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Abstract: In this paper, an impulsive response of a lightly damped harmonic oscillator is obtained by solving its equation of
motion by the convolution method. Generally, it has been obtained typically. Convolution method provides an easy approach
towards obtaining the impulsive response of a lightly damped harmonic oscillator. This paper brings up the convolution
method as an easy and effective approach for obtaining the impulsive response of a lightly damped harmonic oscillator and
presents a new technological approach to solve the Ordinary differential equations. We extend this method to obtain the
response of an overdamped oscillator. It provides a powerful mathematical tool and reveals that the convolution method is
effective and simple.
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I.  INTRODUCTION complex. The Laplace Transformations of some Elementary
Functions are given below
The energy of an oscillator in the simple harmonic L{y=1, g>0
oscillations which hold for an unlimited time without the q

reduction of amplitude, remains constant throughout the

L{y™} = q:—il, q > 0,wheren=0,1,2,......

motion. In actual practice, the oscillator is subjected to the . L {sincy} = < qg>0

frictional forces arising from the viscosity of the medium or q2+;2

from within the system itself which leads to the continuous o Licosey} =5, ¢>0

reduction of energy with time. Such a mechanism in which e L{5®)}=1,

the energy of the oscillator reduces due to the frictional where 8(t)is a Dirac delta function.

forces is called damping and the oscillations of such an

oscillator are called damped oscillations. However, when the A. Laplace Transformation of Derivative of a
damping force is small, it does not have any significant function

effect on the undamped oscillations of the oscillator. In such
a case, the frictional forces acting on the oscillator depends The Laplace transform of derivative of a function g(y) is
directly only on the velocity of the oscillator [1]. We will given by @

discuss the theory of a lightly damped harmonic oscillator by o

convolution method to obtain its impulsive response and L {g'(»)} =f e” g'(y)dy

also extend this method to obtain the impulsive response of

0
an overdamped oscillator. Integrating by parts, we get

Lgo} =
1. LAPLACE TRANSFORMATION [0—g(0)] - f,” —qe~® g(y)dy,

The Laplace transform @ of a function g(y), where y > 0, is or L{g'(y)}=

defined asL{g(y)} =G(q) = f0°° e % g(y)dy, provided —g(0) + qJ' e~ g(y)dy

that the integral exists, where L is the Laplace transform 0

operator and qisthe parameter which may be a real or  or L{g’(»)} = qL{g(y)} —g(0)
or L{g'} = qG(q) —g(0).
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Since L {g'(v)} = qL{g(y)} — g(0), therefore,
L{g"(»)} =qL{g’ )} —g'(0)

or L{g"()}=q{ql{g(y)}—-g(0)} - g'(0)

or L{g"(»}=q*L{g(»)} —qg(0) - g'(0)

or L{g"(»}=q*G(q) —qg(0) — g'(0), and so on.

B. Inverse Laplace Transformation
The inverse Laplace transform 2 of the function G(q) is
denoted by L™[G(q)] or g(y). If we write L [g(y)] = G(q),
then LY[G(q)] = g(y), where L™ is called the inverse

Laplace transform operator. The Inverse Laplace
Transformations of some functions are written as

. L{}=1

- 1

o L_i{@} = fcy

e L {m}: -sincy

o L‘l{qzzcz} =coscy

o L‘l{qzicz} = cos hcy

111. CONVOLUTION AND CONVOLUTION
THEOREM

The convolution of two functions ¢ (y) and @(y) which are
defined and piecewise continuous in [0, ), is denoted by
(p *®)(y) and is defined as © (@ *D)(¥)
= [/ @) @(y — 1) dr, where y > 0. If the functions
¢(y) and @(y) are of exponential order, then the Laplace
transform of [(¢ * @)(y)] is given by

L (@ x0)N] = tle®) 1LIO0W] = ¢(q) 8(q),
where @(q) and ©(q) are Laplace transforms of
o(y)and @(y) and % is Laplace transform operator.
Therefore, the inverse Laplace transform of [ $(q) @(q)] i.e.
L7 o@ o@)] =[(¢ D ¥

Proof of convolution theorem

We can write

LloWM 1L[0WN] = o(q) 8(q)

or Ll L[o()] =
e p(r)dr [ e~ ¢(8)ds

or kLo 1L[0G)] = f f e~ +9) (1) 0(8)dr db
00

or Lo 1L[0G)] = f o(rdr f e 1+D)g(5)ds
0 0

Let us put r + § =y, where r is fixed, then § =y —r and the
value of y vary from r to oo.
Hence we write

Lo 1E[8(0] = @(@) 8(e) =
Jo e@dr [~ e~ d(y —r)dy.
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On changing the order of integration, we can write the order
of integrationas 0 <y < o and 0 < r < y. Therefore,

Lo L[ 0] = @(q) B(q) =
Jy e dr [ p(r)@(y — r)dr

ortloM L[OM)] = [" e[ [ 9Oy — r)dr] dy

oroot[ o) Lo 1=
fo e[ (¢ «B)¥) Idy

ort[ () JL[6(] =L (¢ *D)(Y)]
Hence we can write

@ 8@ =t (p *D()]
IV. FORMULATION

The differential equation of damped harmonic oscillator
subjected to the impulsive force is given by [

%) + 2a9() + w? gy ) =f () .... (1), where f (t) = y
4(t), with y constant representing the change in momentum
per unit mass, is an impulsive force acting for a very short
time. &(t) is a Dirac delta function (impulse) and y is its
strength. The dimensions of y are same as that of velocity.
2a = i represents the damping constant per unit mass, w =

\/% represents the natural frequency of the oscillator. For a

lightly damped harmonic oscillator, a < w.

To obtain the impulsive response of a lightly damped
harmonic oscillator, we first write the initial boundary
conditions as follows:

(i) If we measure the time from the instant when
the oscillator is crossing its mean position, then
att=0, ¢ (0)=0.

(i) Also, at the instant t = 0" (i.e. just after
applying the impulsive force), we assume that
the velocity of the oscillator is maximum
i.e.g (07) = v,.

The Laplace transform of equation (1) provides

7*%(@) - qy(0) — 4 (0) + 2a{q #(q)-¢(0)} +

w? 4@ =7y..(2)

Here 4(q) denotes the Laplace transform of 4 (t).
Applying boundary conditions ¢(0) = 0 and ¢ (0) = v, ,
equation (2) becomes,

°4@Q) —vo + 2a{q (@} + @* 4(q) =y

Or [¢*+ 2aq+ @?] 4(q) = v+,

7(q) = — Y*v%
Or ’y»(Q) - qz + 2aq+ w2
Org(q) = e
%@ = o ey
_ Y+vo
r —
Or 4(q) (q+a+ivw?-a?) (q+a-ivw2—a?)

....... (3)
For convenience, let us substitute
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B=a+iVw?—a?and B, =
a — iVw? — a? suchthat g, —B, = 2ivw? — a? , then
equation (3) can be rewritten as

— _ Y+ v
7@ = Ton @+

LetF(q)—Hﬁ)andG(q)—(q+ﬁ) .

Laplace transforms of these functions are given by f (t) =
e Pt and g (t) =e P2t

Therefore, equation (4) can be rewritten as

(@ =+ vo) [F(@xG(@)]...... (5)
Taking inverse Laplace transform of equation (5), we can
write

$()= (v + vo)L ' [F (@ xG (@) ] .- ()
Now applying convolution theorem, we can write

L?F@xG(@]=(*0) (1)
= [} fg(t — 1) dr
= fofe—ﬁlr e~ B2(t=D gz
=g P2t fote(ﬁz—ﬁl)f dr
[e(B2=B1t_q]

(B2—B1)

, then the inverse

= e—ﬁzf

Using equation (7) in (6), we get
©= (1 + v) =0

$lo= 0 (B2—B1)

To find y, applying condition

4 (0) = v, and solving, we get

y=0......(9)

Using equation (9) in (8), we get
(t)_ [e~P1t— =Pzt

Y= Yo T Th

-iVw2-a2t_

ivw2—a2
eV at]

- 2iJw?-a?

—i wz—azt]

Or¢4(t)= vye @t le
. [el w2-a?t_,

2iyw2-a?
sm\/cu2 —a’t....(10)

Ory(t)= vye @

Ory(t)= W

This equation (10) provides the impulsive response of a lightly
damped harmonic oscillator and reveals that it is independent on
the strength of the impulsive force. Also, the motion of lightly
damped oscillator is oscillatory and the amplitude of oscillations is
not constant but decreases with time exponentially.

Extension of convolution method to the overdamped oscillator
For an overdamped oscillator, a > w, therefore, replacing

Vw? — a? by iva? — w? in equation (10), the
displacement of an overdamped damped oscillator is given
by

y3(t)= \/—smL\/az —w?t

Or 4(t)= v"e < (Isml\/az—w t)
smh\/az—w t...(12)

Or /y'(t): m
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This equation (11) provides the impulsive response of an
overdamped harmonic oscillator and reveals that the motion
of overdamped oscillator is non-oscillatory or aperiodic.

V. CONCLUSION

In this paper, we successfully obtained the impulsive response of a

lightly damped harmonic oscillator by solving its equation of
motion by convolution method and made an attempt to exemplify
the convolution method for discussing the theory of a lightly
damped harmonic oscillator. We have extended this method to an
overdamped oscillator and obtained its response successfully. A
new and different method is exploited to solve ordinary differential
equations by convolution method.
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