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Abstract—As it is mentioned in the title that through this article there, we will deal with various problems of the classic Jensen’s
Inequality more clearly Weighted Jensen’s Inequality of both kinds of convex function and concave function. Previously we
have done the work on applications of Jensen inequality and their application. Under the title applications, we will mainly
discuss two aspects of it which are the application of Jensen inequality in proving well-known inequalities such as Kéber's
inequality, Jordan’s Inequality and Steckin's inequality and another aspect is the application of Jensen’s Inequality in solving
and simplifying problems proposals published in different journals on the basis of it there are example problems for readers.
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1. Introduction

Jensen was the first who gave an inequality which is a milestone now in the field in calculus, algebra and in probability theory
somehow today in every issue one can easily found some lines in regards of this inequality. If we consider some reputed journal
and magazine that contain problems in problem and solution section then we can easily find use of Jensen’s Inequality in
simplifying given problem or either proving given inequality in the last article of this series Toyesh has proved AM-GM
inequality, GM-HM inequality, Cauchy-Schwarz Inequality, Nesbitt’s inequality, weighted AM-GM inequality, Power Mean
Inequality using Jensen Inequality with realizing about the wideness in the scope of Jensen’s Inequality it becomes necessary to
write another article and carry on this series based on the Jensen’s Inequality respectively.

Journals like SSMJ, Pentagon, Parabola, RMM, AMM, MR, FQ etc. consider well established problems based upon the concept
and application of Jensen’s Inequality. Before coming on its application, we are used to define this inequality, this time we are
introducing Weighted Jensen’s Inequality of both kinds. So,

Jensen’s Inequality If the function is convex for all x,,x,,, x, then.

Sarte)z (3]
Where Z7_, 1; = 1.

And If the function is concave for all x,,x,, x, then

Z:-lf < (Z;u)

Where Z7_, 1; = 1.
Some mathematicians also prefer to write it as
If the function is convex for all x,,x..+-, x,, then

2r yif (x;) _}f(E” L) J]
iy N ELy
Where y, . ... ¥, belongs to the positive real numbers.
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If the function is convex for all x,, ..+, x, then
Ehouyif () _ (E?=ng-x;)
ey N Ey
Where ;... -, %, belongs to the positive real numbers

This article contains several sections are as follows Section 1 contains the introduction of Jensen’s inequality , Section 2 contain
the related work of application of Jensen’s inequality, Section 3 contain the some measures of alternative proofs to well know
inequality, Section 4 contain the essential steps of solving problems, section 5 explain the problems related to Jensen’s
inequality, Section 6 Conclusion and further scope it tells about the further on the same topic what readers can try to do.

2. Related Work

Last year Toyesh Prakash Sharma wrote an article with dealing some applications of Jensen’s Inequality entitled “Article on the
applications of the Jensen’s Inequality in Alternative Proofs and Problems” [1] likewise through this article some other
alternative proofs are given, and some new example problems and problems are given.

3. Alternative Proofs to Well Know Inequalities

1. Jordan’s Inequality

In an article titled “Two generalizations for Jordan's inequality” by Dorin Marghidanu and published in Romanian
Mathematical Magazine. With the generalizations he used to prove Jordan’s Inequality with the help of Jensen’s
Inequality here we are providing his proof.

Jordan’s Inequality For x & [[]:]

2
—x =sinx <x
T

Proof
From Jensen’s inequalioty for concave function We have
FIOL = x, + Ax,] 2 (1 - DFle )+ AF(x2)
Suppose x = {1 — A)x, + Ax,
=1 —Ax, +1x,
= x=ux,—Ax, + 1x,
=>x—x, = Az, —x,)

X—Xx
=1= L
J.’: —.J;'J_
And Hence
Xn— X
1-d=—
J.’: —.L"J_
Then inequality becomes
i J.’: — X X —J:J_
O 2 - f ) + ()

Now suppose f{x} = sinx that is a concave function under the interval x £ [U. ] then

_;sin(ﬂ] + z : E sin(g)

ral=

siny =

ral=
ral

2

= siny =—x

w
And it is well known well popular that sinx = x for x € {0, =) then with combining both we can say that
2

—x =siny < x
T

Hence prove.

2. Kober's inequality
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In an article titled “Generalizations for Kober's inequality and Steckin's inequality” by Dorin Marghidanu and
published in Romanian Mathematical Magazine. With the generalizations he used to prove Kdber's inequality with the
help of Jensen’s Inequality here we are providing his proof.

Kober's inequality For x € (0, %)

1——x = cosx ‘-‘:E —x
w 2
Proof
From Jensen’s inequalioty for concave function We have
We have

FlO—Ax +2x.] =20 - A flx 0+ A7 (x,)
Suppose x = {1 — A)x, + Ax,
x=(1—-A)x, + Ax.
=x=x, —Adx; + dx,
=x—x = Ax,—x,)

X—Xx
== =
J.’: —.L"J_
And Hence
Xn— X
1-4=—
Xo— Xy
Then inequality becomes
Xo— X r—x
= n
0 2 Tl + ()

-

Now suppose f(x} = cos x that is a concave function under the interval x € [U. ] then

_ ; cos(0) + z : [:] cos {g)

vl

COSX =

e
e

=cosx =1—

20t
B

And it is well known well popular that cos x < =~ — x for x € (U. then with combining both we can say that

C2
1l——x = cosxy =
T

ra |5

pa| g m—

|
=

Hence prove

3. Steckin's Inequality

In an article titled “Generalizations for Kdéber's inequality and Steckin's inequality” by Dorin Marghidanu and
published in Romanian Mathematical Magazine. With the generalizations he used to prove Steckin's inequality with the
help of Jensen’s Inequality here we are providing his proof.

Steckin's Inequality For x £ (EI . :)

4x TX

——— < fanx =
wlr — 2x) T—Z2x

Proof
From Jordan's inequality, For x £ [ﬂ,g]
z 5 |
—Xx =sinx <Xx
T

And from Kdber's inequality for For x £ (GE)

2 m
l——x=cosy <——x
T
1 1 1
= = =
2 Trosx  T_
l—E_‘X.' 2 X
T 1 2
= =

Now with multiplying both
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2 2 . 1 T
— = s5mx- < X
T m— COS X m—2x
X < t < *
= ——— < tanx
i — 2x) m—2x

Hence prove
4. Example Problems
The below problem is from Mathematical Reflections [2]

1. Leta, b.c,x v be positive real numbers such that x + y = 1. Prove that

[ a2 [ p3 [ c2

= b
J_m Ty + be T ye + \Jlxﬂ'-l-j‘ﬂ zat+tb+rc
Solution
Let £(t) = 1/+/tthen f"(t) = 3/4¢*t = 0 ¥ t = 0 so, considered function is convex as a result from Jensen’s Inequality

A fle )+ 2, G )+ Aaflag) = FlApx, + Ao, +-1:1-1"_-]]

a )

Where, 4, + -+ 4;=1.Nowleti, = —— 4, =——and i, =—— then
- b a+p+ec - a+p+c + b;“‘ﬂ‘:;x
a £ _ ox, - gJ
—_— _— - — =
n+b+cf{xL]+n+b+c‘f{x']+n+b+cf{x!]_f( at+bh+c 5
£ g
— | )t (x+y5) + m—r (x +y2) a(x+yg)+b(x+yp)rele+yf)
—, P — P — r—| =
n+.!:+r:fx+:'n+n+b+afx+:'b+n+b+r:‘fx+)c =f at+b+te
a 1 b 1 € 1 ax + by + bx 4 ey + cx + ay
= + ——— ¢ ,_:zf( ]=f{.r+j‘:|
n+b+c| h n-l—.!:-l—r::l € n-l—.!:-l—.:'l a a+b+c
\JJ: +_‘_|‘E '\Ix ¥y N, c
Since x + y = 1 then fx + v} = f(1) = 1 and hence
[ g2 [ p2 [ .2
= b
J.m e + be+:rc+ Jxr:+;m za+b+c
The below problem is from Pentagon Mathematical Magazine [3]
2. Prove that in an acute AABC the following relationship holds:
1 1 1 1 1 1 63
sin 4 N sin B + siﬂlf.'+ cos A + cosE +|:|:-s{.' = ove
Solution
As ;LI and ﬁ are convex functions then using Jensen’s inequality for convex function for both one by one
1 1 1 3 3 5]
— t-—=+t—== =—F==
sinA  sinB  sinC sin{A + g +_c:| sing V3
And
1 1 1 3 3 6
+ + = = T
cosA cosB  cosC EDS(H+§+C) cosy
With adding both
1 1 1 1 1 1 . ] 6(]. 1 ]
= —_—= 1 —_—
sinﬂ+sir15’+sir1|f.'+n:|:|sﬂ+|:|:|SB+|:|:|5|£'_ +|,.-'§ +|,.-'§
Since 1 + % =42
1 1 1 1 1 -
=6v2

sin A + sin B + sin{ + cos A + cosB + cos £
The below problem is again from Pentagon [4]
3. Provethatif x,y,z = 0. then
2o+ 2y +4z 2x 44y 42z 4dx 42y 4+ 2z
-
4.r+‘1-;|'+32:+=L.r+3j‘+‘}z+3x+=1j'++z_

I—'|I\.'l
=
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Solution

Let a function f(x) = (2t + 2x) /{4t — x) where ¢ is a constant and greater than x. Then the second order derivative of f(x} is
- __=ot S . S . S .

Flix) = 3 which is positive for all positive integer x thus considered function is convex in nature so, we can apply

Jensen’s Inequality here

F)+FG) +F

3

(2t +2x) (2t + 2y)

-

(2F + 2z)

(=) (.r+j;‘+z]

(e +2(449))

= =3
Gt—» G-y G- - (%_(

_r+j‘+z])

3
Using £t = x + v + z gives
2x+2y+4z 2x+4y+2z 4x+2y+ 2z (Et +%)
dr + 4y +3z 4x+3y+4z 3xr+dy+4z {=1-t—%)
Ix+2y +4z 2x+4y+2z 4x+2y+2z 24
4y + 4y + 3z 4x 43y + 4= 3x+4j'+4z:2ﬁ

The below problem is from [5]
4. Ifa,b,x,y = 0andn € N" prove that

Solution:

(x +y)"  lax + by)" + (bx + ay)"
2m-L = {ﬂ + b]r!
convex function, then

Let F:(01) =R flt)=t".neN* be a
oy, a0 € (0,1), 0, + @, = 1 we have
flagt, +asty) S flt) +aaf(ty) Vi .t € (0,0)

1
Fore, = o, ==

For @, = —, &

a+b =

we have,

b
= —, we have,
a4+

(5

(5
fﬂ+bl+

Q

1
+=5t,

2

b
ﬂtf)

Now taking t; = ax+by , t, = bx+gy in (1), it follows that

= 2?!—].

o [lax + by) + (bx + ay)]" =

o
[

a+b

= x4yt

by

] géf{q] +éf(t:] (L)

x+yv)" (ax +by)" + (bx + ay)”
= =

an-1

Taking t; =X, t, =y in (2), it follows

(n
n+.!:x

Taking t; =y, t, =xin (2), it follows

Adding (4) and (5), we get

( b
n+bx+

o

(ax + by)" + (bx + ay)"

(]
y) =
+ 5 a+h

(o + k)

b ]:i o
_n+bx

n

o

n

x" 4+

+n+.!:

a

a+ b

y"

b

J.i’!.

Jensen’s

b
Fle,) + mf{r:] (2)

((ax + by)" + (bx + ay)™)
(a+b)"(x + y)" < (ax + by)" + (bx + ay)”

(3)

()

(3)

o

(a+b)"

=
a+h

"+

(ax + by)" + (bx + ay)”

From (3) and (6) we get the desired inequality.

The given below problem is from [6]
5. Let f: R* — R* be an increasing, convex function with f(1) = 1, and let x , y, and z be positive real numbers. Prove that

for any positive integer n,
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() + () (1) =

2x 2y 2z

Solution: By Nesbitt’s inequality,

+ + =13
y+z z4+x x4y
Then, as the function g{x} = f(x)™ is convex and increasing with g(1) =1, we can use jeansen’s inequality to write

2x 2y 2=
jl:} 3ﬂ(j‘-l—z-|_z+.1c-|_.1c+_‘;‘

+g

(j+z +.:c (x+j 3

=3g(1) =3
as required.

The below problem is from Romanian Mathematical Magazine [7]
6. Ifa,b,c>0,abc=1,then

as+1 b*+1 c*+1
) s il Thrl Ter1 o0
Solution: Here fix) = ZTJ'LL and as the function f(x) is convex. So we can use Jensen’s inequality to write
fla) +f(3.!1:| + flc) Ef(ﬂ +g + c]

Where, f(a) =22, f(b) =22, f(c) =
Using AM-GM inequality We can write,

c+1

a+1 BP+1 c*+1 ja+b+cey
n+L+b+L+c+L}( ) +1
3 T a+b+c .

—3 Tl

ec+1 B 4+1 et +1 3 (abe)z+ 1
= + + =
a+1 h+1 c+1 (abc)s+ 1
I+
1

a+1 b +1 F+1 (1)
n+1+.!:+1+c+1' (15 +

= =3
a®+1 b +1 741
a + b+1 + c+ J.
The below problem was proposed by Toyesh Prakash Sharma and was pyblis
7. fl1<a,b c<6anda+ b+ ¢ = 6. Then show that

.ul— .ulu

=3
hed in AMJ [8]

Ina Ink Inc

3
+ + -
b+c c+an n-l—.!J =1-

In2

Solution:
As flx) = Inx /(6 — x) is concave function so, from Jensen’s Inequality

fla) + F(B) + flc) a+h+e
Gr

3 3 b
at+b+rc
Ina Inb 3[( )
= +
6—a 6— ( n+b+c]
6 - )
Ina Ink Inc 3 2
:b+c+c+n+n+b_=1- -

Hence prove.

8. For any positive integers a, b, . d = 0. Show that
d

b
( o ),H_EW( b jlr+r.'+r:( c )d_,_fm( a Jr.'+[:-+f . 1
- - _ _ = —
] b+c+d c+d+a d+a+bh a+b+c 4
Solution by Proposer

Consider a function flx} =xInx= f'(x) =1 =Inx = f"(x) = 1/x = 0 for all positive integers then using Jensen’s
Inequality of convexity due to the convex nature of considered function so,
FQ)+ Fl) + £ + Flw) _ f(.r+ y+z -I-w]
4 - 4
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xInx +ylny+zlnz+wlnw (.r -I—_','+2.'+1.--|:]l (.r+_j'+z+w]
n

= =
4 . : 4
. o X yezew
X Z W
Yz (L)
- 4
E d
Suppose x = ——,y = —— , z = ——and w = —— Then,
b+c+d c+d+a ad"":"'ﬂ a+b+c g
{ o :li,q.l:ﬁ( b Jr+r.‘+r.' { c j]'“;_”( d ]c+i;l+r
b+et+d c+d+ta d+a+t+h o+ b+ 5 . a
@ b C d 'ii'+f+|’..'+|.'+|'..'+E+I’..'+E+ii'+|:+ii'+|."l
- b+c+d+c+d+n+d+n+b+ﬂ+b+c
= 4
Now,
a b c d a b c d

btc+d ctdta dtatb atbtc S—a S—b S—ciS5-d

Where § = a+ b + ¢ + d then suppose a function g(x) =:: = g"(x) = ';3 = 0 then we can say that the considered

| 5=
function is convex in nature then using Jensen’s Inequality we can say that

{n+b-‘|}—c+n’)

el b c d 4
—
5—a 5-b 5-cT5-a- s_(etbicid)
4
5
e ] c d I 4 .
= = — 1
btc+d ctd+a dtatb atbtco g_S 3
4
So,
a —EI c _d
( i )E-+r+d( b jlr+d+c ( c )d.,.,“a.( d Jr.'+i:-+r 1
- S _— _— ==
b+c+d c+d+a d+a+bh a+b+c 4
5. Problems

Below problems are given to readers for independent study
1. Seein[9]. Let n be positive integer. Show that

E!Fu 1 LﬂLI! = 2F, +Lf"|:—|
2. Seein[10]. For any integer n = 0, show that

2?! +L'E'i" a1
— =1,
2n+1 o
3. Seein[11]. Ifn = 0 and a is the positive root of quadratic equation x~ — x — 1 = () then show that the following inequality

Eafr + Lyats < 2F, a™r
holds. Further, obtain the above inequality using the convexity of a suitable function where the Fibonacci numbers £, and the
Lucas numbers L, satisfy the conditioned
Foon=Fath: [p=0F =1
Lpyz =Lyt iy Lp=20,=1

4. Seein[12]. Leta, b, c be non-negative numbers such that Va + b + Vb +c+ve +a=1
Prove that

I
A=

at+b =<

= (r(52)) = (55

(= N

5. Seein [13]. Prove

X+

" reoro)
for all positive real numbers x and y.
Note: - T'(x}, [y} and T{ﬂ) are gamma function.
6. Seein[14]. Let x,.x.. x, = 0 be real numbers and s = ¥, x;. Prove
n n

Hx,-xf = (n j_ j H{l + x )

=1 ="1

When does equality occur?
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6. Conclusion and Future Scope

As in this article we have deals with two aspects of problems of the Jensen’s inequality one is related to the alternative proofs to
the well-known inequalities and another is related to the problems proposals published in the journals and magazines but there
would also be some space for application of the Jensen’s inequality such as someone can find the applications in proving
convergence and divergence of the infinite series or even in non-elementary integrals, there could be some applications in
physics respectively.
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