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Abstract— Real Bott manifolds are a type of compact, connected Riemannian manifolds without boundaries, notable as a
unique and intriguing category of real toric varieties. This study focuses on identifying a set of topological invariants known as
Stiefel-Whitney classes, which are crucial characteristic classes in the context of the set of integers modulo two. We computed

the Stiefel-Whitney classes of real Bott manifolds. WWe applied the method to calculate the Stiefel-Whitney classes

of the manifolds. The formula for determining the number of terms in each class was also given.
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1. Introduction

Let M, be a flat manifold of dimension 72, meaning a
compact connected Riemannian manifold without boundary
with zero sectional curvature. According to the theorems of
[1,2,3] the fundamental group 7y (M,) = T establishes a
short exact sequence:
0>Z, >I'>"G—>0 (1)

where Z,, is a maximal torsion free abelian subgroup of rank
m and & is a finite group isomorphic to the holonomy group
of M, . The universal covering of M__ is the Euclidean space
R™ and hence T' is isomorphic to a discrete cocompact
subgroup of the isometry group
Isom( R™)=0(n) xR®=E(n) . In that case
p: I — G is a projection on the first component of the
semidirect product O(N)xR" and m,(M,) =T is a

subgroup of O(Nn)x R". Conversely, given a short exact

sequence of the form of equation (1), it is known that the
group I' is (isomorphic to) the fundamental group of a flat
manifold.

In simple terms, a manifold is an entity that resembles
Euclidean space within a small region around each point. For
instance, a balloon is a two-dimensional manifold because a
small insect with limited vision walking on the balloon's
surface would perceive it as flat. This means that in the
vicinity of every point on the balloon, there is a

neighbourhood that looks like R
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2. Related Work

Historically, the concept of characteristic classes was initially
introduced by Hopf, Stiefel, and Whitney, although the idea
can be traced back to Schubert Calculus and the Italian school
of Algebraic Geometry. In general terms, a characteristic
class is a tool used to quantify the twisting of a vector bundle.
Stiefel-Whitney classes are topological invariants of a real
vector bundle that indicate the obstructions to constructing
globally independent sets of sections. These classes are
indexed from O to n, where n is the rank of the vector bundle.
If the Stiefel-Whitney class of index i is non-zero, it implies
that there cannot be (n-i+1) globally linearly independent
sections of the vector bundle. A non-zero nth Stiefel-Whitney
class means that every section of the bundle must vanish at
some point. Reference [4] provided a purely combinatorial
description of Stiefel-Whitney classes for closed flat
manifolds with diagonal holonomy representation. Using this
description, for any integer d of at least two, they constructed
non-spin holonomy groups Of integers modulo two with the
property that all their finite proper covers possess a spin
structure. Additionally, all such covers have trivial Stiefel-
Whitney classes. Unlike the case of real Bott manifolds, this
demonstrates that for a general closed flat manifold, the
existence of a spin structure might not be detectable through
its finite proper covers.

3. Theory/Calculation

Let
Mn_):m:l Mn—l _)mpll o ,_)mpl M1 _)ERF’l
M, ={e} (2
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be a sequence of real projective bundles such that
M, >M,,,i=L12,...,n isaprojective bundle of a

Whitney sum of a real line bundle L,_; and the trivial line
bundle over M;_;. The sequence (2) is called the real Bott
tower and the top manifold M, is called the real Bott
manifold, [4,5,6]. Let y; be the canonical line bundle over

M, and we set x; =w,( 7.} (wy is the first Stiefel-

Whitney class). Since Hy (M;_;, Z,,) is additively generated

by x4,%,, . s X;_qand L,_4 is a line bundle over
M;_4, we can uniquely write:
i-1
Wl(Li—l) = Zah X 3)
i=1
where a, eZ,andi=1,2,. .., n

From the above we obtain the matrix A =[a, ]A which is

an (rn X 1) strictly upper triangular matrix whose diagonal
entries are 0 and remaining entries are either 0 or 1. One can
observe [7,8,9,10] that the tower (2) is completely determined

by the matrix A and therefore we may denote the real Bott
manifold M, by M, (A). From [5], we can consider
M, (A) as the orbit space

M(A)=R"/T(A), where T'(A) = E(n) is generated
by elements

S, :(dig[l, (D410, ....0, %

E,o,...,0)j

where (—=1)*"* is the (i + 1,1 + 1) position and % is the
ith coordinate of the last column, i = 1,2,. . . . , 1.

S, =(I,(0,0, . ,%je E(n). From [5],

512,322 .S, commute with each other and generate a

n
free abelian subgroup Z". In other words, M, (A4)is a flat
manifold with holonomy group sz of diagonal type where
k is the number of non-zero rows of matrix A.

Lemma 1. [5]. The Cohomology ring H* (M (A),Z,)is

enerated by degree one element x4,. . . , X, as a
1 n

n
. . . 2
graded ring with 7 relations X, —XjZaini, for
i=1

i=1,..,n

Definition 1. Manifolds: let M be a topological space and let
p € M. An = —dimensional (local) chart at p is a pair
(9, l//), where s an open neighborhood of g and i is a
homeomorphism of 4 onto some open subset of " i.e.,
v 9=y ($)= R
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Theorem 1. Let A be an (n X 1) the bott matrix. Then,

W2k(Mn(A)) = zwzk (Mn(Ai1i2....,i2k )

1<, <iy <. <y <N
Proof. From Lemma 1, we have that the 2k Cohomolgy
group  of  H*(M_ (A),Z,) has a
B ={xi1 i e X

I

basis
) 1<i <1, <..<ly, <N}

Moreover, from lemma 1, ij can be expressed as a linear
combination of X, X; for k < j. Note that this combination
contains an  X;
W, (M, (A)) is a sum of linear elements W,, (M (A)) =

ZXi X; ....X; .Eachterm X; X; ....X; ofthissumis
12 k 1 2 2k

)

always term. Hence, we get that

1<, <ip<....<ip <N
an element from basis B and it is equal to the 2k Stiefel-
Whitney class of the real bott manifold M (A; ; ) so
we get:

Wy, (M, (A) =

cilak

D Wy (M (A, ) - Thus, the

1<ip <ip <...<iy<n
2k — th Stiefel-Whitney class of the real Bott manifold
M, (A) is equal to the sum of 2k — th Stiefel-Whitney
classes of elementary components M (A, ;) |

1< <l <..<ly <n.

4. Results and Discussion

A Bott tower is a smooth complete complex Toric variety
which is constructed iteratively as follows: Let ¥; = CE'.
Let L, be a holomorphic complex line bundle on CE' . We
then let ¥, = IF(1 @ L ;) where 1 is the trivial line bundle on
CP', then ¥; is a CP' bundle over CP' . We can iterate
this process for 2 = j =< m, where at each step L; is a
complex line bundle over ¥;_,, and the variety ¥; = (1 ©
L,) is a CP' bundle over ¥;_,. The variety ¥, thus obtained
after rni—steps is called an 7 —step Bott tower.

Definition 2. Let o = (E, B, P) be a real n-dimensional
vector bundle over a base space B. there is a class
w(5) e H*(B, Z,) with the following axioms:
i). Wy (6) =1and W, (5) =0 if i >dim 5.
ii). The Whitney product

W, (& ®0) ZZI:Wi(é:)UWi_j(5) -

formula

iii). W, (;) =0 for the universal line bundle defined on

RFE™ . Furthermore, every mad2 characteristic class for
1 —plane bundle can be written uniquely as a polynomial in
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the Stiefel-Whitney classes {W,,..., W }and W, (y,) is the
generator of the polynomial ring H*(RP~*,Z,).

iv). Naturality. If & = (E, B, P) s a real vector bundle and
f:B,>B is a map, then
W, (f *0) = f *(wW,(5)) which implies that Stiefel-

Whitney classes commute with pulling back.

Remark. W(0) =W, (39) + W, (d) +W, () +... is called

the total Stiefel-Whitney class of ¢ and W, (J) is the

ith Stiefel-Whitney class of O .
Definition 3. For each integer 7 = 0, the rth elementary
symmetric function in X, X,,..., X, 5r is the sum of all

products of 7 distinct variables X; so that &, =1 and
8, = 1<i <i,<..<i <n, x .x and 5 =0.
For i = 1, that is;

0, =1,

O =X+t X,

0y =X X, +X X5+ X, 4 X,

Oy = X Xy Xg + X X5 X, 4.t X X, 4 X,

N —=1=X,Xg... X, + X X, +ooc b X, o X, et X Xg . X,
N =XX,... X,,.
With the definition above we shall have the following results:

11000 0]
11000
01100
00110
00011
00000
0000 O]

For A=

O O O O o o o
o O O O O o

We have that:

W, (M (A) = X, X, X3X, + X X5 X3 X5 + X, X, X4 Xg +
X Xg Xy X5 + Xo X3X, Xs

For the matrix A we have the following

© 2024, 1JSRMSS All Rights Reserved

A1234 =

W, (M (A1234) = X X5 X3X,
(011000 0]

A1235 =

w, (M (A1235) = X X5 X3 X5
0110000 ]|

A1245 =

w

A1345 =

W, (M (A345) = X X3X, Xs

O O O O O o o

O O O OO O ~ 0O OO0 o o o o

0

O O O O O o o
O O O o o o

0

o O o o

0

0

o O O o o

4 M (A1245) =0

11000 0]
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11000
01100
00110
00000
00000
0000 0]

11000
01100
00000
00011
00000
0000 0]

11000
00000
00110
00011
00000
0000 0]
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0000 0]
1000
1100
0110
0011
0000
000000 0]

W, (M (A2345) = X3 X3X4 X5

A2345 =

O O O O o o
O O O O o o

O O O o o =

Thus, we have

W, (M (Aps,) + W, (M (A5) +W, (M (A,,5)
+W4(M (A2345) =

X1X2X3X4 + X1X2X3X5 + X1X3X4X5 + X2X3X4X5
=w,(M(A))

6. Conclusion and Future Scope

The Stiefel-Whitney classes of the real Bott manifolds are
square free homogeneous polynomials (all terms having the
same degree). The number of the elementary components of
the Bott Matrices, when decomposed, coincides with the
number of terms in each Stiefel-Whitney class and is given by
the combinatorial formula
o r!

Ci = i1(r—i)!

(which is the same as the rank of the Bott matrix) and i is the
index of the Stiefel-Whitney class. - for a 7x7 Bott matrix,

the rank = 5. We reserve the Stiefel-Whitney classes of the

manifolds M, for . = 183 for further scope. Hence, we have
table below for rank 5 and 8 respectively.

Where 1 is the number of non-zero rows

Table 1. A 7x7 Bott matrix, for rank, ¥ =5.
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Table 2. A 10 x 10 Bott matrix, for rank, 7 = 8.

w;(M,.(4)) No of terms
Wy 1
W, 8
W 28
W 56
W, 70
W 56
W, 28
W 8
we 1
Wy 0

W (Mr [}1:]) No of terms
Wy 1

Wy 5

W, 10

Wy 10

W, 5

'I-‘I.FE 1

'I-‘I.FE. 0

W 0

The ranks of the Bott Matrices are the same as the dimensions
of the real Bott manifolds. A Stiefel-Whitney class of the real
Bott manifolds vanishes whenever the class index is greater
than the rank of the Bott matrix.

For a 10 = 10 Bott matrix, the rank is 8. Hence, we have the
following table.
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