x) — ts), q) = F (0, q),

V X,y €lgandt, s € N. Therefore Ir is an ideal of N .

CONCLUSION

Throughout this paper in a near- ring structure, we study
the algebraic properties of Q-fuzzy soft sets which were
introduced by Molodtsov as a new mathematical tool for
dealing with uncertainty. This work based on Q-fuzzy soft
sub near —rings and soft ideals of near- rings. Since every
associative ring is near-ring, the results in this study are
also true for associative rings.

FUTURE WORK

One could study the Q-fuzzification of soft sub structures of
other algebraic structures such as semi rings and fields.
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