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Abstract: In this paper, an impulsive response of a lightly damped harmonic oscillator is obtained by solving its equation of 

motion by the convolution method. Generally, it has been obtained typically. Convolution method provides an easy approach 

towards obtaining the impulsive response of a lightly damped harmonic oscillator. This paper brings up the convolution 

method as an easy and effective approach for obtaining the impulsive response of a lightly damped harmonic oscillator and 

presents a new technological approach to solve the Ordinary differential equations. We extend this method to obtain the 

response of an overdamped oscillator. It provides a powerful mathematical tool and reveals that the convolution method is 

effective and simple.  
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I. INTRODUCTION 

 

The energy of an oscillator in the simple harmonic 

oscillations which hold for an unlimited time without the 

reduction of amplitude, remains constant throughout the 

motion. In actual practice, the oscillator is subjected to the 

frictional forces arising from the viscosity of the medium or 

from within the system itself which leads to the continuous 

reduction of energy with time. Such a mechanism in which 

the energy of the oscillator reduces due to the frictional 

forces is called damping and the oscillations of such an 

oscillator are called damped oscillations. However, when the 

damping force is small, it does not have any significant 

effect on the undamped oscillations of the oscillator. In such 

a case, the frictional forces acting on the oscillator depends 

directly only on the velocity of the oscillator [1]. We will 

discuss the theory of a lightly damped harmonic oscillator by 

convolution method to obtain its impulsive response and 

also extend this method to obtain the impulsive response of 

an overdamped oscillator. 

 

II. LAPLACE TRANSFORMATION  

 

The Laplace transform 
[2]

 of a function g(y), where y ≥ 0, is 

defined as                ∫     
 

 
      , provided 

that the integral exists, where L is the Laplace transform 

operator and      the parameter which may be a real or 

complex. The Laplace Transformations of some Elementary 

Functions are given below  

          
 

 
         

          
  

    
      ,                    

             
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              , 

where                                 
 

A. Laplace Transformation of Derivative of a 

function 

 

The Laplace transform of derivative of a function g(y) is 

given by 
[2]

                                    

          ∫     
 

 

        

Integrating by parts, we get 

             

     [      ]  ∫       
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                      ∫     
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Since                          therefore, 

                           
                                        
                                      
                                  , and so on. 

 

B. Inverse Laplace Transformation 

The inverse Laplace transform 
[2]

 of the function      is 

denoted by L
-1

[    ] or g(y). If we write L [g(y)] =     , 
then L

-1
[    ] = g(y), where L

-1
 is called the inverse 

Laplace transform operator. The Inverse Laplace 

Transformations of some functions are written as  

 L
-1

{
 

 
} = 1 

 L
-1

{
 

     
} =     

 L
-1
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 L
-1
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} =       
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-1

{
 

     
} =        

 

III. CONVOLUTION AND CONVOLUTION 

THEOREM 

 

The convolution of two functions      and      which are 

defined and piecewise continuous in  [    , is denoted by 

(          and is defined as 
[3]         

(          

=  ∫            
 

 
   , where     0. If the functions 

     and       are of exponential order, then the Laplace 

transform of [(        ] is given by 

  [          ]     [      ]  [     ]    ̅     ̅   , 
where   ̅                ̅    are Laplace transforms of 

     and      and   is Laplace transform operator. 

Therefore, the inverse Laplace transform of [  ̅     ̅   ] i.e. 

   [  ̅     ̅   ]   [          ]. 
Proof of convolution theorem 

We can write 

      [      ]  [     ]    ̅     ̅    
 

          [      ]  [     ]    

 ∫     
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Let us put   +   =  , where   is fixed, then    =   –   and the 

value of   vary from    to   . 

Hence we write 

 [      ]  [     ]    ̅     ̅     

∫       
 

 
∫             
 

 
. 

On changing the order of integration, we can write the order 

of integration as       and        . Therefore,  

 [      ]  [     ]    ̅     ̅     

∫       
 

 
∫             
 

 
 

 

    [      ]  [     ]   ∫     [
 

 
∫             ]
 

 
   

 

    [      ]  [      ]= 

∫     [
 

 

          ]   

    [      ]  [     ] =  [          ] 
Hence we can write 

 ̅     ̅     [          ] 
 

IV. FORMULATION 

 

The differential equation of damped harmonic oscillator 

subjected to the impulsive force is given by 
[4]

 

 ̈         ̇            = f (t) …. (1), where f (t) =    

    , with   constant representing the change in momentum 

per unit mass, is an impulsive force acting for a very short 

time.       is a Dirac delta function (impulse) and   is its 

strength. The dimensions of   are same as that of velocity  

   
 

 
 represents the damping constant per unit mass,    

√
 

 
  represents the natural frequency of the oscillator. For a 

lightly damped harmonic oscillator        
To obtain the impulsive response of a lightly damped 

harmonic oscillator, we first write the initial boundary 

conditions as follows: 

(i) If we measure the time from the instant when 

the oscillator is crossing its mean position, then 

at t = 0,      (0) = 0. 

(ii) Also, at the instant t = 0
+
 (i.e. just after 

applying the impulsive force), we assume that 

the velocity of the oscillator is maximum 

i.e.   ̇        . 

The Laplace transform of equation (1) provides 

   ̅    –            ̇          {   ̅   –    }  

     ̅      =   ... (2) 

Here  ̅(q) denotes the Laplace transform of       
Applying boundary conditions         and    ̇        , 

equation (2) becomes, 

    ̅(q)                ̅          ̅      =     
Or   [               ]   ̅      =         

Or     ̅     
     

               
 

Or  ̅     
     

           √        
 

Or  ̅     
     

      √              √      
           

                                                   ……. (3) 

For convenience, let us substitute 
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       √             

   √                           √       , then 

equation (3) can be rewritten as 

 ̅     
     

              
 …….. (4) 

Let F (q) = 
 

        
 and G (q) = 

 

       
   , then the inverse 

Laplace transforms of these functions are given by f (t) = 

        and g (t) =       . 
Therefore, equation (4) can be rewritten as  

 ̅    = (     ) [              ]…… (5) 

Taking inverse Laplace transform of equation (5), we can 

write 

    =  (     )   [              ] .. (6) 

Now applying convolution theorem, we can write  

   [              ] = (f * g) (t)  

= ∫           
 

 
    

= ∫                    
 

 
    

=       ∫             
 

 
    

=      
[            ]

         
 

                                                  = 
[             ]

         
 ………. (7) 

Using equation (7) in (6), we get 

    =  (     ) 
[             ]

         
 …….. (8) 

To find   , applying condition 

  ̇                           
            
Using equation (9) in (8), we get    

    =      
[             ]

         
 

Or     =       
    [ 

  √           
√      ]

    √     
 

Or     =       
    [ 

 √            
√      ]

   √     
 

Or     =   
    

    

 √     
    √        …. (10) 

 
This equation (10) provides the impulsive response of a lightly 

damped harmonic oscillator and reveals that it is independent on 

the strength of the impulsive force. Also, the motion of lightly 

damped oscillator is oscillatory and the amplitude of oscillations is 

not constant but decreases with time exponentially.  

 

Extension of convolution method to the overdamped oscillator  

For an overdamped oscillator,       therefore, replacing 

√       by    √      in equation (10), the 

displacement of an overdamped damped oscillator is given 

by 

    =   
    

    

  √     
      √        

Or     =   
    

    

 √     
 (-i      √       ) 

Or     =  
    

    

√     
     √        .... (11) 

This equation (11) provides the impulsive response of an 

overdamped harmonic oscillator and reveals that the motion 

of overdamped oscillator is non-oscillatory or aperiodic.  
 

V. CONCLUSION 

 

 In this paper, we successfully obtained the impulsive response of a 

lightly damped harmonic oscillator by solving its equation of 

motion by convolution method and made an attempt to exemplify 

the convolution method for discussing the theory of a lightly 

damped harmonic oscillator. We have extended this method to an 

overdamped oscillator and obtained its response successfully. A 

new and different method is exploited to solve ordinary differential 

equations by convolution method.  
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