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Abstract— This paper investigates a spatially homogeneous and anisotropic Bianchi type-VIo universe with a string of clouds in 

the framework of ( , )f R T
 
gravitational theory. The field equations were found by considering the proportionality of the 

expansion scalar θ and the shear scalar σ. Some cosmologically crucial physical and kinematical characteristics of the model are 

determined, and their geometric relevance is addressed.  
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1. Introduction  
 

The universe appears to be expanding at an accelerating rate, 

according to recent observations of high redshift supernovae 

type-Ia [1-4], although the FRW model indicates the opposite. 

This acceleration can be explained by two alternative 

methods. The first suggests that dark energy is the cause of 

this acceleration. An alternative strategy is to modify the 

gravitational theory. Numerous modified gravity theories 

have recently been devised to explain the existence of dark 

energy and dark matter, as well as the process driving the 

universe's late-time acceleration.  
 

Harko et al. [5] established a modified gravitational 

theory called as ),( TRf  gravity. Many physicists have been 

interested in this concept because it appears to serve as a 

gravitational equivalent to dark energy. In ),( TRf  

gravitational theory, Adhav [6], Sharif and Zubair [7], and 

Mahanta [8] investigated the Bianchi type-I cosmic model. 

Naidu et al. [9], Ahmed & Pradhan [10], and Pawar & Dabre 

[11] explored the Bianchi type-V model within the context of 

),( TRf  gravity. In ),( TRf  gravity, Shaikh and Bhoyar [12] 

explored plane symmetric universes. Based on the prior 

investigations, ),( TRf theory appears to be a more feasible 

explanation for the universe's accelerating phase. 

 

Researcher’s curiosity about anisotropic cosmological models 

has developed in response to anomalies discovered in large-

scale structural investigations and the cosmic microwave 

background (CMB). The significance of Bianchi models lies 

in their homogeneity and anisotropy, which allow for the 

study of the universe's isotropization process across time. 

According to Barrow [13], Bianchi type- VI0 cosmological 

models are isotropic in certain situations and provide greater 

clarity for some cosmic challenges, like primordial helium 

abundance. Krori et al. [14] studied massive string cosmic 

models for Bianchi type- VI0 metric. Several exact solutions 

for Bianchi type- VI0 model regardless of a magnetic field 

have been studied by Tikekar and Patel [15]. Bali et al. have 

explored LRS Bianchi type- VI0 metric with a unique free 

gravitational field [16]. Given the growing interest among 

cosmologists, we propose examining cosmic evolution within 

the boundaries of Bianchi type- VI0 space-time. 
 

By characterizing the initial stages of the universe in the form 

of vibrating strings rather than particles, the concept of strings 

integrates all matter and forces together in a unified 

conceptual paradigm. There seems to be an increase of 

curiosity in studying string fluid cosmological models since 

they combine all of the basic physics principles and the 

development of the initial universe. Cosmological string-

fluids could provide a promising explanation for a variety of 

cosmological occurrences in the study of the universe's 

evolution.  
 

In the framework of general relativity, Mahanta and 

Mukharjee [17], Bhattacharjee and Baruah [18], investigated 

numerous features of cosmic strings. Letelier [19] developed 

a universe model in general relativity utilizing string-fluid. 

Maurya et al. [20] examined transit string dark energy models 

in ),( TRf  gravity. Zia et al. [21] investigated a modified 

),( TRf  gravity model with a variable equation of state based 
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on strings. The acceleration of the Bianchi type-III perfect 

fluid string model in ),( TRf  gravity context was 

investigated by [22] Rani et al. By using the hybrid expansion 

law, Ram and Chandel [23] investigated the behavior of a 

magnetized string model. Rani et al. [22] examined the 

acceleration of the Bianchi type-III perfect fluid string 

cosmological model within the framework of ),( TRf  

gravity. Assuming the hybrid expansion law, Ram and 

Chandel [23] investigated the behavior of a magnetized string 

universe. A large string magnetized barotropic perfect fluid 

cosmic model in general relativity was studied by Bali et al. 

[24] using the Bianchi type-I metric. In the )(Tf  gravity 

domain, Pawar et al. [25] investigated perfect fluid string 

cosmic models and found consistent results to the field 

equations. Pradhan et al. [26] studied the string of clouds in 

the context of perfect fluid and declining vacuum energy 

density. The inhomogeneous Bianchi type-I cosmological 

model for stiff perfect fluid distribution was studied by 

Tripathi et al. [27]. Again, Pawar et al. [28,29] vigorously 

investigated string cosmological models coupled with zero 

mass scalar field as well as bulk viscous fluid in the context 

of f(T) & f(R) gravities. 

 

Influenced by the foregoing discussion, we examined a 

spatially homogeneous as well as anisotropic Bianchi type-

VIo space-time with cosmic string in reference to ),( TRf  

gravity theory. This research primary goal is to investigate 

this Bianchi type-VIo model in ),( TRf modified gravity, 

considering the different concerns about the late time cosmic 

acceleration in the cosmic string presence. The following is 

the paper's outline: Section 2 presents the methods and a 

quick overview of ),( TRf gravity. We have derived field 

equations in section 3. Section 4 included some physical and 

kinematical parameters in the physical interest of cosmology 

as well as field equation solutions. Finally, we provided a 

summary of the findings in section 5. 

 

2. Methodology and Brief Review of f(R,T) 

Gravity 
 

The ),( TRf
 
gravity theory is a modification or extension of 

Einstein's General Theory of Relativity presented by Harko et 

al. [5]. This theory's field equations have been derived from 

the Hilbert variational principle of Einstein and are provided 

by  

4 41
( , ) ,

2
mS f R T g d x L g d x

k
                (1)                                      

where ( , )f R T
 
is an arbitrary function of the Ricci scalar R, 

the trace T of the stress-energy tensor of the matter ijT  and 

mL  is the matter Lagrangian density. For matter, the stress-

energy tensor ijT  is defined as 

( )2
,m

ij ij

g L
T

g g






 


            (2)                                                           

and its trace given by 
i j

i j i jT g T . Assuming that the 

Lagrangian density of matter mL
 
is only dependent on the 

components of the metric tensor
ijg  instead of its derivative, 

(2) results in 

  

( )
2 .m

ij i j m ij

L
T g L

g


 


                                                       (3) 

The field equations of ( , )f R T
 
gravity theory are produced 

by varying the action S in (1) with regard to the metric tensor 

components
i jg is given by     
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the covariant derivatives. 

 The contraction of (4) yields 

 , 3 ( , ) 2 ( , ) (8 ( , )) ( , )R j R T T j

if R T R f R T f R T f R T T f R T
i

        ,  (5) 

with .ij
ijg  Eliminating ( , )j R

i f R T   from (4) and (5) 

we get, 
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Using relation 
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
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T
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


  is 

obtained as  
2

2 2 .lm m
ij ij ij m ij lm

L
T g L g

g g


    

 
                          (8) 

We assume that stress energy tensor of matter is given by  

( p)u ,ij i j ijT u pg                                     (9)                                               

and the matter Lagrangian can be taken as ML p   and we 

have 1i
iu u  , and 0.i

j iu u  Using (8) we have obtained 

the expression for the variation of stress energy as 

2 .ij ij ijT pg                                                           (10) 

The cosmological implications of the model put forth by 

Harko et al., [5] are examined in this work by taking  
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 ( , ) 2 ,f R T R f T                                              (11) 

where )( Tf  is an arbitrary function of the trace of the stress-

energy tensor of matter. 

Combining (10) and (11) the field equation of ( , )f R T gravity 

from (4) leads to 

     
1

8 2 2 .
2

ij ij ij ij ijR Rg T f T T pf T f T g            (12)  

                                        

here the differentiation with regard to cosmic time t is 

indicated by the overhead prime. 

 

4. Metric and Field Equations 
 

We consider Bianchi type-VI0 metric as 

   
2 2 2 2 2 2 2 2 2 2,x xds dt A dx B e dy C e dz                      (13)  

                       

where, the scale factors ,A B and C are functions of cosmic 

time t only. 

We consider the energy momentum tensor for cosmic strings 

as 

  jijiij xxuuT                                              (14)  

                                                       

where   is the energy density of the string cloud and λ is the 

string tension density. Here we consider the string cloud 

source along the x-axis, which is the axis of symmetry, an 

ortho-normalization of i
u  and i

x is the given by 

1ij i j i jg u u x x    and 0i iu x                           (15)   

         .p                                                                     (16) 

 

where p  being the rest energy of particles attached to the 

strings. As pointed out by Letelier [19], λ may be positive or 

negative.  

The energy condition leads to 0   and 0p  , leaving 

the sign of  unrestricted.  

By choosing the function given by Harko et al., [5] as                                             

 ( ) ,f T T                                                             (17)  

                                                                       

where   is a constant.  

Now assuming the co-moving coordinate system, we obtained 

the field equations for Bianchi type-VI0 space-time (13), from 

(12) in the framework of ( , )f R T  gravity as 
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. .

0
B C

B C
  ,                                                                    (22) 

where the overhead dot (.) denotes the derivative with respect 

to cosmic time t . Here we have five highly non-linear 

differential field equations with six unknowns namely: 

, , , ,A B C p  and  . 

 

5. Solutions of Field Equations 
 

Now, we take into account the average scale factor a  and 

spatial volume V as 
33 ,    .a ABC V a               (23)                                                       

From (22) we get   

,B C                                                                          (24) 

 

where is an integrating constant but without loss of 

generality we consider 1  .  

Now, using (24) and subtracting (19) from (18) we get 

 
2

2 2

.. .. . .
2

8 2
A B AB B

A B AB A B
                       (25)  

                                      

Similarly, using (24) and subtracting (21) from (20) we get 

 
2

2

.. .. . .

8 2
A B AB B

A B AB B
       .       (26) 

 

For the deterministic solutions, we consider the expansion 

scalar is proportional to the shear scalar   which lead to 

the analytic relation 

       
nB A .                                                        (27) 

Now we consider hybrid scale factor  

 
teta  ,                                                           (28)                     

where   and   are positive constants.     

From (23), (24), (27) & (28) we get  
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Thus metric (13) becomes  
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Now, we find some kinematical space-time quantities of 

physical interest in cosmology, defined and obtained as  

Spatial volume is defined and obtained as  
tettaV  333 )(                (31) 

The mean Hubble parameter, which expresses the volumetric 

expansion rate of the universe, is  

t

t
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The expression for the expansion scalar  , which deals with 

the expansion of the universe, is obtained as 
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 Figure 1. Behaviour of Volume & Hubble’s Parameter Vs. time for 

2.1,2    

Figure 2. Behaviour of Deceleration Parameter Vs. time for 

2.1,2    

 

The rate of expansion of the universe is evaluated by 

anisotropy parameter, which is given by 
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Shear scalar is  
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The deceleration parameter q  is known to be a measure of 

cosmic acceleration is obtained as 

 
 

   22
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
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tt

t
q   .               (36) 

 

According to the results above, the volume increases 

exponentially (Figure 1) and does not have an initial 

singularity. Figure 1 also illustrates that Hubble's parameter is 

a decreasing function of cosmic time indicating that the 

model in equation (30) is expanding in nature, with a 

significant initial expansion rate that decreases with time. The 

behaviour of deceleration parameter have been addressed in 

Figure 2 from which it is been observed that the deceleration 

parameter decreases monotonically with increase in cosmic 

time, eventually approaching  1 when t  , indicating an 

accelerated cosmic evolution that is consistent with recent 

observational findings. From expression (34), the mean 

anisotropy parameter is constant throughout the expansion 

and hence the model does not approaches isotropy throughout 

the whole cosmic evolution.         Furthermore, expression (35) 

states that the model holds shear throughout the evolution.                    

From (26), we have obtained the energy density as 
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       (37)                                        

From (25), we have obtained the tension density as
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   (38)                                      

 

From (16), (37) & (38), the particle density is obtained as 

         
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
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(39)                          

 

Figure 3 represents the behaviour of energy, tension & 

particle density with increasing cosmic time. It is been 

observed that the energy density immediately drops at first 

and then gradually slows down over time. Furthermore, the 

physical behavior of the tension density demonstrates that it 

rises sharply within a range (t ∈ [0, 1]) from negative to 

positive, then gradually decreases and becomes constant 

(closed to zero). The particle density, on the other hand, 

rigorously decreases in a range (t ∈ [0, 1]), gradually 

increases subsequently, and eventually remains constant (near 

to zero). In the beginning when 0  and 0p  the universe 

is said to have particle-dominated phase but later on, not only 

is the emergence of strings seen, but the universe is also 

observed to be string-dominated. These observations are 

supported with [30]. 
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Figure 3. Behaviour of Energy, Tension & Particle 

     Density Vs. time for 3,5.1,2.1,2  n  

 
Figure 4. Behaviour of Statefinder Parameter for 

3,5.1,2.1,2  n
 

 

Diagnostic Statefinder Parameters:  

The statefinder parameters  ,r s
 
proposed by Sahni et al. 

[27] are useful in identifying different forms of dark energy. 

The primary goal of statefinder parameters is to differentiate 

between several DE models that are put forth from time to 

time in modern cosmology. For different DE models, the 

different sets of values of the pair are mentioned below:  
 For  CDM  model: (r = 1, s = 0), 

 For  SCDM model: (r = 1, s = 1), 

 For  HDE model: (r = 1, s = 2/3), 

 For  CG  model: (r > 1, s < 0), 

 For Quintessence model: (r < 1, s > 0). 

 

The pair of statefinder parameters {r, s} are obtained as 

follows: 

 
     

 

2 2 2

3 3

...
3 3 3 3 2

,
t t ta

r
aH t

       

 
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 


     (40)                            

 

   
2

3 3 21 2
.

1 3 3 23
2

tr
s

t tq

  

    

 
 

     
 

                (41)                              

 

Fig. 4 depicts the variation of statefinder parameter s versus r 

for appropriate choice of constants. It is observed that the 

parameter s > 0 and the parameter r < 1 throughout the 

evolution of the universe. Hence, from the discussed 

observations it is been confirmed that the model so derived 

here is the Quintessence model. 

 

6. Conclusion  
 

In this study, we have presented the Bianchi type-VI0 space-

time with cosmic string in the context of ),( TRf  gravity. 

The derived model lacks the existence of an initial singularity 

and exhibits the behavior consistent with present universe, 

which is expanding and accelerating at the same time, and is 

in line with recent observations. Furthermore, the anisotropic 

nature of the model is noted. As cosmic time increases, the 

energy density decreases. The tension density rises sharply 

within a range (t ∈ [0, 1]) and then gradually decreases to 

attain constant. However, the particle density strictly drops 

within a range (t ∈ [0, 1]), increases gradually thereafter, and 

eventually remains constant (closed to zero) in negative. 

Furthermore, it is observed that, in the beginning when 0 

and 0p  the universe is said to have particle-dominated 

phase but later on, not only is the emergence of strings seen, 

but the universe is also observed to be string-dominated. 

These observations are supported with [29,30]. 
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