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Abstract— In this paper, we generalize the recently discovered relationship between induced gravity and a binary action to
the extent of constructing the cosmological model for the late time cosmic acceleration from the corresponding f(R)
induced gravity model. We have first constructed the action and then derive the field equations by conventional approach.
The derived field equations are then applied to FLRW metric and modified Friedman’s equations are derived.
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I. INTRODUCTION

General Relativity is one of the most successful theories of gravity when it comes to describe the large-scale structure of
our universe. The underlying mathematics is without doubt much more complicated when it comes to solving equations but
they provide exact and promising results. General Relativity also have wide applications in Cosmology and Astrophysics
such as it’s observation of the expanding universe and the presence of dark matter and dark energy.

The discovery of expanding universe and the existence of dark matter and dark energy has triggered a tremendous shift in
our attention and understanding of how universe works. But Einstein’s field equations fail when they are applied to the
early stages of our universe and dark matter and dark energy. It was obvious back then that a new theory of gravity was
needed to describe the current structure of our universe. Many researchers since then have tried to resolve this problem and
alternative model of gravity are discovered which are more generalized than Einstein’s theory of gravity [1]-[4].

One among these modified theories is the f(R) theory of gravity where the Ricci scalar R in Einstein-Hilbert action is
replaced by an arbitrary function f(R) which is a function of the Ricci scalar. This has been so far one of the most
successful theories of modified gravity and have numerous applications in Cosmology.

One another theory of gravity that has been used to study Cosmology is the induced theory of gravity. An induced theory
of gravity using a binary action was first constructed by EI-Nabulsi in 2017 [5]. This theory was then subsequently applied
Cosmology to derive the corresponding modified Friedman’s equations. We will refer to this theory of gravity as binary
induced theory of gravity or simply binary induced gravity. More literature on induced gravity can be found in the
references [7]-[11].

The main aim of this paper is to construct a binary induced f(R) gravity where we try to unify the notion of f(R) gravity
with the binary induced gravity in a single framework. The paper is organized as follows. In section 2, we write the action
and then derive the corresponding field equations. A scalar tensor representation of our derived field equation is also
presented. In section 3, we solve our derived field equations and derive the modified Friedman’s equations.

I1. ACTION AND FIELD EQUATIONS

Consider the action functional of the form [5]

1
S= f J—ELmd*x + log {ea [/ ~gRA"-AG)(J=gR~€) _ b} 2.1)

where a, b are any real constants, L, is the Lagrangian for matter field, k = 8nG and A(x) is the Lagrange’s multiplier
introduced by forcing the constraint (-g)*? R = €. Where € is any constant real or imaginary. This constraint was
introduced so that it results in an action which is invariant under the full diffeomorphism. Variation of the action 2.1 yields
the following induced gravity field equation:
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1 2aK’e?€Vs (2.2)

Ry ERguv = mTuv

where «’ is such that 1/ x’ = 1/ k-2A and V, is the proper volume defined by

V4 = J-\/—_gd4X (23)
which is constant. In the presence of the cosmological constant Eqn. (2.2) becomes

2aK’e*V* (2.4)

1
RMV - ERguv + Agu\/ = mﬂw.

We now introduce the corresponding f(R) gravity action that would give us the field equations for the binary induced f(R)
gravity. Since in f(R) theory of gravity, we replace Ricci scalar R it an arbitrary function f(R) of Ricci scalar, then consider
action functional of the form

1
S = j [—gLd*x + log { 0@ [ 7/ BRI d*x -2 (=gf(R)—€) _ b} (2.5)

where A(x) is the Lagrange’s multiplier introduced by forcing the constraint (-9)Y? f(R) = €. In our formalism, we can write
the variation of our action S with respect to the metric tensor as
ds 8S 55 dS; &S dS, (2.6)

dghv - Sghv 831 dghv + Edg“"
= f V—8Lmd*x @.7)
1 .
52 = J Fo /B R d*x =200 (V—gf(R) — €). 2.8)

Since S is independent of the metric tensor, We can set the first term in Eqn. (2.6) equal to zero. This gives

ds &S \
dgh ~ 8, (f 2K5gw‘/_ gf(R)d™x — 5 wMX)(‘/_ f(R)_E)) (2.9)
652 f&g“" \/_L d'x )

where

Solving for the variation yields

, f(R) )
dguv = _\/_f <_ —= 2 (f (R)Ruv - Tguv - [Vuvv - guvvpvp]f (R)> (2.10)

6S
+ Z[VHV\, — ngpVP]M (R) — ETHV> 1/—gd‘l'X.

Applying V* to the above equation yields RV“(M’(R)) = 0. Therefore, as long as R # 0, Af'(R) is a constant. Thus, using
the fact that

ﬁ _q (2.11)
88,
and
8S 202 [ /-&f(R)d*x 2203€Va (2.12)

8S,  ealJgf®d'x _1, Vs — b

we get the following field equation:
, f(R) ol 2aK’ed<Vs (2.13)
f (R)Rp.v - Tguv - [Vp.vv - gp.vvpv ]f (R) = mTuv
where V, is the proper volume defined by dV, = ,/—gd*x. To write the equation in a simpler form, we introduce the
following operator:
Py =Y,V — gV, V. (2.14)

The field equation then takes the form
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, f(R) S 2ak’e?€Vs (2.15)
f (R)Ruv - Tguv - Puvf (R) = mTuv-

Adding and subtracting the term f'(R)g,, R/2 from the above equation yields

q 1 2ak’e?Vs (2.16)
Gy + Glg™ = o —o T
uv uv f’(R) eaeVy —_p M

where G,,, is the Einstein’s tensor defined by

1 2.17
Guv = Ruv - ERguv ( )
and
1 (1, -, (2.18)
G5 = i G 1 COR — Bl — Bk (RO}

If we want to write field equations of f(R) induced gravity into a scalar-tensor representation, then we need to introduce the
following Legendre transformation

{Rf} ={,V} (2.19)
defined as
¢ =f'(R), V($) = R(MF R) — f(R()). (2.20)
Field equation 2.16 then can be rewritten as
1 1 2ax’e?€V4 (2.21)
Ruv - ERguv = $m uv + euv

where

) 1 2.22
Oy = _Ev(d))guv + o (Vuvv - guVVpr)(b- o

Using the new variables, the trace of the above equation can be written as

dv  2aK’e*Vs (2.23)
(P@ T eatVy _p
We could write the right-hand side of the above equation in another form by taking into account the assumption that our
universe is an expanding sphere. Since \/—g = a2(t),

3V, VP + 2V(d) —

Leo

t
V, =J /—gd4x=J 4Ttr2drjdt= 32mLt/3
0

0

(2.24)

where L, represents the maximum scale in the universe taken as the universe scale L, = r* where r* represents the
physical radius of the null hypersurface. Thus
23K’ e2€Va 23K1e32aenL§ot/3 (2.25)

eaVy _p e32aenlit/3 _
I1l. LATE TIME COSMIC ACCELERATION

Consider the FLRW metric:

dr? 3.1
ds? = —dt? + a%(t) [1 —rkrz +r?(d6? + sin® 8 dq)z)] G
Eqn. (2.13) for the above metric gives
5 (2 21 fR) — RE'(RY] — 3 () e (R)) = 2aK’ eV 32
(5) _f'(R){E[( )~ RER) = (5) ( )}_ Vs —b"
and
(a) P {é RE"(R) + RE'(R) + R2F"/(R) —  [£(R) RE (R} = AW o+ 3p) (33)
a/  2f'(R)la 3 = T3eaevs _p P TP
where we have taken into account the perfect fluid description for matter given by
Ty = diag(—p(t)c?, p(v), p(t), p(V))- (34)
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Here, p denotes the usual mass density of the cosmic fluid and p denotes thermodynamical pressure. Eqn. (3.2) and (3.3)
can also be written into the form

a\? 2 ak'e?Vs (3.2)
(a) = 3 e, —p P TP©)
and
a ax’ed€Vs (3.3)
(5) - —m(p +p +3(p + p(c)))
where p(y and p(, are defined as
e@Va _p (1 , ay ., (3.4)
P = m{z [f(R) = Rf'(R)] -3 (5) Rf (R)}
and
e -b g (3.5)

Y £11 D £ 2611 1 4
P = gmceeng 5 V(R + RER) + RF(R) = S [FR) — RFCROI)

Consider Eqn. (3.3), in the absence of matter i.e. p = p = 0, wean obtain the late time cosmic acceleration if p(., +
3p() < 0is for any value of f(R). Upon further examination, one can notice that the value of the parameters weg and o are
same as those in the standard f(R) gravity [6] i.e. For the particular choice of f(R) « R™ and a(t) = ay(t/ty)*, we get

—6n?—7n-—1 (3.6)
el = g7 _ony3 "7 1
and
3 —2n®+3n-—1. 3.7

a= n—2

For the suitable choice of n for which w.¢ < —1/3, we achieve the late time cosmic acceleration.
IVV. CONCLUSION

In this paper, we have constructed a f(R) gravity model of the induced gravity corresponding to a binary action of the form
S =S, + log{e?*2 — b}. The corresponding field equations are derived from a conventional variational approach and a
scalar-tensor representation of our derived field equations is also presented. We then solve the field equations by applying
it to FLRW metric and using this modified Friedman’s equations are derived. We have concluded that the value of ws and
a coincides with the value of the standard f(R) cosmology. Thus, the present formalism can also be taken into account
while studying cosmology and with the presence of extra new terms coupled to the energy momentum, it will give us a
more precise understanding of the corresponding cosmological applications. These cosmological applications are under
progress and will be presented in another paper.
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